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Abstract

This work addresses second order structured deformations in the framework of
the space of special functions of bounded Hessian, BH. An integral representation
result is obtained in BH in the vein of the global method for relaxation of Bouchitté,
Fonseca, and Mascarenhas [4], and is applied to a relaxation problem in the context
of structured deformations.
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1 Introduction

The macroscopic deformation of a continuous body does not need to coincide with the
submacroscopic deformation. For instance, in a crystalline body deformed beyond the
plastic regime the macroscopic deformation may be simply due to several slips of the
crystallographic planes. Thus, submacroscopically the lattice of the crystalline body does
not deform but simply undergoes “submacroscopic cracks” or disarrangements. This kind
of multi-scale geometrical changes were addressed by Del Piero and Owen in [7] who
introduced the notion of structured deformation (k,u,G): k being the macroscopic crack
site, u the macroscopic deformation, and G a tensor associated with the submacroscopic
geometrical changes and called deformation without disarrangements. In the example of
the crystalline body, discussed above, we would have x = () since the submacroscopic
cracks diffuse and do not generate a macroscopic crack, G = I the identity tensor field
since the lattice does not deform locally, and, in general the deformation gradient Vu is
different from G = 1.



Del Piero and Owen, still in [7], showed that every structured deformation can be seen
as the (appropriate) limit of sequences of piecewise-continuous “simple deformations”.
This result makes the theory even more interesting from a mechanical point of view, since,
for instance, in the example of the crystalline body mentioned above, the “submacroscopic
cracks” that form during the deformation can be thought as the jump sets of the piecewise-
continuous “classical deformations” of an approximating sequence. This result also opens
the way to define the energy of a structured deformation by using the “classical” energy of
piecewise-continuous “classical deformations”. Indeed, Choksi and Fonseca [5], following
the belief that “Nature always minimizes actions”, made the natural assumption that the
structured deformation (k,u,G) would be the limit, among all approximating sequences,
of the approximating sequence that uses the least amount of energy. Choksi and Fonseca
worked within a variational framework and described the macroscopic deformation by a
function v € BV whose jump set represents the crack site x of Del Piero and Owen, and
with a deformation without disarrangements G € L!. In this framework, they proved
the following approximation theorem: for any structured deformation (u,G) there exists
a sequence {u,} C SBV such that

U, — u in LY, Vu, - G in the sense of measures, (1.1)

where Vu,, denotes the absolutely continuous part of the distributional derivative of wu,;
moreover, they defined the energy £(u, G) of (u,G) as

E(u, @) := inf liminf & (uy), (1.2)

{un} n—-+oo

where the inf is taken among all the sequences that generate, according to (1.1), the struc-
tured deformation (u,G), and Ey(uy,) is the energy associated to the “simple deformation”
tp. Thus, the energy £(u,G) is equal to the limit of the energies associated to the most
economic approximating sequence from the energetic point of view.

The concept of structured deformation was extended in [13] by defining the second-
order structured deformation (k,u,G,U): where k may be taken to be the set of points
were the fields involved are discontinuous, u and G are as above, and U, called second-
order deformation without disarrangements, is a third-order tensor field that allows one
to describe the submacroscopic deformation up to the second-order; for instance, it allows
one to describe the “bending” of the microstructure. Second-order structured deformation
are important since they allow inclusion of the effects of limits of second gradients and
jumps in the first gradients of approximating deformations: these jumps play a crucial
role in the mechanics of phase-transitions. In [14] two different variational frameworks
for second-order structured deformation are discussed: the primary difference being the
function space on which the deformation fields are defined. The first framework employs
a space named SBV? that allows jumps of the displacement as well as its gradient. A
recent paper of Barroso, Matias, Morandotti, and Owen [2] provides relaxation and integral
representation results for second-order structured deformations in the framework of SBV?2.
The second framework considers the space SBH of special functions of bounded Hessian.
Within this framework we have u € W, G = Vu, and & is simply the jump set of Vu.



In the SBH framework, a second-order structured deformation is therefore described by
the pair (u,U). We remark that the SBH setting is more constrained than the SBV?
setting, since the functions may not have “jumps”, and hence the techniques used in [2]
cannot be directly applied to the SBH setting.

The goal of our paper is to obtain relaxation and integral representation results in the
framework of SBH. We consider, over an open and bounded set  C RY, the family of
second-order structured deformations

SDQ(Q) = SBH(Q;]Rd) X Ll(Q;SdXNxN)’

where SXNXN — RIXNXN denotes the set of tensors (M), © € {1,...,d}, 5,k €
{1,..., N}, such that M, = M, for all 4,5 € {1,...,N}, d,N € N. We first give a
self-contained proof of the following approximation theorem: for every (u,U) € SDy(2)
there exists a sequence {u,} C SBH(£;R?) such that

U, — u in WHH(QRY), V2, > U in M(Q).

We then prove a general integral representation result in the spirit of the global method
of Bouchitté, Fonseca and Mascarenhas [4]. With A(Q) the family of open subsets of 2,
we consider a functional

F :SDy(2) x A(R2) — [0, +00]

satisfying the following hypotheses:

(H1) F(u,U;-) is the restriction to A(£2) of a Radon measure for every (u,U) € SD2(12).

(H2) F(-,-;A) is SDy-lower semicontinuous, in the sense that if (u,U) € SD2(9),
{(tn, Upn)} € SDo(Q), up — w in WHHQ;RY) and U,, = U in M(RQ), then

f(u, U; A) < lim inf ]:(una Un; A)

n——+oo

(H3) Fislocal,i.e., forall Ac A(Q)ifu=vand U =V LN a.e. x € A then F(u,U; A) =
F(v,V;A).

(H4) There exists a constant C' > 0 such that
1
S (Il + [D?ul(A4)) < F(u, Us A) < C(LY(A) + Ul a) + [D?ul(4))
for every (u,U) € SD2(Q2), A € A(Q).

In Theorem 4.6 we prove an integral representation for F of the form

F(u, U;A):/f(x,u, Vu, VZu, U) dx+/ h(z,u, Vut, Vu~, vg,) dHV L.
A S(Vu)nA



In view of this result, we define the energy of a second-order structured deformation (u, U),
in the same spirit of (1.2), as the limit of the energy of the most energetically convenient
approximating sequence, i.e.,

F(u,U) := {iq?nf} ngolg Fol(un),
where the infimum is taken among all the sequences that generate the second-order struc-
tured deformation (u,U), and Fo(u,) is the energy associated to the “simple deformation”
Uy, see Theorem 5.4.

The general relaxation result proved has applications also outside the framework of
structured deformations. Indeed, it has an immediate corollary to any functional defined
on SBH: we can show, see Theorem 6.1, that for any F : SBH(Q;R%) x A(Q)) — [0,00)
satisfying (H1)-(H4), we have the integral representation

Flu; A) = / f(z,u, Vu, VZu) dx +/ h(x,u, Vub, Vu~, vey) dHN 7L
A S(Vu)nA
In the case of functionals defined in BH(Q;R?), with the additional assumptions of affine
invariance and area-strict continuity, results in [11] can be leveraged along with the SBH
relaxation result to yield Corollary 6.4,

Flu; A) = /A F(z, V2u) dx + /A F° <x m> d| Dy (V)| (z).

The assumption of affine invariance is merely a technical detail due to the lack of a BH
relaxation result as in [11] involving lower order terms. We motivate the assumption of
area-strict continuity by comparison to the first order global method for relaxation [4]. In
this situation, although we do not assume a priori that our abstract lower semicontinuous
functional is area-strict continuous, once we have the integral representation result, area-
strict continuity follows a posteriori, [12]. Thus, in the first-order case, nothing is lost by
adding the additional assumption that the functional is area-strict continuous. We expect
that the same holds in the second-order framework.

