Transport information Newton’s flow

Wuchen Li

This is based on a joint work with Yifei Wang.



Divergence, metric and Al optimization

Hamming distanco

Y B.’u i:m # b
Balidaan di Manhattan dutance
atpa /g'—-... DA s
{ciy blocacs cab)

(La-norm)
(pa) = {STT - @ s Mahalanobis mecric (1900
(H. Minkowsks 1864.-190) O R ]

Space-tinme geometry

dean geon istical geometry

I-pevjection

Keiack Lo -
Kiipilq) ;,n‘z
Quadratie Tatanee (rlative eggreny. 19
e

Qp-a .
netries Sedfrey divergrnes
)

iattacharys distance (1967)

)= -inTF A

. K u\m

Tia-#

Matausbita, distance (1956)

Calplly) = MJ’p Ll

Ry divergence (1961)
[y

{ =

D div. (Logrocie) Dp. (Y Fp)[FF (o) = Dl
(.m.].-.d Pxibugocns’ thaccem
ralized projection

Quantum eotropy.

S(p) = ~Tr(plog )

Permissible Hreguan divergences (Von Neumana, 1927)
(Nock & Nielsen, 2007)

CTERE )

X Non-additive entropy AW
Taallis entropy (1998) ” Lox Dok Siveroncn .
(Nom-addidive enteors] DPIQ) =< P.Q ' > — bgdat PQ* — dimP

) = (8 - 1

Nounn divegence
r(Pllog P - kg Q) - P+.Q.

Sony CSL

Ta Von
Talplla) = 01 - [ &= DPYQ) -




Bayesian inference

> A powerful tool in
— Modeling complex data;
— Quantifying uncertainty;
> Inverse problems, information science, physics and scientific
computing;
» Main problem
— Given a prior distribution, generate samples from posterior
distributions;
— Generate samples from an intractable distribution

p*(z) o< exp(—f(z)).

/\/\ H,0,...

*—cs0—0-0-0@ .
Unnormalised distribution Samples Statistics or estimations
whose normalisation factor that can be obtained with MCMC and that can be computed based on

computation i intractable without proceeding to the normalisation the generated samples



Langevin dynamics

» Consider the over-damped Langevin dynamics by
dX, = =V f(X,)dt + V2dB;,

where X; € R? and B, is the standard Brownian motion in R¢,

» Denote X; ~ p;. The evolution of p; satisfies the Fokker-Planck
equation
Oipr =V - (peV f) + Apy.
» The invariant distribution satisfies
1

Py = e 0, K= /e—f(y)dy_



Optimization in probability space

» Consider the optimization problem in probability space

min F(p),
luin E(p)

where

P(Q):{pe]-"(Q): /de:nzl, pZO.}.

» A typical choice of objective functional in Bayesian inference
problem is the KL divergence:

E(s) = Dialplle) = [ plog L5da.



Information metrics and optimizations

Typical examples of information metrics include both Fisher-Rao metric
(information geometry) and Wasserstein-2 metric (optimal transport).

Information geometry

> Al Inference problems: f—divergence, Amari a—divergence etc.

» Al optimization methods: Natural gradient (Amari); ADAM
(Kingma et.al. 2014); Stochastic relaxation (Malago) and many
more in book Information geometry (Ay et.al.)

Optimal transport

» Al and Machine learning: Wasserstein Training of Boltzmann
Machines (Cuturi et.al. 2015); Learning from Wasserstein Loss
(Frogner et.al. 2015); Wasserstein GAN (Bottou et.al. 2017); see
NIPS, ICLR, ICML 2015- 2020;

» Gradient flows: (Jordan, Kinderlehrer, Otto, Villani, Slepcev, Carillo,
et.al.);



Metrics in probability space

Tangent space T,P(Q) = {o € F(Q) : [odz =0.};
Cotangent space T;P(Q). Equivalent to F(Q)/R;
Metric tensor G(p) : T,P(2) — T, P(Q)

Metric: inner product in tangent space

gpl(o1,02) = /‘Plg(pfl(l)gdx,

Here ®; is the solution to o; = G(p)~1®;, i = 1,2.



