DIFFUSIVE LIMIT WITH GEOMETRIC CORRECTION OF UNSTEADY NEUTRON
TRANSPORT EQUATION

LEI WU

ABSTRACT. We consider the diffusive limit of an unsteady neutron transport equation in a two-dimensional
plate with one-speed velocity. We show the solution can be approximated by the sum of interior solution,
initial layer, and boundary layer with geometric correction. Also, we construct a counterexample to the
classical theory in [1] which states the behavior of solution near boundary can be described by the Knudsen
layer derived from the Milne problem.

Keywords: compatibility condition, e-Milne problem, Knudsen layer, geometric correction.

1. INTRODUCTION AND NOTATION

1.1. Problem Formulation. We consider a homogeneous isotropic unsteady neutron transport equation
in a two-dimensional unit plate Q = {Z = (z1,22) : |¥] < 1} with one-speed velocity ¥ = {& = (w1, w2) :
W e St} as

0t + el - Vyut +u¢ —a¢ = 0 in [0,00) x €,
(1.1) u(0,Z,w) = h(Z,W) in Q
us(t, Zo, W) = g(t, o, W) for W -7 <0 and F) € 09,
where
(1.2) () = - / W (1, 7, )i,
2 S1

and 77 is the outward normal vector on 0f2, with the Knudsen number 0 < € << 1. The initial and boundary
data satisfy the compatibility condition

(1.3) h(Zo, W) = g(0, Zp, W) for @ -7 <0 and &y € IN.

We intend to study the diffusive limit of u¢ as € — 0.

Based on the flow direction, we can divide the boundary I' = {(Z, &) : & € 99} into the in-flow boundary
I'", the out-flow boundary I't, and the grazing set I'° as

(1.4) I~ = {(#w): £€0Q, @ 7 <0},
(1.5) 't = {(&w): ¥€0Q, &-i >0},
(1.6) I’ = {(#%): 2€09Q, ¥-i =0}

It is easy to see ' =T U~ UT?.

The study of neutron transport equation dates back to 1950s. The main methods include the explicit
formula and spectral analysis of the transport operators(see [5], [4], [6], [7], [8], [9], [10], [11], [12]). In the
classical paper [1], a systematic construction of boundary layer was provided via Milne problem. However,
this construction was proved to be problematic for steady equation in [13] and a new boundary layer con-
struction based on e-Milne problem with geometric correction was presented. In this paper, we extend this
result to unsteady equation and consider a more complicated case with initial layer involved.

1.2. Main Results. We first present the well-posedness of the equation (1.1).
Theorem 1.1. Assume g(t,zo, W) € L>([0,00) x I'") and h(Z, @) € L=(Q x S*). Then for the unsteady
neutron transport equation (1.1), there exists a unique solution uf(t,¥,w) € L>([0,00) x Q x S') satisfying

(1.7) ”ueHLOO([O,oo)XQXSl) < C(Q) ( ||h||L°°(Q><Sl) + ||g||L°°([O,oo)><F)>'
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Then we can show the diffusive limit of the equation (1.1).

Theorem 1.2. Assume g(t,To,w) € C%([0,00) x I'") and h(Z,w) € C3(2 x 8*). Then for the unsteady
neutron transport equation (1.1), the unique solution uc(t,Z,w) € L°([0,00) x Q x S1) satisfies

(1.8) [ u = U5 = %o — s 0|, = 0(1),

where the interior solution U is defined in (3.56), the initial layer %, is defined in (5.55), and the boundary
layer %} is defined in (3.54). Moreover, if g(t,0,¢) = t2e~t cos ¢ and h(Z, W) = 0, then there exists a C > 0
such that

(1.9) HuE — Uy — %]70 — %B70||LO° >C>0

when € is sufficiently small, where the interior solution Uy is defined in (6.19), the initial layer % o is defined
in (6.18), and the boundary layer %g , is defined in (6.17).

Remark 1.3. 6 and ¢ are defined in (3.34) and (3.39).

It is easy to see, by a similar argument, the results in Theorem 1.1 and Theorem 1.2 also hold for the
one-dimensional unsteady neutron transport equation, where the temporal domain is [0, 00), spacial domain
is [0, L] for fixed L > 0, and velocity domain is [-1/2,1/2].

1.3. Notation and Structure of This Paper. Throughout this paper, C' > 0 denotes a constant that
only depends on the parameter 2, but does not depend on the data. It is referred as universal and can
change from one inequality to another. When we write C(z), it means a certain positive constant depending
on the quantity z. We write a < b to denote a < Cb.

Our paper is organized as follows: in Section 2, we establish the L>° well-posedness of the equation (1.1)
and prove Theorem 1.1; in Section 3, we present the asymptotic analysis of the equation (1.1); in Section 4,
we give the main results of the e-Milne problem with geometric correction; in Section 5, we prove the first
part of Theorem 1.2; finally, in Section 6, we prove the second part of Theorem 1.2.

2. WELL-POSEDNESS OF UNSTEADY NEUTRON TRANSPORT EQUATION

In this section, we consider the well-posedness of the unsteady neutron transport equation

Eou+ e -Voyut+u—u = f(t,7,@) in [0,00) x Q,
(2.1) w(0,7@) = h(@@) in Q
u(t, @, W) = g(t,@o,wW) for W-7 <0 and Zy € O,

where the initial and boundary data satisfy the compatibility condition
(2.2) h(Zo, W) = ¢g(0,Zp, W) for W -7 <0 and Zp € IN.

We define the L2 and L® norms in © x S! as usual:

1/2
(2.3 laxsy = ([ [ @ asas)

(2.4) 1l Lo xsty = sup | f(Z, @)|.
(#,0)eQx St

Define the L? and L® norms on the boundary as follows:

1/2
(2.5) nﬂmm::(/ mamﬁwﬂwm@ |
1/2
(2.6) Il peqrey = (// &)|* @ - n|dwdm> ,
2.7) ey = sup |70,
(E,IB)EF
(2.8) Ulegs, =  swp 7).
(z,%)er+

Similar notation also applies to the space [0,00) x Q x S', [0,00) x T, and [0, 00) x I'*.
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2.1. Preliminaries. In order to show the L? and L> well-posedness of the equation (2.1), we start with
some preparations of the penalized neutron transport equation.