The paper is structured as follows. In Section 2 we collect some common notions and
establish pointwise results about BH functions. In Section 3 we prove an approximation
result in the SDy framework along the lines of the approximation theorems of [5] and [7].
In Section 4 we use the global method approach introduced in [4] on functionals defined on
SD5 in order to prove the main integral representation result. In Section 5 we apply the
integral representation result to the problem of second order structured deformations to
get a relaxation as in [5]. In Section 6 we find further application of the integral relaxation
result in the spaces SBH and BH.

2 Preliminaries

In what follows, € is an open, bounded subset of RY. Given a smooth function u : RN —
R? we denote by V2Zu € R>*N*N the tensor field whose components are

0% fi

2,
(V u)”k (%cjamk’

ie{l,...,d},j,ke{l,...,N}.



Consider the space of functions of bounded Hessian
BH(Q;RY) : = {u € WH(Q;R?) : D(Vu) is a finite Radon measure}
= {u € L}(Q;RY) : Du € BV(Q;R™>*M)},

where for locally integrable functions f, we write D f to denote its distributional derivative.
For u € BH(Q;R?), we set

Jullprra) = lullwiiq) + [D%ul(),

where | D?u|(Q) is the variation of Vu. Moreover, since Du = Vu € BV (;R¥>*N) we can
express the Radon-Nikodym decomposition of D(Vu) = D?u as

D(Vu) = Vull 4+ Ds(Vu),
Dy(Vu) := [Vu] ® v HY 7L S(Vu) + De(Vu),

where V2u is a £V-measurable function with values in S™>*N*N ' D (Vu) is the singular
part with respect to £V, S(Vu) denotes the jump set of Vu, vy, is the normal to the
jump set, [Vu] = (Vu)™ — (Vu)~ is the jump of Vu across S(Vu), and D.(Vu) is the
Cantor part of D(Vu), which is singular with respect to £V L Q +HN =1L S(Vu). Where
the function w is clear in context, we will abuse notation by omitting the subscript Vu
and simply write v.

We consider also the space of special functions of bounded Hessian

SBH(;RY) := {u € BH(Q;R?) : D.(Vu) =0},

that is, BH functions with no Cantor part in the Hessian. This is distinct from the related
space

SBVZ(Q;RY) := {u € BV(QRY) : Vu € BV(QRPN) D, (u) =0, Do(Vu) = 0}.

We define the unit cube @ := {z € RY : |z;] < J forall 1 < i < N}. For zgp € RY
and r > 0, we consider the cube of side length r centered at xg, Q(zo,r) := zo + rQ =
{zo+ry:y €@}

In what follows, we fix a smooth, radially symmetric function ¢ € C°°(R";[0, c0))
such that supp(¢) C B(0,1) and [pn ¢(x)dz = 1. We define the standard mollifiers

Pe(z) = a%qﬁ(ex), e > 0.
We now establish some basic results concerning approximate differentiability properties
of functions in the setting of BH.

Theorem 2.1. If u € BH(Q;R%) then
(i) for LY a.e. x € Q

. 1 1
Jm o ) ) = V@) )~ Py )| dy =0
(2.1)
and )
lim — |Vu(y) — Vu(z) — V2u(z)(y — )| dy = 0; (2.2)

r—0t T Q(z,r)



(ii) for HN=1 a.e. x € S(Vu) we have

lim luy) — u(z) — Vu* (z)(y — z)| dy = 0, (2.3)

r—0t T Q} (z,r)

and
lirgl+ ) ’Vu(y) - Vui(x)‘ dy =0, (2.4)
r— Qv (z,r)
where QF (x,7) = Qu(x, ) N{y : (y —z) - v(z) > 0} and Q,, (z,7) = Qu(z,r) N {y :
(y —z)-v(x) <0}

Proof. A proof of (2.2) can be found in Theorem 6.1 in [8], applied to f = Vu. Similarly,
a proof of (2.3) and (2.4) can be found in Theorem 5.19 in [8], applied to f = w and
f = Vu respectively.

It remains to show (2.1), which involves a second-order approximation. Its proof uses
arguments similar to those found in [8], and it is included below for completeness.

Fix ¢ € Q such that

lim |u(z) — u(zo)| de =0, (2.5)

r—0t Q(zo,r)

lim |Vu(z) — Vu(xg)| de =0, (2.6)

r—0+ Q(wo,r)
lim |V2u(z) — Vu(zo)| dz = 0, (2.7)
r—0t Q(zo,r)

and )
lim |DS’U,‘(Q]\£$0,T‘))
r

= 0. (2.8)

r—0t

Since the above hold for £V a.e. zg € Q, it suffices to show that for every such zg we have

u(z) — u(zo) — Vu(zo)(x — x0) — %V2u(xo)(x — 9, — x9)| dr = 0.

Without loss of generality, we can take x¢g = 0. Define smooth functions u. by u * ¢,
for 0 < e << r << dist(0,09Q). By (2.5), (2.6) and (2.7), note that

lim u(0) = u(0), lim Vu(0) = Vu(0), lim Vuc(0) = V>u(0).
Jim ue(0) = u(0), lim Vue(0) = Vu(0), lim V7uc(0) u(0)
For x € Q(0,r), consider now the function g.(¢) defined by

gE(t) = us(t$)v te [07 1]

By smoothness of the u., applying the fundamental theorem of calculus twice, we see that
1
9(1) = 9(0) +9/0) + [ (L= 0"t
0

6



and thus .
Ue () = u:(0) + Vu (0)x + /0 (1 — t)V2uc(tz)(z, z) dt.

Rearranging these terms and subtracting 2V?u(0)(z, z) from both sides we obtain
1 1
ue(z) — ue(0) — Vug (0)x — §V2ug(0)(x, x) = / (1 — t)(VZue(tx) — V*u.(0))(x, x) dt,
0

and so
1

2 ] oo,

<][Q(0r/‘ “ue(tx) ue(0))(x, )| dt dz.

]ue( ) — ue(0) — Vue (0)x — 7V2u5( )(z, )| dx

By Fatou’s lemma,

k. u(z) — u(0) — Vu(0)z — ~V2u(0)(x, )| do

< J Qo) 2

< hgégf;][ ()~ ue(0) = Vuc 0} - %VQUE(O)(x,xﬂdx

< liminf ][ . / (V2 (tz) — V2u.(0)) (2, )| dt do. (2.9)

Thus, it suffices to bound (2.9). Applying the change of variables z = tz, we have

L | /
— 5 V2u.(z) — V2u(0)) (2, 2)| dzdt
[ e [, (70 - 90) G2)

N [t 1 2 2
=7 o NtV Q(ot)’v us(z) — Vou:(0)| dz dt.

Using the triangle inequality, we obtain

' 1 2 11 2 2
< —
/o rNeN /Q(o,tr) Viue(e) = Viua(0)] d= < /0 NN Q(0,tr) [Viue(2) = VVulz)] dzdt
1
- / ][ |V2u(z) — VZu(0)| dzdt + / ][ IV2u(0) — VZuc(0)| dz dt.
0 Q(0,tr) 0 Q(0,tr)
(2.10)

If we let € tend to 0T, the second term will be unchanged and the third term will vanish.
We turn our attention to the first term, namely

| 1/
—— V2u.(2) — V2u(z)| dz dt.
/0 o L [P = T



Set
he(t) = / V2u(2) — V2u(2)| dz, for t € (0,1),
(0,¢r)

and note that
he(t) < / \(VQU) * 0 (2) — VQu(z)\ dz —i—/ |(D§u) x p-(2)| dz.
Q(0,tr) Q(0,tr)

Sending ¢ — 07, we have

lim sup h,(t }DQU‘ (0,tr)).

e—0t
Observe that
he(t) 1 / 2 2 1 / 2 2
= — Veus(z2) — Vu(z)| dz < — Vouc(2)| + |Veu(z)|) dz,
= [ V) = Vs < g [ (V) (9

1
tN

|V2u(z)|dz < C
Q(0,tr)

for some constant C' by (2.7), since r is fixed. On the other hand,
1
i [ @< g [ ] oDl ds
(0,tr)

Q(0,tr)
—av [ [ o= pdzdDPulw)
Q JQ(0,tr)

dz d|D2u\(y)

IN

eNtN x/Q(O,tr+5) ~/Q(0,tr)ﬂB(y,s)

min{e™, "V} D?u|(Q(0, tr + €)).