Fisher-Rao metric

> Inverse of Fisher-Rao metric
GE(p) 10 = p(® — /@pdm), P € T, P().
» Fisher-Rao metric: for 01,00 € T,P(£2),
g5 (01,02) = /p(<1>1 - /(Ih(y)p(y)dy,% - <I>2(y)p(y)dy)d:v,

where ®; is the solution to o; = p(®; — [ ®;pdx), i = 1,2.



Wasserstein metric

> Inverse of Wasserstein metric tensor
Wi N—1g _ ”
G (p) =~V (pVe), T, PQ).
» Wasserstein metric: for 01,02 € T,P(f2),
9 (01,0) = [ (V01,90 da.

where ®; is the solution to 0; = =V - (pV®,), i = 1, 2.



Gradient flows

» Gradient flow for E(p) in (P(Q),G(p))

5E(Pt)'

_ -1
atpt = Q(Pt) (5pt

» Example: Fisher-Rao gradient flow of KL forms L2~Newton’s
method:

Orpr = — grad” Dkw(pe]p*)
:—ﬂ&%p+f—/ﬁ&%p+fwﬂ-

» Example: Wasserstein gradient flow of KL divergence forms the
Fokker-Planck equation:

ipr = — grad" D (pi[|p")
=V (peV(f +1logp; + 1))
=V - (p:Vf) + Apy.

10



Different viewpoint of Langevin dynamics

» SDE
dX, = =V f(X,)dt + V2dB,.

» Lagrangian viewpoint (Particle formulation)
dX, = —Vf(X,)dt — Vlog p,(X,)dt.
» Eulerian viewpoint

Op=V-(pV[)+ Ap.
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First-order algorithms in Al and inverse problems

Various sampling methods are first-order methods in probability space
based on various metrics.

» Stein metric and Stein variational gradient descent!:

X, = / (—K (X0, y)Vy F(y) + Vo K (X0, 9)p(y)dy,

where K is a given matrix kernel function.

» Wasserstein-Kalman metric and Ensemble Kalman sampling?:

X; = —C(pt)V f(X:) +/2C(pt) By

where C(p) is the covariance matrix operator.

ILiu and Wang. Stein variational gradient descent: A general purpose bayesian
inference algorithm. NIPS, 2016.

2Garbuno-lnigo, Hoffmann, Li, and Stuart. Interacting Langevin diffusions:
Gradient structure and ensemble Kalman sampler. SIAM applied dynamical system,
20109.
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Related works

KL divergence+Wasserstein metric + Gradient descent = Langevin
dynamics (Optimal transport, Jordan, Kinderlehrer, Otto, Villani
et.al.)

KL divergence+ Fisher-Rao metric+Gradient descent=Birth-death
dynamics (Information geometry, Amari, et. al.)

KL divergence +Stein metric + Gradient descent = Stein variational
gradient descent (Liu et.al.)

KL divergence+ Wasserstein-Kalman metric + Gradient descent =
Ensemble Kalman sampling (Inigo, Hoffman, Li, Stuart et.al.)

Divergence+Metric + Newton’'s method = 7
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Goal: Transport Newton’s method

Instead of working on first order method for Bayesian optimization
problems, we propose to construct the second-order method in optimal
transport to accelerate computations.

» What is the Newton’s method in probability space? In particular,
what is the Newton's flow of KL divergence functional?

» What is the "Newton's” Langevin dynamics?
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Related works on second-order methods in Al

v

Optimization problems on Riemannian manifold®

v

Discrete probability simplex with Fisher-Rao metric and exponential
family models?

v

Second-order methods for the Stein variational gradient descent
direction®

» Newton-type MCMC method (HAMCMC)®

1S. Smith. Optimization techniques on Riemannian manifolds. Fields institute
communications, 1994,

2L. Malagé and G. Pistone. Combinatorial optimization with information geometry:

The newton method. Entropy, 2014.

3G. Detommaso, T. Cui, Y. Marzouk, A. Spantini, and R. Scheichl. A Stein
variational Newton method. In Advances in Neural Information Processing Systems,
2018.

4P. Chen, K. Wu, J. Chen, T. Roseberry, and O. Ghattas. Projected Stein

variational Newton: A fast and scalable bayesian inference method in high dimensions.

NIPS, 2019.
5U. Simsekli, R. Badeau, T. Cemgil, and G. Richard. Stochastic quasi-Newton
Langevin Monte Carlo. ICML, 2016.
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Newton’s flow

The Newton's flow follows:
p = —HessE(p) 'gradE(p)

We need to understand the Hessian operator in density manifold.
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Hessian operator

Consider a Taylor expansion:

d t? d?