Lemma 2.1. Assume f(t, %, w) € L>=(]0,00) x Qx SY), h(Z, %) € L>®(QxS') and g(t, o, W) € L>(]0, 00) x
™). Then for the penalized transport equation

Auy + €20up + e - Vouy +uy = f(t,7,@) in [0,00) x Q,
(2.9) ux(0,Z,W) = h(Z,T) in Q
ux(t, @o, W) = g(t, Zo, W) for W-n <0 and Fy < IN.

with A > 0 as a penalty parameter, there exists a solution uy(t,%,w) € L>([0,T] x Q x 8') satisfying

(2.10) luallzoc (0,00 x0x 51y < N9l Loe ((0,00)xT-) T ||h||L°°(Q><Sl) + 11l 2o (10,00) x2x.51) -
Proof. The characteristics (T'(s), X (s), W (s)) of the equation (2.9) which goes through (¢, Z, @) is defined by
(7(0), X(0), W(0)) = (¢, &, )
dT(s) _
2.11) ds ’
2.11 4x
dES) = €W(S)?
daw
6 _ g,
ds
which implies
T(s) = t+es,
(2.12) X(s) = T+ (ew)s,
W(s) =

Hence, we can rewrite the equation (2.9) along the characteristics as

(2.13) ux(t, 7, @)

ty
= 1{t252tb}<g(t—thmf—etbu?,u";')e_(H’\)tb + / ft =Xty — ), @ — e(ty — 8)0, w)e_(1+/\)(tb_s)ds>
0

t/e? .
iz (h(f — (et@) /&, @)e IV 4 / F(€25,& — e(t/e — s)it, w)e 1HI Mdﬁ),
0

where the backward exit time ¢; is defined as

(2.14) ty(Z, W) = inf{s > 0: (¥ — esw,w) e T~ }.
Then we can naturally estimate

(2.15) [urll Lo ((0,00) x2x 51

—(14A)E 1 — et
< lpsen) <e ’ HgHLOO([O,oo)xF*) + T1eN ||f||Lco([o,oo)xstl)>

—(1+N)t/e? 1 — et/
+1it<ers,) (e 17l oo (2xs1) + S — ||f||Loe([o,oo)xstl)>

< gl oo 0,00y xr—y 1Bl oo (axsty + 111 Lo (0,00) x2xs1) -
Since u) can be explicitly traced back to the initial or boundary data, the existence naturally follows from

above estimate. O

Lemma 2.2. Assume f(t, %, @) € L>=(]0,00) x Qx SY), h(Z, @) € L>®(QxS') and g(t, g, W) € L>(]0, 00) x
I'~). Then for the penalized neutron transport equation
Auy + €20iun + € - Vyuy +uy —ay = f(t,7,%) in [0,00) x €,
(2.16) ux (0, Z, W) h(Z, W) in Q
ux(t, o, W) = g(t, To, W) for Ty e 0N and Wi <O0.
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with A > 0, there exists a solution ux(t, T, %) € L°°([0,00) x  x S') satisfying

1+4+e€
(2.17) luall oo (0,00 x 2581y < N (||g||L°°([O,oo)><F) + 12l oo (axs1) ||f|Loo([o,oo)xstl)>-

Proof. We define an approximating sequence {u’/{}zozo, where u?\ =0 and

Mk 4 0k + e - Vouk +uk — @kt = f(t,4,%) in [0,00) x Q,
(2.18) uk(0,#,@W) = h(Z,7) in Q
uk(t, %o, W) = g(t,To, W) for Fo € N and @ 7 < 0.

By Lemma 2.1, this sequence is well-defined and Hu’)f < 00.

||L°°([0,oo)><Q><Sl)
The characteristics and the backward exit time are defined as (2.11) and (2.14), so we rewrite equation
(2.18) along the characteristics as

(2.19)
ub (t, Z, )

ty
= 1{t252tb}(g(t—thb7f—etb1ﬁ,w’)e_(1+’\)tb+ / (ah=t + f)(t—e%:b—s),:z—e(tb—s)w,w)e—ﬂﬂﬂtb—s)ds)
0
E2

Flpcen) (h(f— (etad) /€2, e 1N 4 / (@1t F)(e2s, 7 — e(t]€ — 5)i, w)e” N 62”‘“),
0

We define the difference vF = u’f\ — ulf\_l for k > 1. Then v* satisfies

ty
(2.20) oM7) = 1i>e2t,) </ Ot — E(ty — 5), @ — ety — $)W, ﬁ)e(H)‘)(tbs)ds)
0

t/e?
+lii<er,y (/ oy (s, T —e(t/€ — )i, w)e_(lJr)\)(t/E?_S)dS),
0

Since HT}kHLw([O,oo)xQX‘S'l) < HkaL“([O,oo)XQXSl)’ we can directly estimate

max{t/e’t;}
H’UkHLOO([QOO)XQXSl) /0 e_(1+k)(tb—s)d8

1— ef(lJr/\) max{t/e?,ty}
Il
= T+ YVl Lo (j0,00) x 2% S1) *

(2.21) HUk_HHLOO(

IA

[0,00)xQ2xS1)

Hence, we naturally have

(2.22)

I im sy < 53 I im0 sy

Thus, this is a contraction sequence for A > 0. Considering v' = u}\, we have

1

k—1
(2.23) ||”k||L°°([0,oo)xstl) = (1-5-)\> Hui”L“([QOO)xQxSl)’

for k > 1. Therefore, u’j\ converges strongly in L to a limit solution u) satisfying

|| & T+A,
(2.24) [uall poc (j0,00) x0x81) < Z v ||Loo([o,oo)x9xsl) S ||u)\HL°°([0,oo)><Q><Sl)'
k=1

Since u} can be rewritten along the characteristics as

(2.25) uy (7, W)

ty
- 1{t262tb}<g(t—e2tb,f—etbu7, w)e (N 4 / Flt =ty — 5), T — e(ty — $)0, *)e““)(tbs)ds)
0

t/e?
+1lp<err,) (h(a‘:’ — (et /€2, u‘)’)e_(H')‘)t/62 + / f(e%s, @ — e(t)e® — s)w, 1D)e‘<1+)‘)(t/€2_s)ds>,
0
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based on Lemma 2.1, we can directly estimate
1
(2.26) HUAHLW([O,W)XQXQ) < N9l e 0,00y xr=) T 1l oo (acs1) + 11l oo 0,00y x2x 51 -
Combining (2.24) and (2.26), we can easily deduce the lemma. O

2.2. L? Estimate. It is easy to see when A — 0, the estimate in Lemma 2.2 blows up. Hence, we need to
show a uniform estimate of the solution to the penalized neutron transport equation (2.16).