IN

eNgN
Again by (2.7) and (2.8), we have
|D*u|(Q(0,tr +¢)) < C(tr + &)V

so we conclude that hte—js,t) is bounded by a constant for ¢ € (0,1), and we may apply the

Reverse Fatou Lemma to deduce

lirnsup/ N TN/ ) V2u.(z) — Vu(z )|dzdt</ 7N|D2u‘ Q(0,tr))dt.
(0,tr

e—07t
Thus from (2.9) and (2.10) we have

i u\xr) —u — u IE—E 2’LL xr,T X
Lo, 1) =0 = V00 = S9u0) )]

r2

2
< / ’DQ"SV# N ][ IV2u(z) — V2u(0)| d= | dt. (2.11)
0 tr Q(0,¢r)

8



For a given r there are only countably many ¢t € (0,1) such that |D2u|(0Q(0,tr)) > 0.
Thus, we can rewrite the upper bound in (2.11) as

IDRQO) N
/0 ( tN N * 4][62(07]%)’v u(z) — V*u(0)|dz | dt

We note that by (2.7) and (2.8) we can apply the dominated convergence theorem to
conclude that

1 ‘DQU’(Q(O t?“)) N
li IZsTIANwAND T T _ 2 _ 2 d + = 0.
m /0 ( NN + ZZ (O’tT)W u(z) V u(0)| z|d 0

r—0+

O
The next result can be found in [10], Lemma 2.13.

Lemma 2.2. Let A be a nonnegative Radon measure in RY. For \ a.e. o € RN, for
every 0 < 6 < 1 and for every v € SN—1,

C A@u@0.69)
I sue X Quaoe) =~ 0

and, therefore,
A ,0E
lim limsup —(QV(SUO )
=17 0t )‘(QV(xOv 5))
In order to establish that an abstract functional is the restriction of a Radon measure,

we will apply the coincidence criterion of Dal Maso, Fonseca and Leoni (see [6] Corollary
5.2).

Lemma 2.3. Let A(Q2) be the family of open subsets of Q@ and A : A(£2) — [0,00) be an
increasing set function such that:

=1.

(i) for all A, B,C € A(Q) with A C B C C there holds

AC) S MCNA)+AB),

(1) M(AU B) = AX(A) + X(B), for all A, B € A(Q) with ANB =10,
(iii) there exists a measure p : B(2) — [0,00) such that
A(4) < u(A)

for all A € A(QY), where B(2) denotes the family of Borel sets of Q.

Then X is the restriction to A(S2) of a measure defined on B(S).



3 Second-order structured deformations
Let © be an open, bounded subset of RY. Set
SHNXN — {7 € RNN Uy = Uiy, Vi=1,...,d, jk=1,...,N}.

Definition 3.1. The space of second-order structured deformations SDy(2) consists of
pairs (u, U) with u € SBH(Q;R?) and U € L} (Q; SNV,

SDQ(Q) = SBH((LRC[) X Ll(Q;SdXNxN)'

The approximation result stated next can be proved by applying the generalization of
Alberti’s theorem to BH functions contained in [9].

Theorem 3.2. For every (u,U) € SDy(S2) there erists a sequence {u,} C SBH(Q;R%)
such that u, — w in WH(Q;RY) and V?u, = U in M(Q), with

sup [lun | r < C([lullpr + U] £1)
n

for some constant C > 0.

For convenience of the reader, we give a self-contained proof of Theorem 3.2, for which
we will make use of the following lemma.

Lemma 3.3. Let U € LY(Q,R>NXN) " and for every § > 0 let {A%}ien be a countable
family of open sets such that A? C Q, A? N Ag = 0 for every i,j € N with i # j,
LN\ U; A2) =0, and sup; diam A% < §. Fori € N let VO : A — RNXN pe sych that

Vfda::/ U dzx,
A2 A2

and set
Vhi= 3 gy
i

If supg | VO 11 < +oo then VOLN S ULN,

Proof. Arguing componentwise, it suffices to prove the lemma for scalar fields, hence we
suppose that U € L'(Q). Define

70 . 8 g
V= Z:XA?][A‘?W dr = Z:XA?][Aéde'
Fix ¢ > 0 and choose W € LY(Q2) N C$°(Q) such that |U — WilLi ) < e/3. Define

W6 ::ZXA? W dzx.

10



Since W is uniformly continuous, there exists > 0 such that if |z — y| < n then |W(x) —
W(y)| <e/(3LN(Q)). For 0 < § < n we have

50
W - Wine = 3/
S [ A W) =Wl dyds <

W(z) — AéW(y) dy| dx

IN

)

W ™

and

<|U =Wl <

W m

5 =
W =Vl =>_ LN(A))

f (W(y) - U(y) dy
A

Thus

0 =50 =50 50

V" =Ullpi) < lU=Wllpiq + W =Wllpiq + W = Vg <e,
and we conclude that V° — U in LY(Q). For v € Cy(Q) we have

li VO —Upde = i Vi — V) d
s ) Jdz = lim | ( )¢ dz,

and hence it suffices to show that limg_,g+ fQ(V‘s — 75)¢ dx = 0. Note that

/ﬂv%dx = Z/M A?V‘;(y) dy () dw:Z/A‘f Ve dy][Agw(x) o

’ Ve 71 T) — o
Ez:/Af VO (y)(y) dy+;/g (y) ; (Y(z) —(y)) dxdy,
and therefore

/ (VO — V) da
Q

1
2@://15 4 (y)]ZA? (¥(x) —p(y)) dady

since v is uniformly continuous. This concludes the proof. O

< sup 1Vl L2 yo(1),

We now proceed to establish the approximation theorem.

PrROOF OF THEOREM 3.2 We claim that it suffices to prove that for every V €
LY(Q; STXNXN) there exists a sequence { f¢} € SBH(Q;RY) such that & — 0in WH1(Q; RY),
V2 5V in M(Q) and sup, |[D?f2|(Q) < Cl|V| 1 (q)- In fact, if the claim holds then we
can define u, := u + f°» where the sequence {f°} is the one obtained by applying the
claim to V := U — V?u.

We now prove the claim. For simplicity of notation we will consider N = 2, however
the same argument works for a generic N. Extend V outside 2 by 0 and denote this

11



extension still by V. Fix ¢ > 0 and let {Q*'}; be the family of open cubes whose side
length is € and whose centers y*! belong to the lattice (¢7Z)2. Let

2.@2

2|1 | 2
X{Jwz|<e/2 w1 |<[w2]} T =) Xlleal<e/2 el <[ma]}

5= (1-

i.e., ¢° is the function whose graph is the pyramid over the cube Q(0,¢) of height one.
Let {A%!'}; be a family of symmetric tensors in S7*2%2 to be defined later and let f¢ €
SBH(£;R?) be given by

Z d)a Ael(x_ys,l,x_ys,l)'
We now define A as the symmetric tensor for which
V2feda :/ V dz. (3.1)
Qs,l Qs,l
Note that, since V2¢¢ = 0 and A% is symmetric,
l l ;
(V2F%)irs = (VOO ) AT (25 — 45" + (V) Ay — u5) + 67 A5,
where the summation convention is adopted throughout this proof. Define

Zom [ W@ e [ () g

ZF = / ¢°(x) dx = ¢ (x — y*!) du, and Vo= / Vdx,
Q(O 5) QE‘Z Qs,l

and rewrite (3.1) as
Al ze 4 AL ze 4 Al = pEl (3.2)