E(p(t)) = E(p(0)) + 1t E(p(t)) =0 + 5 dt2E(p(t))|t:o+0(t2)7

dt

where p(0) = p, Oip = o satisfies the geodesic equation in density
manifold. In the case of L?-Wasserstein metric, we have

d2
at?

— [ [ 9555 B (0,9, 0)ple)plu)ody

/VZ—E (V. (), Vad(2))p(z)dz,

E(p(t))li—0 = HessWEu»)(a, o)

where 0 = =V - (pV D).
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Derivation of Newton’s direction

Consider )
nin, 9p(gradE(p), 0) + 5 HessE(p)(0, o)
In the case of Wasserstein metric, we consider 0 = —V - (pV®), where

satisfies the following variational problem:

]

ép(x)

1 62
+3 | [ TV B (Va0). T, e w)p(w)p(s)dody

1 1)
+3 / V2 £ E(0) (V0(a), VO () (o)

min /(Vq)(x), \Y E(p))p(x)dx

TP
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Wasserstein Newton’s direction

The Newton's direction satisfies
Hessy E(p)o = — grady, E(p).

Denote
oc=-V. (pv(I)Newton)’

then ®Newton satisfies the following equation

(o) [ 99,55 B, 0)0(0) )

+, ( (x )Vimm PIVa0(2))

v, (p(x)Vx(S;(S@E@)).
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Hessian operators and Gamma calculus

If E(p) = Dkw(p|lp*), then we can further reformulate the Hessian term
by

Hessyw E(p)(0o,0)
- / Da(®, ®)p(w)da

- / (tr(v%,v?@)+v2f(v<1>,V<I>))(w)p(w)dw

> Wasserstein Hessian operator (Otto, Villani et.al.)=Weak form of
Gamma calculus (Bakry-Emery et.al.)

> Fisher-Rao +Wasserstein Christoffel symbol=Weak form of Gamma
calculus (Li, 2018).

» Extended in sub-Riemannian density manifold=Weak form of
Gamma z calculus (Feng and Li, 2019).
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Wasserstein Newton'’s flow of KL divergence

Theorem

For a density p*(z) o< exp(—f(x)) , where f is a given function, denote
the KL divergence between p and p* by

Dicslple) = [ plog Lrde~1og 2,

where Z = [ exp(—f(z))dz. Then the Wasserstein Newton’s flow of KL
divergence follows

atpt + V- (ptVCDt) =0
V2 (0 V2®,) — V- (pV2fVD,) =V - (0 Vf) — Apy = 0.

21



Newton’s Langevin dynamics

Theorem
Consider the Newton's Langevin dynamics

dX; = VOFN(Xy)dt,
where ®NeWton (1) follows Wasserstein Newton's direction equation:

V2 : (ptV2<I>t) -V (ptVQfV@)t) -V (ptVf) — Apt =0.

Here X follows an initial distribution p° and p; is the distribution of X,.
Then, p; satisfies Wasserstein Newton's flow with an initial value pg = p°.
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Gradient flow Newton's flow

Langevin dynamics dX; = —Vf(X:)dt +/2dB;

|

Density formulation Bipr =V - (p:Vf) + Ap; Bipy = —V - (ptvq)yewton)

Particle formulation dX; = —Vf(X:)dt — Vlog p:(Xe)dt dX: = VOF™ " (X,)dt
Figure: The relation among Wasserstein gradient flow, Newton's flow and

Langevin dynamics. Our approach derive the particle formulation of Wasserstein
Newton's flow of KL divergence.
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Wasserstein Newton’s flows in Gaussian families

Proposition
Suppose that pg, p* are Gaussian distributions with zero means and their covariance
matrices are X9 and X*. Suppose E(X) evaluates the KL divergence from p to p*:

EX) = % (tr(Z(2*) 1) — n — logdet (Z(Z*)71)).
Let (¢, St) satisfy

¥ —2(ST; + BSy) =0,
258 ()T 4 2(2%) TS S + 45 = — (S () T+ (ZF)TLn, — 20).

with initial values ¥¢|t=9 = Xo and S¢|t=0 = 0. Thus, for any t > 0, 3¢ is
well-defined and stays positive definite.
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Proposition (Newton's Langevin dynamics in 1D Gaussian

families)