Lemma 2.3. (Green’s Identity) Assume f(t, %, @), g(t,Z,@) € L=([0,00) x XxS*) and O, f +@-V f, Org+
W Veg € L2([0,00) x Q x 8Y) with f, g € L*([0,00) x I'). Then for almost all s,t € [0, 00),

(2.27) / //stl ((&gf +W-Vif)g+ (0rg + w0 - V$g)f> dZdwdr

/ /fgd’yd?“—&—// t)d@dw — // s)d@d,
QxS?t QxS?t

where dy = (@ - @)ds on the boundary.
Proof. See [2, Chapter 9] and [3]. O

Lemma 2.4. The solution uy to the equation (2.16) satisfies the uniform estimate in time interval [s,t],
(2.28)

ellunllp2(sygxaxsy < C(Q) ( lux = @xll 2 (s, gxaxsty T 1Lz s gxaxst) + € luall p2gs,gxr)

Felallaury ) + 460 - 60,
where G(t) is a function satisfying
(2:29) G(t) < C() lua®)ll 2 axs1) -
for0<A<<land0<e<<l1.

Proof. We divide the proof into several steps:

Step 1:
Applying Lemma 2.3 to the solution of the equation (2.16). Then for any ¢ € L>([0, 00) x Q x S!) satisfying
€Orp+ 0 - Vi € L2([0,00) x  x S') and ¢ € L?([0,00) x I'), we have

ey
o o= o e [ [

Our goal is to choose a particular test function ¢. We first construct an auxiliary function ((¢). Since
ux(t) € L°°(Q x 8'), it naturally implies ) (t) € L>°(Q) which further leads to iy (t) € L*(Q). We define
¢(t, %) on Q satisfying
AC(t) = ux(t) in Q
2 () = m(H) in 0.
¢(t) = 0 on OQ.

In the bounded domain 2, based on the standard elliptic estimate, we have

(2.32) ICON 12 () < CE) Nlua(®)ll L2

Step 2:

Without loss of generality, we only prove the case with s = 0. We plug the test function
(2.33) o(t) = —w - Vo ((t)

into the weak formulation (2.30) and estimate each term there. Naturally, we have
(2.34) [0 20y < CUCON 1) < CEO) [[ar(®)l 2 -
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Easily we can decompose

-1 [ osiom = [ []tersam ][] o-soro-un

We estimate the two term on the right-hand side of (2.35) separately. By (2.31) and (2.33), we have
(2.36)

Y/

t
e/o //stl U (wl(wlanC + w2012¢) + wo(w1012¢ + w25~22o)

Ny
_ ew/ot/ﬂfm(@nCJramo

_ 2
= emllaxlza(ogxa)
T
= §€||UA||L2([O,1S]><Q><81)'

In the second equality, above cross terms vanish due to the symmetry of the integral over S'. On the other
hand, for the second term in (2.35), Holder’s inequality and the elliptic estimate imply

t 1/2
(2.37) / // uy — ) C()e|juy — ﬁAHLz([O,t]XQX‘Sl) </ ||C||§12(Q)>
QxS 0

C( e [lux — arll 2o, xax sty 18all L2 0,4 x2xs1) -
Based on (2.32), (2.34), the boundary condition of the penalized neutron transport equation (2.16), the trace
theorem, Holder’s inequality and the elliptic estimate, we have

(2.38)
t t
e// uwﬁd'y—ke// uypdy
o Jr+ o Jr-

/ / urddy
cQ) (5 luall 2o, xm+y 18N L2 (0,0 x0xs1) + €191 L2 ((0,4x1-) ”a)\”Lz([O,t}xQXSl))’

///szxsluAgﬁjL)\/ //stlw‘*“/\‘i’ )‘/ //Qxyuxfux

IN

IN

IA

o [ f]

< DM aall 2o, x0xsmy 1ux = @xll L2 (0,4 xaxs1)
t
4oy [ [ =06 < @) laall g meacsn s~ Bz s
0 JJaxs
t
(241) L[ 16 <@ luslizgomuaesy 1l axaxsy
0 QxS
Note that we will take
(2.42) _e / / ur(B)(t) + €2 / / ur(0)6(0) = €2 (G(t) _ G(O)),
QxS QxS
where G(t / / . Then the only remaining term is
Q><S1

[ [, e

10:VC 20, xaxs1) lua = @xll 2o, x0xst) -

(2.43) 762/0 //stl Orpun

Now we have to tackle ||, V(|| 12 4)xaxs1)-

IA
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Step 3:
For test function ¢(Z,w) which is independent of time ¢, in time interval [t — d,¢] the weak formulation in
(2.30) can be simplified as

(2.44) /\/t://gwuwe/tté//QX81(w~Vm¢)uA+/t //Qw(ux—m)aﬁ
[ = [ oo f[wanor [ [] s

Taking difference quotient as § — 0, we know

62// u,\(t)qﬁ—e‘Q// ux(t —0)¢
QxS QxS N 62 // atuA(t)qb
0 QxS
Then (2.44) can be simplified into

(2.46) €2 //stl Opu(t)g
- _A//stl ¢+€//stl T Vadlur(t //stl ot =m0
— [uoar+ [ s

For fixed t, taking ¢ = ®(&) which satisfies

AD = duun(t) in Q
(2.47) { ® = 0 on 09,

which further implies ® = 9;(. Then the left-hand side of (2.46) is actually

(2.48) LHS = // DOrun(t) =€ // DOy
QxS QxS
= 62// <I>A<1>:62// Vo
xSt xSt

||3tVC(t)HiZ(stl)-

By a similar argument as in Step 2 and the Poincaré inequality, the right-hand side of (2.46) can be bounded
as

(2.49)
RHS S [|0:VC()l p2axs1) <||U,\(t) = Ur(O)ll L2(axsty T MA@ |20k s1) + |f(t)|L2(stl)>~

Therefore, we have
(2.50)  [10:VCDl L2 xsty S lua(®) = ua(®)ll 2xsty + ANua®ll pzoxsy + 1Ol 2@xsty -
For all ¢, we can further integrate over [0, ¢] to obtain

(2.51) 10:VE N L2 (0, x 2% s1)

S llua@®) = ax®ll 2o, gxaxsty T ANEO N p2(0,gx0xs1) T 1 Ol 20,4 x0xs1) -

(2.45)

Step 4:
Collecting terms in (2.36), (2.37), (2.38), (2.39), (2.40), (2.41), (2.42), (2.43), and (2.51), we obtain

(2.52) el|anll z2(jo,qxaxst)

IN

c9) ((1 e+ A) lux — Uallp2o,gxaxsty T €llunllzzo.gxr+) + 1l L2ogxaxsty € gLQ([OJ,]xF—))

+e2G(t) — €2G(0).
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When 0 < A< 1and 0 < e <1, we get the desired uniform estimate with respect to . O
Theorem 2.5. Assume e f(t, % 1) € L?([0,00) x Q x SY), h(Z, @) € L?(Q x S') and eotg(t, z¢, W) €
L3([0,00) x ™) for some Ao > 0. Then for the unsteady neutron transport equation (2.1), there exists A§
satisfying 0 < \§ < /\0 and a unique solution u(t,,w) € L?([0,00) x Q x St satisfying

(2.53) ﬁ He t“HLz([o,oo)xm) + HeM“(t)HLz(stw + He)\tuHL2([O,oo)><Q><Sl)

1 A\t 1 At
= C(Q)<62 e fHLz([o,oo)xstl) + 17l L2 sy + /2 e gHLZ([O,oo)XF*) ’
for any 0 < XA < A5. When Ao =0, we have A\ = 0.