T ]S ijs ]T irs irs

It turns out that Z¢ = —e2I, where I is the identity matrix, indeed,

—2sgn(x €/2 rr1 _9,
7t =/ 7y ——ERT ( 1)><{|x1|<|x2|}d9«’ = 2/ / L dzayday = —&*
Q(0¢) —z €

9

and, similarly,
—25gn(z2)
z5 :/ To—————2x dxr = —
22 0(0) - {lz2|<|z1]}

On the other hand,

—2sgn(z1)
Zip = / Ta— X{fa|<Jasf} 4T =0
Q(0.€) €

since the integrand is odd in x3 and x; and the region of integration is symmetric in
both variables, and the same is true for Z5;. We can also calculate z° as the volume of a

pyramid with base €2 and height 1 to find z° ;)52

12



From this, (3.2) becomes
5 ~
—7352A5’l = Vs’l, (3.3)

We now prove that f¢ — 0 in W11(Q;R%). We have
1
[1f1ae = 33 [ 16—y hat@ - yta -yl ds
Q 297 Jg=ina

CZ ‘Aa,l|€2£2(Qe,l N Q) < CEQZ “75,”
l l

IN

IN

Ce? Z/QEZ V]de < C| V|10
< Jo

where we have used (3.3). Furthermore, again by (3.3) we obtain

/Q V£ da

IN

eL2(Q N Q)

O 196 1242 L2Q N1 Q) + (16 1] A
l

IN

ey Es%z(QE” NQ) + A% L*(Q7' n Q)} < CellVllLio)-
l

Next, we show that sup_ |D? f¢(2) < C||V||11(q)- Indeed, by (3.3)

/ V2 felde < CY [[AE’Z
Q 1

Q7 N+ 1AEHQ 0 9)] < OVl

and

vV Fe]| dH! v el dH! el dnl
fogoy Tt < S [ @ [ an

1
Czl: <€ <‘Aa,l‘€2> e+ ‘Aa,l|€2>

Oy 1ANLAQ) < OlIVp )
l

IA

IN

where d%! is the union of the diagonals of Q%!, and we used the estimate
€1
[ wsat <c [ 2t < olae
deil o €

That V2f5 = V in M(Q) follows from (3.1), the inequalities above and from Lemma
3.3. O
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4 The global method

Recall that A(Q) is the family of open subsets of §2. Consider a functional
F :SDy(2) x A(R2) — [0, +00] (4.1)
satisfying the following hypotheses:

(H1) F(u,U;-) is the restriction to A(£2) of a Radon measure for every (u,U) € SD2(12).

(H2) F(-,-; A) is SDy-lower semicontinuous, in the sense that if (u,U) € SDy(f2),
{(tn, Upn)} € SDo(Q), up — w in WHHQ;RY) and U,, = U in M(RQ), then

F(u,U; A) < liminf F(uy, Up; A).

n——+o0o

(H3) F is local, i.e., for all A € A(Q), f v = v and U = V LN ae. z € A then
F(u,U; A) = F(v,V; A).

(H4) There exists a constant C' > 0 such that
1
S (Il + [D?ul(A)) < F(u, U A) < C(LY(A) + Ul a) + [D?ul(4))

for every (u,U) € SD2(Q), A € A(Q).

In the spirit of the global method for relaxation [3, 4], given (u, U; A) € SDy(€2) x A(2)
we define

A(u,U; A) = {(U,V) € SDy(Q) : spt (u—wv) CC A,/A(U —V)de = 0}, (4.2)

and
m(u,U; A) == inf {F(v,V;A): (v,V) € Alu,U; A)}. (4.3)

Lemma 4.1. If (H1) and (H4) hold, then for every (u,U) € SD2(2) and A € A(Q)

limsup m(u, U; As) < m(u,U; A),
§—0t

where As = {x € A : dist(z,04) > d}.
Proof. Let e > 0. Choose (i, U) € 2A(u, U; A) such that
F(@,U; A) < m(u,U; A) +e.
Let o := dist(spt(u —u),0A) > 0. For 0 < § < /2 define
in Ay,

g-{U .
a (ﬁN(Ag\Agg))_l(fAé Udx — fA% Udl') on A5 \ A25.
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Since (@, U) € A(u, U; Ag), for every compact set K C Ass we have by (H1) and (H4),

m(u,U; As) < F(u,U; Ag)
< F(@,U; Ags) + F(u, U; As\K)

As\K

< F(u,U; A) +C (L‘N(A\K) + / U| dx + ]DQu\(A\K))

<m(u,U;A)+¢+C (EN(A\K) + | D?u|(A\K)

/ Uda:—/ U dx )
As Ags

Using inner regularity and letting K 7~ Ass, we have

LV(A45\K)
LN(A5\ Ags)

m(u,U; As) < m(u,U; A) + ¢

+C(L’N(A\A25)+D2u](A\A25)+‘/ de—/ U dx
As Aas

)

and since [, Udz = [, U dz, we obtain

limsupm(u,U; Ag) < m(u,U; A) + ¢
§—0+

and by letting € go to zero we finish the proof. O

Again by analogy with [3, 4], for a fixed (u,U) € SDy(2) we set p := LV L Q +|D?ul,
we define
AY(Q) = {Q,(z,¢e) :x € Qv e SN e >0},

and for A € A(Q2) and 6 > 0,
m‘s(u,U;A) = inf { Zm(u, U;Qi): Qi € A*(Q), QinQ; =0, Q; C A,
i=1

(@) < 6, 4\ £ Q) = 0.

§

Since m? increases as & goes to 0, we can define

m*(u, U; A) :=supm? (u, U; A) = lim m’(u,U; A).
>0 6—0+

Lemma 4.2. Assume that hypotheses (H1)-(H/) hold. Then for all A € A(Q)

F(u,U; A) = m*(u,U; A).

15



Proof. Fix A € .A(Q) For every § > 0 and every collection of cubes {Q;}:°; admissible
in the definition of m% we obtain

3
8

where we used (H1) in the last inequality. Hence m*(u,U; A) < F(u,U; A).
Conversely, fix 6 > 0 and choose a family {Q5 ©, such that

> m(u,U;Q)) < m®(u,U; A) + 6.

i=1
For each Q9 let (v, V) € 2A(u,U;Q?) be such that
Fuf, V5 @Q0) < mlu, Us Q) + 0LM(Q7).

Now, we stitch together these vf and V;‘S to define

[e.e]

[e.e]
ZU Xgr t UXN;, V Vo= ZVz‘(sXQf + Uxns,
=1 =1

where Nj := Q\ UL, Q?. By the coercivity hypothesis (H4), we have v € BH(Q) and
V9 e LY(Q). By (Hl) and (H3),

F, VoA va V9, Q%) + F(u,U; N5 A),

and since u(NsN A) =0, by (H4) we have F(u,U; Ns N A) =0, and so

o0

F,V°: A Z[ m(u, U; Q%) + 6LV (Q%)] < m®(u, U A) + 6 + £V (A).

If we prove that v® — w in WHH(Q;R?) and VO 5 U in M(Q), then by lower semicon-
tinuity of F (see (H2)), we will have

F(u,U; A) < liminf}"(v‘s, V‘S;A) < liminfm‘s(u, U; A) =m*(u,U; A),
d—0t d—0t

thus proving the lemma. To see that v® — w in W', by the BV Poincaré inequality (see
Theorem 5.10 in [8]) applied to (Vu — Vv?) we obtain

IVu = Vo' [ ) = D IV = Vo' 1y gn < D C8|D*u — D*°|(Q))
=1 =1
< O8(|D%u|(A) + | D?*0°|(A)).
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By coercivity of F we have that {|D?*v?|(A)} is bounded, so this term goes to 0 with .
By Poincaré’s inequality applied now to u — v°, we see that since |Vu — V1°|| @ —0
we have that ||u — 1)5HW1,1(Q) — 0. Finally, again by (H4)

Sup IVl p1() < oo

and applying Lemma 3.3 we conclude that V9 = U in M(Q). O
Theorem 4.3. If (H1), (H2) and (H4) hold then for every (u,U) € SDy(2) and for all
vesh-1

et p(Qu(wo, €)) =0t pu(Qu(zo,¢€))
for i a.e. xg € Q where p = LN Q + |D2ul.