Assume that f(z) = (25*)"*(z — p*)?, where X* > 0 and p* are given.
Suppose that the particle system X follows the Gaussian distribution. Then

X, follows a Gaussian distribution with mean p; and variance ¥;. The
corresponding NLD satisfies

DYDY 25" "
dXt— (E*+EtXt_ E*+Etut+u )dt

And the evolution of pu: and X satisfies

7 . PO S
d,LLt = ( Mt +4 12 )dt, dEt = 22* T Et Etdt

The explicit solutions of y: and 3; satisfy

67215(20 — E*)Q

pe = e H(po — p*) +p*, B =% 4 (S - XF)e ! 3
452

+ DI
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Information Newton’s method

» General update rule of Information Newton's method
pr1 = Exp, (@), He(pr)®k +G(pr) ™!

where Exppk(~) is the exponential map at py.

oE

dpk

i
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Riemannian structure of probability space

» Define the distance D(pg, p1)

D(POyPl = inf {/ /asps ps sPstEdS psle =0 —P07P5|s 1= pl}
ps,s€[0,1]

> Denote the inner product on cotangent space 7,;P(2) by
(®1,®), = /cplg(p)—l%da:, By, Py € T, P(),

and @2 = (@, P) .
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Parallelism and high-order derivative

Definition (Parallelism)

We say that 7: T P(Q) — T P(R) is a parallelism from pg to p1, if for
all @1, ®, € T,,P(Q2), it follows

<‘1)1,‘I)2> = <7'(b1,7'q>2>

PO P

» V"E(p) is a n-form on the cotangent space T, P(2)
1}
VPE(p)(®1,...,P,) = aV”*lE(Expp(s<I>n))(Ts<I>1,.--,rs<1>n—1) )
s=0

where 7 is the parallelism from p to Exp,(s®y,).
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Assumptions

Assumption
Assume that there exists €, d1, 2,03 > 0, such that for all p satisfying
D(p, p*) < e, it follows

VZE(p)(®1,®1) > 61|94,
V2E(p)(®1, 1) < o[04 ]12,

[V3E(p)(®1, D1, ®2)| < 03|12 P2,
holds for all ®1, 5 € T,;P(02).
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Convergence analysis

Theorem
Suppose that the assumption holds, py, satisfies D(px, p*) < € and the
step size T, = 1. Then, we have

D(prt1,p") = O(D(pr, p*)?).
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Sketch of proof

» Denote T}, = Exp;k1 (p*).
Proposition
Suppose that the assumption holds. Let 7 be the parallelism from pj to
Pra1. There exists a unique Ry € T;k’P(Q) such that
Ty = T_lTk_H + &) + Ry.

Then, we have

53 2 62
‘lTk+1||Pk+l < g”Tkak + aHRkHPk
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Sketch of proof

Lemma
For all W € T P(£2), it follows

/ WG (pr) " R = O(|[ 0] | Tk 12,).

> Taking ¥ = Ry, in Lemma yields || Ry|,, = O(||T%|13,)-
» Because the geodesic curve has constant speed,

ITel2, = D(pr, p*)*.
» As a result, we have

5

D(p41,p") < 5
1

w2, 0 .
D(pr, p*)* + f\lellpk = O(D(py, p*)?).
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Implementation in probability space

» The distribution {%} X, follows p(z).
» Update each particle by

Tho =ah + o VOy(z), i=1,2...N.

®;. is the solution to Wasserstein Newton's direction equation.

» How to compute ®;, based on {z}{}¥ ,?

33



Compute Wasserstein Newton’s direction

Proposition

Suppose that H : T,;P(Q2) — T,P is a linear self-adjoint operator and H
is positive definite. Let u € T,,P. Then the minimizer of variational
problem

min J(®) = /(@HCIJ —2u®) dx,
PET;P(Q)

satisfies H® = u, where ® € T;P(Q).

34



Approximation methods

» For strongly convex f. Equivalent to optimizing the variational
problem:

B _ 2 2 2
L. J(cb)—/(nv Bl + V|3 +2(VS + Vlog py, VE) ) prda.

Here we denote ||v]|% = vT Av.

