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“Statistical Physics” “motion of a continuum”
Fluid mechanics

()

“atomistic view" .
N-body system Kinetic theory

Unified theory of the gas dynamics including different levels of
descriptions from a mathematical standpoint by connecting the behavior
of solutions to the mesoscopic kinetic equations to solutions of
microscopic models and macroscopic models that arise in formal limits
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Kinetic Theory

The object: the modelling of a gas (or plasma, or any system made
up of a large number of particles) by a distribution function in the
particle phase space.

This phase space includes macroscopic variables, i.e. the position
in physical space, but also microscopic variables, which describe
the state of the particles: the velocity.



Distribution Function

Consider the dynamics of rarified gas in a bounded domain Q c R3
F(t,x,v) >0 defined on [0, T] x Q x R3,

Here, R3 is the space of velocities.

The quantity F(t,x, v) stands for the density of particles at time t,
position x, and with velocity v.

No external force, No interaction between particles (collision)

OtF + v - VxF =0 (transport equation)



Collision: The Boltzmann equation

Maxwell (1866), Boltzmann (1872) proposed the Boltzmann
equation: PDE for the dilute gas taken into account interactions
between particles.

OtF +v-V,.F=Q(F,F)
Collision operator
Q(FL F2)(V) ::anin Fl, F2) - Qloss(Fh FZ)

/ B(v — u,w)[F1(V)F(u") — F1(v)F2(u)]dwdu
R3 Js2



» Hard sphere B(v — u,w) = |(v — u) - v

» 6 unknowns v/, v’ and 4 equations : 2 dimensional w € S?

v+ v =v+u (Conservation of Momentum)

V|2 4+ |u'|? = |v|? + |u|> (Conservation of Energy)
QY
gw
Sl

Q

» vV =v—[(v—u)wwand v =u+[(v—u)- ww.

\



The dimensionless Boltzmann equation

L Q(F,F) 3)

St@tF—i—vVXF:
Kn

» Strouhal number: St ~ 1/time scale

» Knudsen number: Kn ~ mean free path

Formally, as Kn — 0,
Q(F,F)—0. (4)

On the other hand, Q(F, F) = 0 has a generic family of solutions
(Maxwellian):

R _lv=up?
MR7U7T(V) = We 2T (5)
Therefore, formally,
F— MR,U,T(V) as Kn — 0, (6)

where (R, U, T) is the hydrodynamic variables.



Global Maxwellian and Mach number

Global Maxwellian

p(v) == Mioi(v) = (2771)3/2 exp {—’g} . (7)

Mach number: Ma ~ bulk velocity ~ fluctuations around the
reference state p(v)

F — MitMap,Mau,1+Mab (V) (8)




Reynolds number and Inviscid limit

Reynolds number Re:

1 Kn .
Re = Ma ( von Karman relation ) (10)

» Re ~ 1: Viscous fluid as limit

» Kn ~ Ma ~ St — 0: Incompressible Navier-Stokes-Fourier
» Re > 1: Invisicd fluid as limit

» Kn < Ma ~ St — 0: Incompressible Euler

Cf. Kn — 0 but Ma ~ St ~ 1: Compressible Euler



Boundary conditions for kinetic equations

Incoming set:
v ={(x,v) € 0Q x R3: n(x) - v < 0}

where n(x) is the outward normal at x € 9.

BOUNDARY
CONDITION



What kind of BCs would we impose?

1879, James Clerk Maxwell: Basic Boundary Conditions
» Diffuse reflection BC:

Ft,x V), = cuu(v)/ F(t, %, u){n(x) - u}du, (11)

n(x)-u>0

¢y is chosen to be /27 so that
. / $(w)(n(x) - w)du = 1.
n(x)-u>0

> Null flux: [gs F(t,x,v){n(x) - v}dv =0, x € 9Q.

» When the particles hit the boundary and are re-emitted to the
domain, they reach the equilibrium instantaneously. One can
view this boundary condition as one of the ideal scattering
model.



Boundary and the Major Difficulty

Kinetic BC: diffuse reflection BC (instantaneous thermal
equilibration)

Ft,x, V), = culu,(v)/ F(t, o u){n(x) - ubdu,  (12)
n(x)-u>0
for (x,v) € {0Q x R3: n(x) - v < 0}

» Mismatch occurs at the boundary even in the formal level
when one seeks a limit toward an inviscid fluid with the
no-penetration boundary.