Proof. By (H4), F(u,U;-) is absolutely continuous with respect to p. Therefore, by Besi-
covitch’s derivation theorem,

. -F(uv U; Qu(l‘o,é‘))
T @ (w0,2))

exist for p-almost every xg € Q. Since m(u,U;-) < F(u,U;-), we have trivially that

. F(U7U;Qu(x075)) . m(u7U;QV(x07€>)
T i@ e) T G (w0.2))

whenever the lefthand limit exists. Thus, it suffices to show that
> lim

.. em(u,U; Qu(xo,€)) F(u,U; Qu(xo,€))
o (Q@0e)  — 0 u(Qu(r0.9))

for p-almost every zo € Q. Fix ¢ > 0 and let

E;:={x € Q: 3¢, — 0such that u(0Q,(z,e,)) =0 and
F(u,U; Qu(z,en)) > m(u,U; Qu(x,ep)) + tu(Qu(z,ey,)) for every n}.

First, we observe that the condition that p does not charge the boundary of the cubes is
innocuous: for every = € §2 such that there is a sequence {e, } converging to 0 with

}—(uv U; Qu(x7 5n)) > m(ua U; Qu(xy 5n)) + tﬂ(@u(:na En))

for every n, we can find another sequence {e/,} such that for every n

}—(uv U; Ql/(x7 6;1)) > m(uv U; Ql/(x7 5;1)) + t,u(Q,/($, 5;1))a ,u(an/(x7 5;1)) =0. (4'4)

Indeed, for every n we can find e¥ ¢, so that u(0Q,(z,e¥)) = 0. By inner regularity
we have

klin;o }—(u7 U; QV(CU, Eﬁ)) = ‘F(uv U; QV(‘T7 gn)), kli}rgo M(QV(Q:? EI;L)) = :U’(QV(xv En))?
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and by Lemma 4.1

lim sup m(u, Us Qu(, £5)) < m(u, U; Qu(,en)).

k—o0

Hence for k large enough we have

Fu,U; Qulw, ) > m(u, U; Qu(x,eh)) + tu(Qu(x, k).
Extracting a diagonal subsequence of {¢¥} we obtain a suitable subsequence {e/, := 5%”)}
for which (4.4) holds. Thus we see that without loss of generality we can take the ¢, so
that p does not charge the boundary.
Fix a compact set K C  such that K C E;. For § > 0, define the families of cubes

X0 = {Qu(x,e): e <3, Qu(z,6) C Q, u(dQ,(x,¢)) =0,
F(u,U; Qu(x,€)) > m(u, U; Qu(x,€)) +tu(Qu(z,€))},
Yo = {Qu(z,e) e <d, Qu(z,e) C Q\ K, u(0Q,(z,e)) =0}.

Since K C Ey, for every = € K there exists Q,(x,¢) € X? for some € < §, and, similarly,
if 2 € Q\ K there exists a cube Q,(z,¢) € Y. Hence, we can write

o= Jou | @
Qex? Q'ey?

and applying the Vitali-Besicovitch covering theorem, we can find a countable collection
[ 8 s e e
of QZ-X € X9, Q}/ € Y9, all mutually disjoint, such that

a=JeXulJe" uE
i=1 =1

where p(E) = 0, and, as a consequence F(u,U; E) = 0. Note that since Q}/é C Q\ K for
all j, we have

umvzumanquJ@?),

=1

and thus
Flu,U;9) =Y Fu,U;QF) + 3 Flu,U;QY")
i=1 j=1
> [mw U QF) + (@) | + > m(w. U Q))
i=1 j=1

> m®(u, U3 Q)+ Y p(QF) = m® (u, U3 Q) + tu(K).
i=1

18



Sending 6 — 0, we can apply Lemma 4.2 to obtain
Fu,U; ) 2 m™(u, U, Q) + tu(K) = F(u,U; Q) + tpu(K)

and so pu(K) = 0 for every compact K C E;. By inner regularity we conclude that
w(Ey) =0, i.e., for p-almost every = € ), if € is sufficiently small,

F(u, U; Qu(z,€)) <m(u,U; Qu(x,€)) +tu(Qu(x, €))

and thus FluU U
hm ('U,, 7QV('Z.078)> S hmlnf m(“? 7Ql/(x07€)) +t
et p(Qu(wo,€)) =0t u(Qu(wo,¢€))
Sending t — 0, we assert our claim. O

Lemma 4.4. Assume that hypotheses (H1), (H3) and (H4) hold. Let {(v.,Vz)} C SD2(Q),
(u,U) € SD5(2), 20 € Q,v € SN=1 and let X be a nonnegative Radon measure on . Let

xo € Q and suppose that
U Q,(20,2)
e—0* )\(Qy(l‘o, 5))

exists. Then,

. m(veavzs;Qu(ane))_ . m(uaU§QV(IE0’5))
D (@ e0,0) et AQu(w0,2))

{€N+1 +eN(1 = 6N) + [D*u|(Qu(z0,€) \ Qu(zo,d2))

limsuplimsup ————
d—1—  e—07t )‘(Qu(ajOa 5))

T 1D20:/(Qu(0.2) \ @0, 02)) + 5

m /Qu(xo,s) |U(x) - Us($)‘ d

/ Vedx — / Udzx }
Qu(wo,e) Qu(zo,0¢)

Proof. Fix 6 € (0,1) and let ¢ > 0 be so small that Q,(xp,e) C Q. Choose a cut-off
function ¢ € C°(Q,(xo,¢€)) such that ¢ = 1 in a neighborhood of @, (¢, €d),

o < ———.

),
+ Vu(zx) — Vo (x)|dx +
S=9) Qy(ma)l (z) ()]

VoL~ <

Define
o { put (1= ). in Qy(zo,c),

Ve otherwise,

and choose (@, U) € A(u, U; Q, (x0,8)) such that

1 -

5e T m(w, U; Qu(0,£0)) = F (5, Us Qu(wo, £0)).
By outer regularity of F (@, U;-) (see (H1)) we can find & € (8,1) such that

~ 1 ~
F(@,Us Qulwo.8) = 5™ < F(@,0:Qu (wo,20)).
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Set
- Ju in Q,(xp,€9),
w.  on Q\ Qu(xo,e0),

[ in Q,(zo,9),
— 1
NG oG Jaw @oe) Ve 4% = g, (apey U d) - on Q\ Qu (w0, €9).

Recalling that ny(zO e5) Udx = fQu(xo 5) U dz, we have (e, ‘75) € W(ve, Vz; Qu (o, €)), and
by (H3) and (H4) we obtain

F(:J&j}s;@l/(x()vg» B
F(ﬁ7 Ua Ql,<;1:'0’5(5/)) +F(w€a‘/8;Qu($076) \ Qu(w‘o,ﬂs))

N L m(u, U Qu (20, €6)) +
c<sN<1 ) 4 1D (Qu(0,€) \ G (0, 29)) +

/ Vedaﬁ—/ de). (4.5)
Qu(xo,e) Qv (z0,e6)

Vw: = (u—v:) ® Vo + ¢Vu + (1 — ¢) Vo,

m(ve, Ve; Qu(z0,¢€))

ININ A

Since

we obtain
| D*we|(Qu (20, €) \ Qu(0,20)) < C{!DQUI(Qu(ﬂfovﬁ) \ Qu(wo,€9))
+[D?0:|(Qu (w0, ) \ Qu(0,£0))

: /
+ u(x) — ve(x)| dx
e2(1—9)2 Qu(xo,6)| (=) (@)l

1

From Lemma 2.2 we deduce that

— =— m(u,U;Qy(z0,€0)) — Tm Tim

T T _ (m(u, U; Qu(x0,0)) MQy (o, 65)))
51— =0t ANQu(x0,2)) 51— e—0+ MQu(xo,80))  MNQu(xo,¢))
lim m(u,U; Qy(z0,€))
e—07t )\(Qy(xo, E))