» For general f, suppose that V2 f(z) + el is strictly convex for z € .
Consider a regularized problem

; — 2 2 2
pedli oy 7P = [ (V2013 + IV 01a .y +2(9F + Tiogpn, V) prde.
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Affine Wasserstein Newton’s method

> ®(z) takes the form ®(z) = 125z + b”z, where
S = diag(s) € R"*" is a diagonal matrix.
» The variational problem turns to be

N
1 . . .
_ 2 7 2 7 7
J(S,b) = tr(S )+7N E (||Sxk +b||v2f(%)+d +2(Sz} +0b, uk>) .

min
SeSm ,beR™ =1
i=

36



Affine Wasserstein Newton’s method

> Rewrite the objective function to be
J(s,b)

N
=|sl* + % > tr((diag(a})s +b) " (V? f(},) + €I)(diag(z},)s + b))

=1

+2 <diag(z}'€)s + b, vL)
S T S S T
=) e fo] +2 5]
where

1+ & =N diag(=i) (V2 (2l) + D) diag(z}) & SN diag(el)(V2f(2]) + eI)
Fe = L'SN (925 (al) + ) diag(el) LTSN (92l + D)
N Zi=1 Tl € gl N Zi=1 Tl €

% SiL, disg(z})v)
LN i .
N ~i=1 "k

up =

37



Algorithm 1 Affine Wasserstein Newton's method

Require: initial positions {::6}{\]:1, € > 0, step sizes cvy,, maximum iteration K.

L:setr =o.
2: while k < K and the convergence criterion is not met do
: Compute 'u}‘c = Vf(w',‘c) + &g (.Lk) Here £, is an approximation of V log py,.

4. Calculate H, by

= |1t & TiL, diag(a})(V2f(a}) + eD) diag(a}) & LI diag(a))(V2f(a}) + D)
2 SN (V2f(2}) + eI) diag(z}) A SN (V2f(h) +eD)

and formulate uj, by
= [% =N, diag(z},)v},

1 N k3
N Zi=1 "k
5: Compute sy, and by, by
Sk -1
{b"] = —(Hg) “ug-
k
6: Update particle positions by
””?c-%—l = a}, + ap(diag(sg)z), + by)-
70 Setk=k+1

8: end while




Hybrid method

» Overdamped Langevin dynamics as gradient direction:

Ty = @ + o (Skx, + b)) + /2A 0o B,

where By, ~ N(0, I).

» Lagrangian Langevin dynamics as gradient direction:
1‘;%_,’_1 = JC?€ + Oék(Skl‘;€ + by, — /\kvzk)
» Hybrid Langvien dynamics

dXy = (VOTNVOn — NV f)dt + /2)\d By,
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WNewton lter:5

mWNewton Iter:5.

2D toy example

WNewton lter:10

mWNewton Iter:10

WGF Iter:10

WNewton lter:20

mWNewton Iter:20

WGF Iter:20

WNewton lter:40

mWNewton Iter:40
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Gaussian families

10°
a
),\ + + } +
wmo‘ e A * ° ~ |
g g
5 5
< <
2 2
T 10%¢ °
g g
< ~O- mWNewton < ~O- mWNewton
) ¥+ WGF ¥+ WGF
AG - AIG
1010 < HALLD 1 HALLD 1
HALLD 05 HALLD 05
0 500 1000 1500 2000 2500 3000 o 02 04 06 08 1 12 14 18 18
Time

Iteration

Figure: Comparison among WNewton, WGF, AIG and HALLD in Gaussian
families. The conditional number k = 2 x 10*. For Newton and HALLD 0.5,

the markers are marked for every 5 iterations.



Bayesian logistic regression

Test accuracy
s S

°

(] 500 1000 1500 2000 2500 3000 3500 4000 o 500 1000 1500 2000 2500 3000 3500 4000
Iteration Iteration

Figure: Comparison of different methods on Bayesian logistic regression,
averaged over 10 independent trials. The shaded areas show the variance over
10 trials. Left: Test accuracy; Right: Test log-likelihood.
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Discussion

Design high-order optimization methods for Bayesian sampling,
machine learning and inverse problems;

Analysis on high-order derivatives from information metrics;
Sampling efficient Quasi-Newton's method for information metrics;

Other efficient method to approximate the Wasserstein Newton's
direction;

Newton's random walk;

Information Newton's flow in probability models.
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