Proof. We divide the proof into several steps:

Step 1: Weak formulation.
In the weak formulation (2.30), we may take the test function ¢ = uy to get the energy estimate

(254 M B pennsn 3¢ | [ s

1,4 1 _ 2
+ € [lua(t )||L2(Qx51) - 562 ||h||L2(stl) + flux — u)\”L?([O,t]xQxSl)

S f

Hence, this naturally implies

1 2 1 2 _ 2
(2.55) € luallz2(o,gxr+) + *62 [uax@lz2@xs1) T lur = @xllz2 (o, xaxst)

///Q SlfU,\—i-fe Hh||L2 xS eHgHLZ(Ot]xF)
X

On the other hand, we can square on both sides of (2.28) to obtain
2
(2.56) a2 0. xaxst)

_ 2 2 2 2
< 09 < llux = @xllz2 (o, xaxst) T 112 (0,gxxst) T € luallzz2 o,y + ¢ 190172 0,61

2 2
e fun(® sty + € 17122 s )

Multiplying a sufficiently small constant on both sides of (2.56) and adding it to (2.55) to absorb ||u)\||2LQ(F+),

||UA(t)||iz(stl) and [Jux — ﬂ/\||i2(9x31)7 we deduce
2 2 — 2 — 2
(2.57) e llurllze(o.gursy + € lua(®l 2 sty T € @l iz o.gxaxst) + x = @allzzo.gxaxst

t
c<9>(||f||i2<[o,mxsl)+ LI fux+e2|hllimxsl)+e||g||iz<[o,ﬂxr))-
X 1

Hence, we have

2 2 2
(2.58) € llunllz2(o,gxr+) + € lux(®)z2(xs1) + € luallz2((o,4x0xs1)

t
2 2 2
< C(Q)(f||L2([o,t]xstl) +/0 //Q o Jux+ € ||h||L2(Q><$1) te ||9HL2([O,t]><F*) )
X

A simple application of Cauchy’s inequality leads to

t
1 2 2
(2.59) /0 //stl fux < 0a [F 22 (0,5 0xs1) T+ Ce® luallzz (o, xxst) -
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Taking C' sufficiently small, we can divide (2.58) by €2 to obtain
9 1 2 2 2
(2.60) p luxllzzo,gxr+y F lua@®z2@xs1) T luallzzo,gxoxs)

1 2 2 1 2
< CQ) (64 122 0,gx0xst) T 1Al z2@xs1) + p ”g”L?([O,t]XF—))'

Step 2: Convergence.

Since above estimate does not depend on A, it gives a uniform estimate for the penalized neutron transport
equation (2.16). Thus, we can extract a weakly convergent subsequence uy — u as A — 0. The weak lower
semi-continuity of norms ||| 12 (j yxaxst) and [ 12(jo,gxr+) implies u also satisfies the estimate (2.60).
Hence, in the weak formulation (2.30), we can take A — 0 to deduce that u satisfies equation (2.1). Also
u) — u satisfies the equation

(2.61)
20 (uy —u) + € - Vy(uy —u) + (uy —u) — (ay —u) = —Auy in €,
(up —u)(0,Z,W) = 0 in Q,
(ux —u)(Zo, W) = 0 for Tye I and W7 < 0.

By a similar argument as above, we can achieve

A
(2.62) llux = u||2L2([0,t]xstl < C(Q)(eél ||U/\|i2([o,t]x9><$1))'

When A\ — 0, the right-hand side approaches zero, which implies the convergence is actually in the strong
sense. The uniqueness easily follows from the energy estimates.

Step 3: L? Decay.
Let v = eMu. Then v satisfies the equation

E0w+el-Vyv+v—0 = f+A?v in Q,
(2.63) v(0,Z,W) = h(@ ) in Q,
v(Zo, W) = eMg(t, T, W) for Ty € N and @ -7 < 0.

Similar to the argument in Step 1, we can obtain
1 2 2 2
(2.64) . ||U||L2([o,t]xr+) + HU(t)HL2(Q><Sl) + ||”||L2([0,t]xﬂ><sl)

1 2 1 2 1 2
< C’(Q)(& ||e)\tfHL2([0,t]><Q><Sl) + ) ||/\264U||L2([0,t]><9><$1) + ||h||2L2(QxS1) + € He/\tgHLQ([O,t]XF))
Then when A is sufficiently small, we have
1
€
1 At 2 2 1 At 2
< C<Q) ) He fHL2([0,t]><Q><$1) + Hh||L2(Q><81) + € He gHLz([O,t]XF*) ’

which implies exponential decay of wu.

2 2 2
(2.65) ||U||L2([o,t]xr+) + Hv(t)||L2(Q><81) + ||U||L2([O,t]><ﬂ><81)

2.3. L°>° Estimate.

Theorem 2.6. Assume e’ f(t, % w) € L>=([0,00) x Q x SY), h(Z, W) € L=(Q x S') and e*tg(t, o, W) €
L>([0,00) x T'7) for some Ao > 0. Then for the unsteady neutron transport equation (2.1), there exists \}
satisfying 0 < Ny < Ao and a unique solution u(t, #,w) € L>=([0,00) x Q x S1) satisfying

(2.66) ||e>\tuHL°°([0,oo)><F+) + ||e/\tu(t)||L°°(Q><Sl) + HeAtuHLm([O,oo)XQXSl)

1 1 1
< C(Q)(€5/2 He)\tfHLoc([O’oo)Xﬂxsl) + 172 ||h||L00(Q><Sl) + € He)\tgHLOO([O,oo)xF)>’

for any 0 < X < X§. When A\g =0, we have A\§ = 0.
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Proof. We divide the proof into several steps to bootstrap an L? solution to an L solution:
Step 1: Double Duhamel iterations.