)

and hence to complete the proof it suffices to substitute (4.6) into (4.5), divide the resulting

inequality by A(Q.(zo,¢)) and take the limsup as e — 0" and § — 1. O
The next corollary is an immediate consequence of the previous lemma.
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Corollary 4.5. Assume that hypotheses (H1), (H3) and (H4) hold. Let (v,V), (u,U) €
SDy(2),z9 € Qv € SN=1"and let \ be a nonnegative Radon measure on Q be given. Let
xg € Q and suppose that

. m(u7U;Qu(x07€>) . m(”?‘/; QV<$07€))
<€1—I>I(I)1Jr )\(Qy(xo,é)) and 61—1>I(I)1+ /\(Qy(l'o,g))

exist. Then

. m(v,V;Qy(xo,s)) T m(uv U; Q,,(l‘o,&))’
A T N Q@) AQul0,0))

{€N+1 +eN(1 = 6N) + |D*u|(Qu (20, €) \ Qu(zo, 5¢))

< limsuplimsup ————
51— ot MQu(wo,€))
1

+ ‘DQU‘(QV(x()?g) \W) + M/Q o) lu(z) — v(x)| dx

/ Vdx — / Udzx
QV (.IO,&‘) QV (.IO,&‘)

Theorem 4.6. Under hypotheses (H1), (H2), (H3),and (H4), for every (u,U) € SDy(Q2)
and A € A(2) we have

1

+/ Vu(x) — Vu(z)| dx +
T o, V) - V@)

+ Vdx| + U dx

/Qu(wovs)\Qu(wovcsé) /Qu(zo,a)\Qu(wo,JE)

F(u,U; A) :/f(x,u,Vu,VQU, U) d:c+/ h(z,u, Vu©, Vu~, vg,) dHN L,
A S(Vu)nA

where

m(r +&(- —x0) + 1/2G(- — w0, - — w0), H; Q(z0,€))
eN ’

flxo,m, &, G, H) := lim

e—0t

m(r + “n,C,V(‘ — ), 0; Qu(x0,¢))
N—1 )

h(l'Ov T, C? l/) = lim

e—0t £

for all g € Q,r € RN &0, ¢ € RN G H € RUNXN 1 ¢ SN=1 yith O € RXNXN
being the matrix with all entries equal to zero, and

_ o ify-v>0,
Uncw(y) = { Cy otherwise.

Proof. We first show that

acy

for LN a.e. zg € Q. Define

(z0) = f(z0, u(zo), Vu(zo), V*u(zo), U(z0)) (4.7)

va () == u(xo) + Vu(zo)(z — z9) + %VQu(xo)(a: — o, — X0).
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By Theorem 2.1 and Theorem 4.3, for £V a.e. g € Q,

1 1
lim ][ |u(z) — ve(x)| dr =0, lim — [Vu(xz) — Vg (x)| de =0, (4.8)
Q(z0,¢)

2
e—0t € e—0t € Q(z0,¢)

o 1Dul(@o; )
=0t LN(Q(xp;¢€))

= |V2u(z0)|, (4.9)

m(u, U; Q(z0;€))

dLN (1‘0) = €l_i>r(§l+ EN(Q(a?o; E)) (410)

dF (va,U(z0);+), . m(ve,U(z0); Qzo;¢€))
gy @)= i e o o e) (4.11)
lim |U(z) — U(zo)| dr =0 (4.12)

e=0% J Q(zo,¢)

Select a point xg € 2 with the above properties. Apply Corollary 4.5 with v := v,, V :=
U(zo) and A := LY L Q to find

lim m(vm U(x[)); Qu(x(b 5)) ~ lim m(uv U; Qu(x()a 5))
e—0t ﬁN(Qy(.%'(), 8)) e—0+ EN(QV(:C(), 6))
< C'limsup limsup G(e, §, u, vq, U),
d—1—  e—07t
where
G(e,0,u,v,,U) = C{s +(1-6Y)+ |D2U|(Qu(l’07€€]3[\ Qulr0,02)

1 1
HYPU@I0 =)+ ) )] de

][ Udx — U(x)
Q(zo0:¢)

T(1- 5N)U(x0)}.

1 1][
+ - Vu(x) — Vg ()| dox +
1-0)= Q(xo,a)\ (z) ()]

+ Udzx

v,

N JQ(o.e)\Q(wo.20)
By (4.9) we find

| Dul(Qu (20, ) \ Qu(x0,0¢))

eN

< lim sup |V2u(zo)|(1 — 6) =0,
6—1-

0 < limsup lim sup
§—1—  e—07t

and by (4.12) we obtain

1

e /Q(xo,s>\Q<xo,sa>
= lim sup lim sup ][ Udzx — (5N][ Udx
§—1— e—0t Q(x0,¢) Q(0,£9)

= limsup |U (z0) — 6™ U (z0)| = 0,
d—=1—

lim sup lim sup Udzx

6—1—  e—0t
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which, together with (4.8), yields

lim sup lim sup G(&, 0, u, v, U) = 0

§—1—  e—07t
and, consequently,

AF@, U)o Ui Qe ) (e Ul Quleo <)
dLN O Sor LN(Qu(z0,2))  enor LN (Qu(zo,2))

concluding the proof of (4.7).
Now we show that

for HVN=1|S(Vu) a.e. 29 € Q. Hereafter, for simplicity, we will just write v in place of
Vyy. Define

o Vut(zo)(z —z9) if (z — x0) - v(z0) > 0,
vy () = ulzo) + { Vu~ (zo)(x — o) if (x — x0) - v(zp) < 0.

Again by Theorem 2.1 and Theorem 4.3, for HV=1 a.e. 29 € S(Vu) we have

1

El_igl+ R oo lu(z) —vy(z)| de =0, 61_i)r[§l+ Ovoo |Vu(z) — Voy(z)| de =0, (4.13)
tim PR ) (4.14)

d?—ii(?iSU(’V)u) (z0) = sli%l+ e Us;]\?yl(xo; 6))’ (4.15)

lim EN% /Qy@o;a) Uldz = 0. (4.17)

Select a point xg € S(Vu) such that the above properties hold. Apply Corollary 4.5
with v :=v;,V := O and X := H¥ 1 S(Vu) to deduce that

m(vy, O; Qu(zo,€)) m(u,U; Qy(x0,€))

— lim
N1 N1

e—0t

lim

e—0t

< Climsuplimsup Gy(e, d,u, vy, U),
d—1— e—07t
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where

n |D*u|(Qu(w0,€) \ Qu(x0, 0¢))

Gy, d,u,vy,U) = C{€2+E(1—5N) N1

_ 1 1
HITuEI0 =)+ s ) ) e

][ Udzx
Ql/(l'()vg)

: ][
+— Vu(z) — Voj(x)| dx + ¢
T Ly, [T Vet

b

1

+

/Q,,([L’(),E)\QV(CE(),E(S)
By (4.14) we find

| D*u|(Qu (w0, €) \ Qu(xo, 0¢))

eN-1

< limsup |[Vu](zo)|(1 - 67 1) = 0,

o—1—

0 < limsup lim sup
§—1— e—0t

while from (4.17) we obtain

U dx

lim sup
e—0t

1
N1 < lim / |U|dz =0,
eN—1 /cgu(mo,e)\Quuo,ss) =0+ eV o, (w0.e)

and thus, using Eq. (4.13), we conclude that

lim sup limsup G (g, §,u, vy, U) = 0,
§—1—  e—0t

and hence the proof is completed. O

5 Applications (SD, integral representation)

We consider the functional defined for each A € A(f2) by

fA fo(z,u, Vu, V2u) dx
Fo(u; A) = + fS(Vu)mA go(x,u, Vut, Vu~ vy, dHN ™1 if u € SBH(Q;R?),