> In general with u-n =0 on 0%2:

M1+Map,Mau,1+M39(v)
# C,u,Ua(V) M1+Map,Mau,1+Ma9(u){n(X) ’ u}du
n(x)-u>0

» Fluid boundary mismatch in the inviscid limit
» Viscous fluid: No-slip boundary condition ulspq =0
» Inviscid fluid: No-penetration boundary condition u - n|pq = 0
» Layer formation: Prandtl layer, ...



The incompressible Euler limit with heat transfer from the
Boltzmann equation with diffuse boundary has not been
established in any framework yet.

>

Bouchut-Golse-Pulvirenti-Desvillettes (2000): renormalized
solutions of the Boltzmann equation — dissipative solutions
of the incompressible Euler, no boundary, no heat transfer

Lions-Masmoudi (2001)

Saint-Raymond (2003, 2009): heat transfer, Boltzmann with
specular reflection BC: there is no mismatch at least in the
formal level

Bardos-Golse-Paillard (2012):
Maxwell BC = « x Diffuse BC 4 (1 — «) x Specular BC,

where o = 0 as Kn — 0.
Jang-Kim (submitted): Diffuse BC, no heat transfer



Intermediary approximation via Navier-Stokes-Fourier

Re= "4‘; —00

Euler

Kn—0 . .
Boltzmann ———~"" 4 Navier-Stokes-Fourier

» Boltzmann:
F=p+(Ma+ Ma2) {NSF-Correction} + Ma>?{Remainder}

» Navier-Stokes-Fourier with Re and no-slip BC

atu—i—u-VXu—%Au—i—pr:O in Q, (13)
Vie-u=0inQ, u=0 ondQ, (14)
8t9+u-VX9—%A6’:0 in €, (15)
p+0=0inQ, 60=0 ondQ. (16)

» We can avoid the boundary mismatch
» We need the inviscid limit: Navier-Stokes-Fourier — Euler
with heat transfer



Inviscid limit: (u,0) — (ug, 0g) in real analytic spaces
Both v and ug are divergence-free and

1
3tu+u-VXu+VXp:R—eAuinQ, u =0 on 09,
1
Re
atuE+UE-VXuE+VXpE:0 in Q, ug-n=20 on 8(2,

00 +ug -V, =0 in Q.

00+ u-Vy— —A0=0 inQ, §=0on 0,

» strong regularity such as analyticity at least near the boundary

» Prandtl expansion: Sammartino-Caflisch (1998)

» Green's function approach using the boundary vorticity
formulation of Maekawa—Kato's creterion: Nguyen-Nguyen
(2018), Kukavica-Vicol-Wang (2020)

» cf. certain symmetry assumption on the domain and data



Main result (C-Jang-Kim Informal statement)

We consider a half space in 3D
Q:=T2xRy > (x1, X, x3), where T is a periodic interval of (-, ).

For some choice of Ma and Kn = Kn(Ma), there exists a large set
of initial data ujp, 0j, (in real analytic space), Fi, such that a
unique solution F(t, x, v) satisfies, for 0 < T < 1,

F(t,x,v)— u(v)

Ma+/p(v)
v|2 —
(—QE(t,X) + uE(t,x) -V —{—GE(t,X)’ | 5 3) \/[L(V)

in L>°((0, T); L2(2 x R3)) as Ma — 0.

—




Key#1 of Boltzmann to NS: New Hilbert expansion
around the global maxwellian

» Ma=ec=Stand Kn=ke withx [ 0ase |0
> cOF + vV F = LQ(F,F)
» For u= M1
F=pn+efiy/i+ehy/i+e*fryi (17)
> Lf = 2Q(u, Vif) and T(f,g) = - Q(Vif, \/1ig).

» N: Null space of L is spanned by {,/1, v\/1t, “’56_3\//1}.
Denote Pg to be projection of g in .