The characteristics of the equation (2.1) is given by (2.11). Hence, we can rewrite the equation (2.1) along
the characteristics as

(2.67)  ult, T, @)

ty
= 1> (g(t — 21y, T — ety W)e " + / (@+ f)(t —(ty — ), T — e(ty, — 8)0, u"i)e_(tb_s)ds)
0

t/e?
1<) (h(f— (et) /€2, @)e /< + / (@ + f)(%s, @ — e(t/e? — s)ib, w)e(t/€2s)ds>,
0

where the backward exit time t; is defined as (2.14). For the convenience of analysis, we transform it into a
simpler form

(2.68) u(t, &, W)
= 1{t252tb}g(t — E2tb, T — etbu_i, U_)‘)eith + 1{t§e2tb}h(f — (Etlﬁ)/ez, ’Lﬁ)eit/62
t/e?
+/ f(?s,@ — €(t)e* — )W, W)e —(t/€=5) 4
t/e2—tpyA(t/€e?)

1 t/e? T R

+— (/ u(e?s, ¥ — e(t/€® — s)w, u‘;’t)dwt)e_(t/e ~9)ds.
2T Jije2—tyn(t)e2) \J—x

Here a A b denotes min{a, b}. Note we have replaced @ by the integral of u over the dummy velocity variable
;. For the last term in this formulation, we apply the Duhamel’s principle again to u(e?s, —e(t/e* —s)w, ;)
and obtain

(2.69) u(t, &, o)
= lpse9(t—¢ 2ty, & — ety wW)e " + < M7 — (etd) /€2 w)(ft/62

t/e?
+/ (5,7 —e(t)e® — s)w, w’)e_(t/52_s)ds
t/e2—tpA(t/e?)
1 t/e? ™ R
+— / 1{S>Sb}g(62(s —53), % — €(t/€* — $)W, Wy )e™ v dub, e~ (/€ =5)qg
27 t/e2—tpA(t/€?) —m B
1 t/62

(/ Lis> s, (T — €(t/€ — s)W — esty, wt)edet> et/ =5) g

2 t/e2—tyA(t/e?) \J—

1 t/62
</ / e2r xfe(t/e — 8)W — €(s — )Wy, Wy )e —(s— )drdwt)e (t/€=5) qs
t/e2—tpN(t/e?) —mJs sb/\s

Jri
1 /t/e
_’_7
(2m)2 Jije—tyn@t)e2)

™ S s
(/ / (/ u(e®r, @ — e(t)e® — )W — e(s — )i, u_)'s)e_(s_r)di)'s) drdﬂ;’t)e_(t/ez_s)ds.
—m Js—8pA\s -7

where we introduce another dummy velocity variable Wy and

R N = 2 — - o -
. s Wy o, W) — — V. - - - ) .
(2.70) sp(Z, W, s,0;) = inf{r > 0: (F — e(t/e” — s)W — erwy, W) € T~}

Step 2: Estimates of all but the last term in (2.69).
We can directly estimate as follows:

(2.71) [Lseny9(t — €4y, & — ety be ™| < gl oo 0.0 -

(2.72) )1“352%};1(5 — (et@) /e, @)e €

< Pl xst) »
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t/e 2
(2.73) /t/ 2ty A(t/€2) f(?s, 7 — e(t/e® — s)w,w)e W/ ~9)ds| < 11l 2oe (0,1 x2xs1) »
€“—typ €
1 [te T 2 2 t/e
(2.74) 2 Jyje—tynieser) (/ o>} 9(€(s — 5), & — e(t/€® — 5)1, ﬂt)ede@e( e
t/e2—tpyN(t/€ -
< ||9||Loc([0,t]><l“*)’
1 t/e Q ’
(2.75) E/ e (/ 1(as ) WE — €t/ = )0 - fswt’wt)e_sdwt)e_(t/e e
t/e2—tyA(t/e?) -
< ||h||L°°(Q><Sl)’
(2.76)
1 t/e?
/ (/ / f(r, @ — e(t)e* — s)w — €(s — )y, Wy )e~ drdwt>e (e=ds
o t/e2—tyA(t/€2) —mJs Sb/\s
<

= ||fHLoc([0,t]xQxSl) ’

Step 3: Estimates of the last term in (2.69).
We can first transform the last term I in (2.69) into

(2.77)

1
1] 5 2/
)2 Jije2 tyA(t/€2)

( </ |u(e*r, @ — e(t/e* — s)W — e(s — 1)y, )| e(sr)dzﬁs>drdu7t) et/ =9)qg
s—sp/A\s

S L

lu(e(r* +s* + /e —ty, — s), T — ety — ") — €(sp — r* )iy, ﬁs)’ e<5”*>dws) dr*dwt) Ll P

IN

—~

IN

by substitution s — s* = (s —t/e +t3) and 7 — 7* = (r — s + s5). Now we decompose the right-hand side
n (2.77) as

ty Sp ty ty
Y A O A AR5 A 05 N L5 A B9 R A S
0 St Jo St 0 St Jsp—r*<§ JS? 0 St Jsp—r*>5 JSt

for some d > 0. We can estimate I; directly as
ty ; . Sb
(2.79) I < / et )</ l[ull Lo (axs1) dr*>d5* < O lull oo (0,4 xxs1) -
0 max{0,s,—8}
Then we can bound I> as

(2.80)

ty max{0,s,—d}
et L
0 St Jo St

[u(e2(r" + 8" +t/e2 =ty — 5p), & — ety — ™) — €(sp — 1)y, W) | e ") da, dr* dedipds™.
Define new variables
(2.81) s = ety —s),
(2.82) o= e(sp— 1Y),
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which implies

ds’
2.83 = —
( ) ds* &
dr’
2.84 = —e€.
(2.84) o

By the definition of ;, and s;, we always have & — e(t, — §* )W — €(sp — r*)W; = & — s’ — r'w; € Q. Hence,
we may interchange the order of integration and apply Hoélder’s inequality to obtain

ety €Sp
(2.85) L, < %/ / / / 1o(Z — §'@ — ')
emin{d,sp} /S JST

’
|u(T — "W — r'w|e”® Ve e up, dat dr’ ds’

, 1/2
/ / ( / / 16(% — s'W — r'@;)e 2" kd@dﬂ)
St min{d,sp }

1/2
(/ lu(Z — s'@ — '@, ddr > e/ edwds’.
0o Jst

Note w; € S', which is essentially a one-dimensional variable. Thus, we may write it in a new variable 1
as Wy = (cost,sine)). Then we define the change of variable [-7,7) X R = Q : (¢,7) = (y1,42) = ¢ =
T — s’ — 'y, ie.