400 otherwise,
(5.1)
where the densities fy and gg satisfy the following hypotheses:
(G1) fo: QxR x RN x RIXNXN 5 10, +00) is measurable in z and continuous in
all other variables and

%|A| < fo(w,u,§,A) < C(1+|A])

for all (z,u,&,A) € Q x R? x RN 5 RIXNXN and for some C' > 0;
(G2) the function go : 2 x R% x (R¥*N)2 x §N=1 [0, +00) is continuous and

el < gole, u,&,m,) < OO+ 1€~ )
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for all (z,u,&,n,v) € Q x R x (R¥>*N)2 x SN=1 and for some C > 0;
The functional F : SD2(€2) x A(£2) — [0, +00) is defined by

F(u,U; A) := inf { liminffo(un;A) Sy, — uin LY(Q;RY),
n—-+0oo
Vu, > U in M(Q;RdXNXN)}. (5.2)

Lemma 5.1. For every (u,U) € SDy(Q2), A € A(Q) and every sequence {(un,Uy,)} C
SDy(Q) such that u, — u in L'(Q;R?Y) and U, = U in in M(Q;RPN*N),

F(u,U; A) < lirr_1)inf.7-"(un, Up; A).

Proof. Fix a sequence {(un,U,)} C SDo(2) such that u, — » in L' and U,, = U. For
every (un, U,) we can pick a sequence {(un , Unx)} C SDo(f2) such that wu, x — u, in L
and U, x X U, as k — oo and

1
lim inf Fo(up g, Un k3 A) < Flup, Un; A) + .

k—o00

By diagonalizing we find sequences v, := uy, and V,, := v, , such that v, — u in L',
V, = U as n — oo, and

lim inf Fo (v, Vi A) < liminf F(uy,, Uy,; A)

n—oo n—oo

and thus
F(u,U; A) < lirri)inff(un,Un;A).
]
Lemma 5.2. The functional F is local, i.e. for all A € A(Q), ifu=v and U =V LV
a.e. v € A then F(u,U; A) = F(v,V; A).

Proof. Let A,u,U,v and V be as in the statement of the lemma. For every sequence
{(un,Up)} C SD5(Q) such that u, — u in L'(A) and U, = U, we also have u, — v in
LY(A) and V,, = V. Thus

F(u,U; A) > F(v,V; A),

and by symmetry we conclude that
Fu,U; A) = F(v,V; A).
O

Lemma 5.3. Assume hypotheses (G1) and (G2) hold. For every (u,U) € SDs(2) and
for every A € A(2) we have

& (101130 + 1D?ul(4)) < Flus 4) < € (£V(A) + U]l pacy + 1Dl (4)

where C > 0. Moreover, for every u € BH(S;R?) the functional F(u;-) is the restriction
to A(Q) of a Radon measure.
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Proof. We note that hypotheses (G1) and (G2) imply that
Lo N 2
oD ul(A4) = Fo(u; A) < C(LT(A) +[D7ul(A4))

for every u € SBH(;RYN) and A € A(Q). For any (u,U) € SD2(Q) and any § > 0, we
can find u,, € SBH(Q;R?) such that u, — v in L', Vu, AU, and

F(u,U; A) > lirginffo(un; A) — 0.
On one hand, this implies that
1 1
Flw,U; 4) 2 liminf <[ D%u,|(4) = 6 2 =|D?ul(4) =5,
and letting § — 0 we have
1
F(u,U; A) > 5\D?u|(A). (5.3)

On the other hand, we obtain

NP | NP | 1
F(u,U; A) > hmmfa\DQUnKA) —6> hﬁg{ngHVQUnHLI(A) —6> 5HUHL1(A) -6

n—o0

and, again letting § — 0, we have
1
Fu,U; 4) 2 Ul a)-
Averaging this with (5.3), we deduce that
1 2
Flu,UsA) 2 5 (1T L1 ay + [D?ul(A)) .

To prove the upper bound, we consider the sequence {u,} constructed in the Approxima-
tion Theorem, Theorem 3.2, which satisfies u,, — u in L', V2u,, — U and

sup |D(Vun)|(4) < € (ID(VW)(A) + U L1 (ay) -

Then we have
F(u,U; A) < lim inf Fo(un; A) < liminf C (£V(A) + [D(Vu,)|(A))
< C(LY(A) + [D(VW)(A) + [Ullz1a)) -

Finally, we will prove that for (u,U) € SD2(Q2), F(u,U;-) is the restriction to A()
of a Radon measure. We will apply the coincidence criterion, Lemma 2.3. Since item (i7)
follows directly from the fact that Fo(u, ) is a Radon measure and item (i7i) follows from

the growth condition that we have just proved, it only remains to prove that for any open
sets A, B,C € A(Q)) with A C B C C we have

Fu,U;C) < F(u,U;C\ A) + F(u,U; B).

26



To see this, for ¢ > 0 we choose v, € BH(£;R%) and w,, € BH(£;R?) as in the definition
of F(u,U;-) (perhaps along a subsequence) so that

li_>m Fo(vn, O\ A) < F(u,U;C\ A) —¢ (5.4)

and
lim Fo(wy, B) < F(u,U; B) — €.

n—0o0

We will use a slicing argument in order to construct (up to a subsequence) a sequence
{un} € BH(C;R%) as in the definition of F(u,U;-) so that

liminf Fo(un; C) < lim Fo(v,, O\ A) + lim Fo(wy, B).
n—oo n—oo n—o0
Let § > 0 be so small that
S5 :={x € B :dist(x, A) <} CC B.

Given k € N we can decompose S5\ A into a disjoint union of strips, to be precise we write

k
Ss\ A= Lix,
=1

where
(1—1)
k

< dist(x, A) <

=g

Li,k: {LUES5:

b

sup | D(Vn) €\ D) + sup | D(Vu,)|(B) < M

By coercivity of Fp, we have

for some M < oo, and thus

k

sup Y~ (1D(Ten)| + [D(Vw,)]) (L) < M.
=1

We remark that since there are only finitely many values of ¢ and infinitely many values
of n, there must be some fixed 7 such that

M
(ID(Vn)| + [D(Vwn)l) (Lig) < -~
for infinitely many n € N. Thus for any k, there is a iy, € {1,...,k} and a subsequence
{ngk)} C {n} such that
M .
(170,001 + 1DV, ) (Baa) < . Wik €N
J J
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We consider a smoooth cutoff function ¢ € C2°(B;[0,1]) such that {0 < ¢y, < 1} C L; k,
or(x) = 0 if dist(z, A) < %15, ¢ (z) = 1 if dist(z, A) > %6 and

[Vorlloo < Ck, [[VZr|loo < Ck*

For x € C, we define
Ujk = kv i + (1 — dp)w ).
J J

Then we have

.Fo(uj‘7k; C) S ‘Fo(vn<.k); C \ Z) + fo(wn(_k) ; B) + fo(uj"k; Lik,k)7
J J

and the last term is bounded by

‘?}n(k) —w |dx + k/
J J

Vv ) — Vw @|dz
n.; n.
Liy & f] J

Fo(ujk; Liy k) §C<EN(Lik,k) + k2/

Lip i

F1D(To, w)|(La i) + rD<an<_k>>\<Lz-k,k>)
J J

1
SC( + kQ/ v ) —w @ |dz + k/ Vo, o) — Vw (’“)‘dw>'
k Lik,k " " Likvk " g

(k)

Jk

Since v, — u and w, — u in WH(B\ A), for any k we can choose an element n;’ of ng-k)

(k)

so that the map k — n;, ' Is increasing and

/ B "l)n(k) —w, |dz = o(1/k?)
B\A Uk Ik
and

/ B |V1)n(k) — an(k-) |dx = o(1/k).
B\A Ik Ik

With this choice we have that
1i]££ffg(ujk7k; L; ) =0.
Since v, — u in LY(C \ A), w, — u in L'(B) and Vv, = U in C \ 4, V?w, = U in

B, we must have that u;, , — u in L'(C) and V2ujk7k XU in C. Thus, by definition of
F(u,U;-), we conclude

F(u,U;C) < liminf Fo(uj, 4; C) < lim Fo(v );C \ A) + lim Fo(w_x); B)
k—o0 k—o0 L k—o00 g,
< F(u,U;C\ A) + F(u,U; B) — 2e.