» Image of Land I L N, L is self-adjoint

» L is Fredholm: Lf = g is solvable if g € N’ (and uniquely
feNt)




1 1 1

8tfR + gV . VXfR + 527LfR — mr(fR, fR)
1

=~ slh

1 1 1
iV Ve TR R) + LAY
- a{odi+ vV fz—*r(ﬂ,fz)}

£1/2
_61/20 f.—2+7r(f—l7fR)+ r(f27fR)+7r(f—27f2)

» (18) =0: (,o—l-u v+0‘vlf3)\/ﬁ
» (19) = 0: valeN—>VX~u—OandV(p+0):0
(I-P)fh = =KL (v - Vxfi) + L7H(T(fi, A))



P(20) =P(d:f + v - Vi)

(22)
=8,PA + v -V Ph+ v -V, (I-P)h
| 4
(I-P)h =—rlL 7 (v-Vefi)+ LT (A, R))
M2 -3 (23)

Pfh =(p2 +u2- v+ 6> 5 WH

|uf?

with V - up = —0yp, p2+92—?:p.

(Vi/lt, 0tfL + v - Vi) =0ru — knoAxu+ u-Vyiu+ Vyip

v[? =5

{

VI, 0t + v - Vih) =00 — ki A0 + u - Vi
(24)

» P(20) = 0 if (u, #) solve the Navier-Stokes-Fourier system



Remark in the Hilbert expansion

v

F=p+efi+ehyn+e?fryh

h= (p+u v+9‘v| >\/ﬁ
boundary condition: fz = Diffuse BC(fg) + O(/?)

v

v

1 1 1
Otfr + gV -Vixfr + ﬁLfR — %r(fRa fr)
1

S O-P) (v Vus — 2T(R, ) +(21)

(21) contains Vyu, V40, 0:Vxu, and 0; V0.

v



Key#2: Pfr in L°L°

> 8tfR =+ %V . VXfR + iLfR — ﬁr(ﬁ?, fR) = E%F(fl, fR) + -
> If we expand F = u+5f1\/ﬁ+521‘2\/ﬁ+63/2f;?\/ﬁ more then
singularity of the nonlinear term would become less significant.

» But it would cost another boundary layer since (I — P)f, is
already determined and £, likely does not honor the diffuse BC.



v

v

v

v

1 t
I, + 2 [ 10l

51/2 1
N 1/2HPfRHL°°L6 ||]PfR||L2L3 1/2”(]I_P)fRHL%’X’V
1
+ 71/2 Hllegs ellez,, 7 1= P) ez,

[PfRll 2.3 : Average lemma HY2 - 13 in 3D
IPfallizore v Vifr = —e0ifr — 2 Lfr+ -

» test function method
» O, fr-estimate requires 92V u, 92V, 0 estimate

Gronwall's inequality: [|fr(t)||2, < et/"

By choosing r such that €1/2el/% | 0 as e | 0,

1
glF —(u+efiy/p)| S eMP Rl L0

(25)



NS to Euler

» NS — Euler can be justified in real analytic space
(Sammartino-Caflisch 1998)

» Vorticity formulation of Maekawa:
w=Vxu u=Vx(-A)lw

Ow — kmpAw = —u-Vw+w-Vu in Q,

w|t:0:w;,, in Q,

K10(Oxs + / —Dp)wh = [0xs (=) (=t - Vwp +w - Vup)]
w3 =0 on 09,

where \/—Ap = |V} is defined as

—Dng(xnx3) = Y |€lge(x3)e™ . (27)
£ez2



» Green's function approach (Nguyen-Nguyen)

8tw§ - KngAgu)g == Ng in R+, (28)
K’TIO(aX3 + ‘§|)w§,h - Bﬁv w§,3 =0 on X3 = 07 (29)
8t€§ - Iﬂ]cAgag = /\/Ig in R+, (95 =0on X3 = 07 (30)

with wdt:o = Wog; Hg‘t:() = 905 for &£ € Z?. Here
D¢ = —[¢) + 05,

Ne :=(—u-Vw+w-Vu)(t,x3), Mg :=(—u-VO)e(t,x3),
Be = (s (—D¢) " Ne,(t)) x50

wg(t,X3) :/0 Gg(t,X3=Y)WO£(Y)dy
t e’}
+// Ge(t —s,x3,y)Ne(s, y)dyds  (31)
0 Jo

- /Ot Ge(t — 5, x3,0)(Be(s), 0)ds.



» Key#1: Higher regularity of w with the aid of boundary layer
weight

1
) with ¢(z) = ———=——— for some v > 1,

D) = ol 7 1+ Rezf
(32)

and initial-boundary layer

1 z
Pre(2) = N/ (ﬁ)'

> Key#2: Conormal derivative of § — 713 singularity. Directly

target the O, derivative + analytic recovery lemma gives

(33)

1
2
1030 ge, ~ —



Thank you !