(2.86) { y1. = x1— 8wy — 1’ cosp,

Yo = x9— s'wo —1r'sinah.
Therefore, for s, —r > §, we can directly compute the Jacobian

‘ O(y1,y2)
o, r)

Hence, we may simplify (2.85) as

) 1/2
/ / </ / 1(Z — s/ — r'wy)e 2" /Edu_ftdr'>
St emin{d,sp }

/2

(/ lu(9)] dy) e~/ <A, ds.

Then we may further utilize Cauchy’s inequality and the L? estimate of u in Theorem 2.5 to obtain

(2.87)

;-

—r’sin cos

asiend E
r’ cosy siny

(2.88) . " . / 2

L < /8 ||uHL2([0,t]><Q><31)/0 /51 (/emin{5,sb} /51 La(f = o = rB)e /Edwth/> o
< \/05 HUHLz([O,t]xQXSl)
< C\(/?) <651/2 11l L2 (o, xx sty + 61% 2l 2 @xs1y + % |gL2([°’t]XF))
= O\(/? <e51/2 Hf||L°°([0,t]xstl) + 61% Hh”LOO(QxSl) + % ||9||Loc([o,t]><r—)>.

Step 4: L™ estimate.
In summary, collecting (2.71), (2.72), (2.73), (2.74), (2.75), (2.76), (2.79) and (2.88), for fixed 0 < § < 1, we
have

(2.89)  |u(t, 7))

() 1 1
< Gllull g o,gxaxsty T N 5/2 11 oo o, x2xs1) T Y] 1All L @xst) + 2 190 e 0,0 %0 )
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Then we may take 0 < § < 1/2 to obtain
(2.90) |u(t,Z, )]

<

C(Q) ( 1 1

1 1

5 HUHLOC([O,t]xQxSl) + W 65W Hf”LOO([O,t]xQxSl) + m ||h||L°°(Q><$1) + E ||9||L°°([O,t]><l“*) :
Taking supremum of u over all (¢, Z, W), we have

(2.91)  lullpee o,gxaxst)

<

1 C@) (1 L
S 5 ||UHLoc([o,t]xQx51) + W

1
57 Ml ogxaxsy + gz Ml @xsny + 2 ||g||L°°([0,t]><F)>‘
Finally, absorbing [|ul| ;e[ ) xaxs1)s for fixed 0 <6 < 1/2, we get

(2.92)

1 1 1
||u||L°°([0,t]><Q><Sl) <CQ) <65/2 ||fHL°°([O,t]><Q><81) + /2 ||h||L°°(Q><Sl) + < ||g||L°°([0,t]><F*) )

Step 5: L* Decay.
Let v = eMu. Then v satisfies the equation

o+ el -Vyu+ (1—-A2)v—v = f in Q,
(2.93) 00,73 = hEd) in Q
v(Zo, W) = eMg(t, Ty, W) for T € 9N and W -7 < 0.

By a similar argument as in Step 3 and Step 4, combined with the L? decay, we can finally show the desired
estimate. ]

Based on the proof of Theorem 2.6, we actually have a more delicate estimate for the equation (2.1).

Corollary 2.7. Assume f(t,7, @) € L°°([0,00) x Q x 8Y), h(Z,wW) € L>®(Q x 8) and g(t,z9,W) €
L>([0,00) x I'7). Then for the unsteady neutron transport equation (2.1), there exists a unique solution
u(t, ¥, @) € L>=([0,00) x Q x SY) satisfying

(2.94) [l oo ((0,00)xr+) T 1) oo (ax sty F 1l oo (0,00 x2x 81

1 1 1
< CQ) (65/2 11 L2 (j0,00) x2x s1) T a7 7]l p2(oxs1y + p ||g||L2([O,oo)><F))

+C(2) ( 1l Loe 10,00y x2xs1) F 1Al oo (2 s1) + ”g”LOO([O,oo)XF))'

2.4. Maximum Principle.

Theorem 2.8. When f =0, the solution u(t, &, W) to the unsteady neutron transport equation (2.1) satisfies
the maximum principle, i.e.

(2.95) inf{g(t, Zo, W), h(Z, D)} < u(t, Z, W) < sup{g(t, Zo, W), h(Z,w)}.

Proof. We claim that it suffices to show u(t, Z, @) < 0 whenever g(t,Zy,w) < 0 and h(Z, W) < 0. Suppose
the claim is justified. Then define

(2.96) m = inf{g(t, Zo, W), h(Z, )},
(2.97) M = sup{g(t, Zo, ¥), h(Z, )
We have u; = u — M satisfies the equation

ezﬁtul +ew-Vyur +up —u; = 0 in [0, OO) x Q,
(2.98) ur1(0,Z,W) = h(@d)—M in Q

—

ui(t, Zo, W) = g(t,Zo, W) — M for @ -7 <0 and Z € 01,
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Hence, h — M <0 and g — M < 0 implies u; < 0, which is actually v < M. Similarly, we have us = m —u
satisfies the equation

62815“2 +ew-Vyus+us—us = 0 in [0, OO) x €,
(2.99) u2(0,Z,W) = m—h(Z@) in Q
us(t, Zo, W) = m— g(t, o, W) for W -7 <0 and Zp € 91,

Hence, m—h < 0 and m — g < 0 implies us < 0, which is actually u > m. Therefore, the maximum principle
is established.

We now prove the claim that if g(t, Zo, @) < 0 and h(Z,w) < 0, we have u(t, Z,w) < 0. We first consider
the penalized neutron transport equation

Auy + €20iup + € - Vyuy +uy —ay = 0 in [0,00) X Q,
(2.100) ux(0,Z,W) = h(Z,T) in Q
ux(t,Zo, W) = g(t,To, W) for Zy € 9N and -7 < 0.

with A > 0. Based on Lemma 2.2, there exists a solution wuy (¢, Z, @) € L°([0,00) x  x S1). We use the
notation in the proof of Lemma 2.2. Define an approximating sequence {u’f\}?’zo, where u{ = 0 and

Mk 4 20k + e - Vouk +uf — @™t = 0 in [0,00) x Q,
(2.101) uk(0,#,@) = h(Z, @) in Q
uk(t, %o, W) = g(t,To, W) for Fo € N and @ 7 < 0.