Sending £ — 0, we are done. ]
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Theorem 5.4. Assume (G1) and (G2) hold and let F be the functional defined by (5.2).
Then, there exist functions f : Q x R% x RN x RIXNXN o RAXNXN 10 o0) and
g:Q x RY x RIXN 5 RIXN 5 GN=1 5 [0, 00) such that

Flu,U;A) = /Af(x,u(x),Vu(a:),VQu(x),U)dx
+/ g(z,u(x), Vut(z), Vu~ (z), vvu(z)) d’HN_l(x),
S(Vu)nA

for allu € SBH(Q;RY) and A € A(Q).

Proof. We note that by Lemmas 5.1, 5.2 and 5.3, the functional F satisfies the hypotheses
of Theorem 4.6, and so the integral representation result follows immediately. O

6 Applications (SBH, BH integral representation)

In this section we obtain integral representation results for abstract lower semicontinuous
functionals on SBH and BH. Consider a functional

F : BH(:RY) x A(Q) — [0, +00] (6.1)

satisfying the following hypotheses:
(I1) F(u;-) is the restriction to A(Q2) of a Radon measure,
(12) F(; A) is L' (A, R%)-lower semicontinuous,
(I3) F is local, i.e., for all A € A(Q)if u=v LY a.e. in A then F(u; A) = F(v; A),
(I4) there exists a constant C' > 0 such that

SID%ul(4) < Flus A) < C(LV(A) + D2l (4)).

Given (u, A) € BH(;R?) x A(Q) we introduce
A(w; A) := {v € BH(Q;RY) : spt (u—v) CC A}, (6.2)
and
m(u; A) == inf{F(v,A) : v € A(u; A) }. (6.3)
As a corollary of Theorem 4.6, we have the following SBH representation theorem.

Theorem 6.1. Under hypotheses (I11), (12), (13) and (1}), for every u € SBH(S;R?) and
A € A(Q) we have

F(u; A) :/f(:p,u,Vu,VQU)der/ h(z,u, Vut, Vu~, vgy,) dHN L,
A S(Vu)nA

where

m(g+ G(- — xo) + 1/25(- — x0, - — 20); Q(z0,€))

f($07va7 Z) = lim N ;

e—0t £
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m(g + uL,H,V(' - :E()); QV(‘TO? E))
eN-1 ’

h(zo, g, L, H,v) := lim

e—0t

for all zg € Q,g € R G, H,L € R*N ¥ ¢ RXNXN 1, ¢ §N=1 " 4nd where

Ly ify-v >0,
Hy otherwise.

ur,uw(y) == {

In the case where the functional F is invariant under affine translations of u, we can
use this result to upper bound F on the space BH.

Corollary 6.2. Let F satisfy hypotheses (I1),(12),(13),(I4), and further assume that for
every affine function
v(z) :=p+ Ax

forp e R4 A e RN we have
Flu;+) = F(u+wv;-).

Then for every u € SBH(;RY) and A € A(Q) we have
F(u; A) = / f(x, Vu) dx + / h(z, Vut — Vu™, vy,) dHN !
A S(Vu)nA

where, with an abuse of notation, we write f(x,%) = f(x,0,0,%) and h(z,J,v) =
h(z,0,0,.J,v). Moreover, for u € BH(Q;R?) and A € A(Q) we have

dD4(Vu)

f(u,A)SAf(w7V2“>dw+Afm <x’d\Ds!<W)

> d|Ds(Vu)|
where f°° is the recession function defined by

f(z, %) = lim 7f(:c,t2)'

t—00 t

Proof. The assumption that F is affine invariant implies that m is also affine invariant.
Thus for any zg € Q, g € R, G € RN 5 € RXNXN 1, ¢ §N=1 e have

f(‘rovg) G7 E) = f(ananu 2)
and for any zg € Q,g € R*, L, H € R™*N 1 € SN~ we have
h(zxo,g,L, H,v) = g(x0,0,0, H — L,v).

In particular, we deduce that for every u € W21!(Q;R?)

F(u; A) :/Af(:E,VQU) dzx.

30



The relaxation of such functionals to BH is the subject of [11], where we get an integral
representation of the relaxation, to be precise

n—oo

B o (  dDy(Vu)
- [ Qe VP dn+ [ (@) <x W) AD(Vu)| (6.

inf {liminf}"(un;A) 5 Uup € WP RY), uy, — u,sup [ |2 < oo}

for every u € BH(;RY), A € A(Q), where Qs f is the 2-quasiconvex envelope of f. In
this case, since F is lower semicontinuous, we must have that f is 2-quasiconvex as shown
n [1], and thus Qo f = f. Thus for every u € BH(Q; R?) we may take a recovery sequence
for the relaxation {u,} C W2!(Q;R?) such that u, — v in L' and

lim F(un; A) /f z, Vu) d:c+/f°°< C”D‘(())) d|Ds(Vu)|

to conclude from lower semicontinuity of F that

F(u; A) §/Af(1‘,V2u)dx+/Af°° <m Cm> d|Ds(Vu)).

O

We can push this further under a stronger continuity assumption on F. If F is contin-

uous with respect to area-strict convergence, (see [12]), then this upper bound is actually
sharp.

Definition 6.3. We say that a sequence of signed measures {1} ¢ M(Q; RY) converges
area-strictly to p if (™ = 4 and

: 1 a o iy
A / d.CN dﬂ”'“ / dLN dm““‘

This condition is actually very natural for BH lower semicontinuous integral function-
als. Indeed, Theorem 2.14 in [11] shows that 2-quasiconvex potentials along with their
recession function of the form (6.4) are automatically area-strict continuous. In the first
order global method result [4], the area-strict continuity assumption is not needed, but
once we have a potential function for the integral relaxation, we can see that it is automat-
ically area-strict continuous by using the results in [12]. Thus in the first order case, an
assumption of area-strict continuity is innocuous, which motivates our assumption here.
With the assumption of area-strict continuity, we have the following:

Corollary 6.4. Let F satisfy hypotheses (I1),(12),(13),(I4) and further assume that for
every affine function

v(z) :=p+ Ax
forp e R*, A e RN we have



and that for every u € BH(;RY) and every sequence {u,} C BH(;R?) so that u, — u
in L' and D(Vu,) — D(Vu) area-strictly, we have that
lim F(un; Q) = F(u; ).

n—o0

Then for every u € BH(;R?Y) and A € A(Q) we have

F(u, A) :/Af(x,Vgu)dx+/Af°° <x Cm> d|Dy(Vu)|.

Proof. Following the proof of Corollary 6.4, (I1), (12), (I3), (I4) and the affine invariance
property give us a representation of F on W2 (Q;R?). For any u € BH, we can use
Corollary 5.8 in [11] to construct a sequence {u,} C W!(Q;R?) so that u, — u in L'
and D(Vu,) = D(Vu) area-strictly. Thus, by area-strict continuity, we have

F(u; Q) = lim F(up; Q). (6.5)

n—o0

On the other hand, the functional

u € BH(Q;RY) /Qf(:c,VQU) dx —l—/Qfoo (a?, m) d|Ds(Vu)| =: I(u;Q)

is area-strict continuous on BH by Theorem 2.14 in [11] and agrees with F on W21,
therefore
lim F(un; Q) = lim I(up; Q) = I(u; Q).

n—o0 n—oo

This, together with (6.5), yields

F(u; Q) /fo2 dx+/f°°< W)d!D(Vu!

for every u € BH(;R?).
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