By Lemma 2.1, this sequence is well-defined and Hu’§ H oo < 00. Then we rewrite equation (2.18)

[0,00)xQ2xST)
along the characteristics as

(2.102)
ufi (t, &, )

ty
= lpse) <g(t — Ety, & — ety W)e” 1TV 4 / ak Tt — 2ty — 8), T — e(ty — ), w)e(H)‘)(t”S)ds)
0

t/e?
i (G~ (et e (U 4 [ 7 e = sy g ),
0

where

(2.103) ty(Z, W) = inf{s > 0: (¥ — esw,w) e T~ }.

Since u% (¢, #,w) < 0 naturally implies @5 (¢, ) < 0, we naturally have uf (¢, Z,) < 0 when g(t, o, @) < 0
and h(Z,w) < 0. In the proof of Lemma 2.2, we have shown u’/{ — uy in L as k — oco. Therefore, we have
ux(t, T, W) < 0. Based on the proof of Lemma 2.5, we know uy — u in L? as A\ — 0, where u is the solution
of the equation (2.1). Then we naturally obtain v < 0. Also, this is the unique solution to the equation

(2.1). This justifies the claim and completes the proof. O
Theorem 2.8 naturally leads to the L> estimate of the equation (2.1).

Corollary 2.9. Assume h(%, @) € L>(Q x S8') and g(t, z0,w) € L>([0,00) x T'7). Then for the unsteady
neutron transport equation (2.1) with f = 0, there exists a unique solution u(t,¥,w) € L>=(]0,00) x 2 x St)
satisfying

(2.104)  [[ull foo 0,00y xr+) F () oo axesty + ull Lo 0,00 xrx51) < NPl oo xesty F 191l Lo (f0,00) x - -

2.5. Well-posedness of Transport Equation. Combining the results in Corollary 2.7 and Corollary 2.9,
we can show an improved L™ estimate of the equation (2.1).

Theorem 2.10. Assume f(t,%, @) € L*([0,00) x Q x St), h(Z, @) € L>®(Q x S') and g(t,z¢,w) €
L>([0,00) x T'7). Then for the unsteady neutron transport equation (2.1), there exists a unique solution
u(t, ¥, @) € L>=([0,00) x Q x St satisfying

(2.105) [l oo 0,00y xT+) T (@) oo (xs1y F 12l] oo ([0,00) x 2581

1
< C©) <65/2 11l L2 (j0,00) x2xs1) T+ |f||L°°([O,oo)><Q><$1)) + [l oo (axs1) + 191l oo ([0,00) x - -
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Proof. Since the equation (2.1) is a linear equation, then we can utilize the superposition property, i.e. we
can separate the solution v = u; + us where u; satisfies the equation

Ezatul +ew-Vyur +u; —u; = 0 in [0, OO) x Q,
(2.106) u1(0,Z,W) = h(Z,F) in Q
uy(t, Zo, W) = g(t, &y, W) for wW-7 <0 and Ty € 99,

and uo satisfies the equation

20ug + €W - Vyug +us —tis = f(t,%,%) in [0,00) x Q,
(2.107) up(0,%,@) = 0 in Q
us(t, Zo, W) = 0 for W -7 <0 and Z) € 99,

Note that the data in (2.106) and (2.107) satisfy the compatibility condition (1.3). Therefore, we can apply
the previous results in this section. Corollary 2.9 yields

(2.108) [Jurll poc 0,00y xr+) + U1 ()l oo x5ty F 12l oo (0,00 x2xs1) < Il oo (ax sty + 191l Loc 0,00y xr-) -
Also, Corollary 2.7 leads to

(2.109) HU2||Loo([0,oo)Xr+) + ”uQ(t)HLOO(QxSl) + HUQHLOC([O,OO)XQXSI)
1
< CQ) (65/2 11l 22 ((0,00) x2x51) T ||f||Loo([o,oo)xstl)>~
Combining (2.108) and (2.109), we have the desired result. O

Finally, we can apply Theorem 2.10 to the equation (1.1) and obtain Theorem 1.1.

Theorem 2.11. Assume g(t,z0,w) € L>=([0,00) x I'") and h(Z,w) € L>(2 x St). Then for the unsteady
neutron transport equation (1.1), there exists a unique solution u(t,#,w) € L>([0,00) x Q x St) satisfying

(2.110) U oo ([0,00) x ¢ 51y < 1l oo sty + 191l oo 0,00 x - -

3. ASYMPTOTIC ANALYSIS

In this section, we construct the asymptotic expansion of the equation (1.1).

3.1. Discussion of Compatibility Condition. The initial and boundary data satisfy the compatibility
condition

(3.1) h(Zo, W) = ¢g(0, Zy,w) for @ -7 < 0.

Then in the half-space @ - 7 < 0 at (0, Zo, W), the equation

(3.2) 0 + e - Vout +u —at = 0,

is valid, which implies

(3.3) €20,9(0, Ty, W) + € - V h(Zo, W) + h(Zo, W) — h(Zo) = 0.

In order to show the diffusive limit, the condition (3.3) holds for arbitrary e. Since g and h are all independent
of €, we must have for @ -7 < 0,

(34) atg(()?f()uu_j) = 07
(3.5) @ V(T @) = 0,
(3.6) h(&o, &) — h(Fo) = O.

The relation (3.6) implies the improved compatibility condition
(37) h(f@,lr)) = g(O,fo, 117) =Cy for W -7 < 0,

for some constant Cy. This fact is of great importance in the following analysis.
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3.2. Interior Expansion. We define the interior expansion as follows:
o0

(3.8) U(t, %, 0) ~ > FU(L, 7, d),
k=0

where Uf can be defined by comparing the order of € via plugging (3.8) into the equation (1.1). Thus, we
have

(3.9) Uus—-us = 0,

(3.10) U -U; = —-V,U,

(3.11) Us—Us = —w-V,Uf—0US,
(3.12) Uf—Ui = —w-VUi_y —0Uf_,.

The following analysis reveals the equation satisfied by Ug:
Plugging (3.9) into (3.10), we obtain

(3.13) Us = Uf — @ - VU,
Plugging (3.13) into (3.11), we get
(3.14) Us — U§ + 0,U§ = —1i - Vo (Uf — 8 - VoUS) = —1 - Vo US + 0] AU + 2w1w20y, 2, U

Integrating (3.14) over @ € S', we achieve the final form

(3.15) 0,Us — AU =0,
which further implies U§(t, Z, W) satisfies the equation

us = U,
(3.16) { U5 — AUs = 0.

Similarly, we can derive Us(t, Z,w) satisfies

i Ui = Uf—a-V,U,
a0 — AU = 0,

and Uf (¢, @, W) for k > 2 satisfies

(3.17)

i Us U — i - V,UE_, — 0Uf_,,
00 — AU = 0.

Note that in order to determine U, we need to define the initial data and boundary data.

(3.18)

3.3. Initial Layer Expansion. In order to determine the initial condition for Uy, we need to define the
initial layer expansion. Hence, we need a substitution:

Temporal Substitution:
We define the stretched variable 7 by making the scaling transform for u®(¢) — u(7) with 7 € [0, 00) as

t
(319) T = 6727
which implies
ou® 1 Ju®
2 ou. _ 1 ouw
(3.20) ot €2 or

In this new variable, equation (1.1) can be rewritten as
o-u + e Vyut +u —u =0,
(3.21) (0, Z, W) = h(Z, ),
ué (T, Zo, W) = g(T, To, W) for -7 <O0.
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We define the initial layer expansion as follows:

(322) %Ie(Ta f? u_j) ~ Z ek%le,k(Tv f? ’lﬁ),

k=0
where %, can be determined by comparing the order of € via plugging (3.22) into the equation (3.21).
Thus, we have

(323) 87-%1670 + %1670 - %7[670 = 0,
(324) 67—%16,1 + %16,1 - %_1671 - —’IB : vx%ﬁo,
(326) 8‘]’%167]6 + %Ie,k - %_Ie,k - 7'11_)' . Vz%le,k—l'

The following analysis reveals the equation satisfied by %
Integrate (3.23) over w € S, we have

(3.27) - Uy = 0.
which further implies
(3.28) 02216,0(77 T) = 02216,0((), ).

Therefore, from (3.23), we can deduce

(3.29) Ui o (T, Z,0) e_T%ﬁO(O,f,zﬁ)—i—/ U o(s,)e* Tds
0

= e TU (0, %,%) + (1 — e )% (0,).

This means we have

0 Uf, = 0,
(3.30) N L S
%IfO(T,m,w) = e_TOZ/IfO(O,x, W) + (1 — e_T)%IfO(O,x).

Similarly, we can derive %y (7, ¥, w) for k > 1 satisfies

87-?/_[5’,6 == —/ ('lB . Vx@/ik_1>dlﬁ,
(3.31) st /-

Uy (7, %,0) = e U ,(0,7,W) + / (@/ﬁk — - Vm%f,kl) (s, Z,W)e* "ds.
0

3.4. Boundary Layer Expansion with Geometric Correction. In order to determine the boundary
condition for Uy, we need to define the boundary layer expansion. Hence, we need several substitutions:

Spacial Substitution 1:
We consider the substitution into quasi-polar coordinates u(x1,z2) — uf(u,0) with (i, 0) € [0,1) x [—7,7)
defined as

x1 = (1—p)cosé,

Here i denotes the distance to the boundary 92 and 6 is the space angular variable. In these new variables,
equation (1.1) can be rewritten as

(3.33)

26(;; —e(wlcos¢9+wgsin9>881; — 15#

ue(o, M, 9,’(1}17’11)2) = h(ﬂa 9, w17w2)7

€ € €

0 1
(wl sin 0 —wgcost?)aue +uc — o . utdw = 0,

u(t,0,0, w1, ws) = g(t,0,wy,ws) for wicosh+ wysing < 0.

Spacial Substitution 2:



18 LEI WU

We further define the stretched variable n by making the scaling transform for u®(p,0) — u®(n,0) with
(n,0) €[0,1/€) x [-m,7) as

no= ﬁa
(3.34) €
0 = 0,
which implies
ou® 10uf
(3.35) vo_ 2%
ow € On
Then equation (1.1) is transformed into
(3.36)
235; — (w1 cosf +wgsin9> 8877 1 _6677 <w1 sin 6 —wgcosﬁ) 8(91; 4+t — > s ucdw = 0,

ue(oj m, 0’ ’[17) = h(na 07 w1, w2)a
ut(t,0,0, w1, ws) = g(t,0,wy,ws) for wicosh + wysind < 0.

Spacial Substitution 3:
Define the velocity substitution for u¢(wy,ws) — u(§) with £ € [—m,7) as

w; = —sing,
(3.37) { wy = —cosé.
Here ¢ denotes the velocity angular variable. We have the succinct form for (1.1) as
ous Ous € Ous 1 [
2 : € €
0 — 0 - — d¢ =
€ 5 + sin( +£)an T UCOS( +§)89 +u o 77Tu £=0,

(3.38) ut(0,1,0,€) = h(n,0,€),

ue(ta Oa 9; f) = g(t7 07 g) for Sin(9 + E) > 0.

Spacial Substitution 4:
We make the rotation substitution for u¢(§) — uf(¢) with ¢ € [—7, ) as
(3.39) ¢ = 0+¢,

and transform the equation (1.1) into

Juf ouf € out  Ouf 1 ("

2 . - - - - e _ = sd =0
<ot +Sm¢37] lencos¢(8¢+60>+u 27r/_7ru ¢=0,
ue(ov 1n,0,0) = h(n,0,¢),
u¢(t,0,60,0) = g(t,0,¢) for sing > 0.

We define the boundary layer expansion with geometric correction as follows:

oo

(3.41) US(t,1.0,0) ~ 3 U 1 (8,1,0,0),
k=0

(3.40)

where %, can be determined by comparing the order of € via plugging (3.41) into the equation (3.40).
Following the idea in [13], in a neighborhood of the boundary, we require

OUS OUS _
(3.42) sin ¢ Bo _ ¢ cos ¢ 5O 4 Uio—Uso = 0,

an 1—en oo}

.0, € OUg 2 . - 1 OUg
(3.43)  sin¢ I g cos ¢ 9 + U — U, = e cos ¢ 50

. OUg € OU 4 . . 1 oUs, OUg
(3.44) sing i cos ¢ 30 + U —Uss = T cos ¢ % o

OU . € OUg . _ 1 OUS 1 OUS j_s
.4 : il _ ) € _ € ) ) _ ) .

(3.45) sing on o cos ¢ 9 + UG — U T cos ¢ 20 5
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where
(3.46) U1 (t,1,0 / U (11,9, 6)do.

It is important to note the solution 02/]; . depends on € and this is the reason why we add the superscript €
to Ug, %, and %g .

3.5. Initial-Boundary Layer Expansion. Above construction of initial layer and boundary layer yields
an interesting fact that at the corner point (¢,Z) = (0,Zy) for &y € 012, the initial layer starting from
this point has a contribution on the boundary data, and the boundary layer starting from this point has a
contribution on the initial data. Therefore, we have to find some additional functions to compensate these
noises. The classical theory of asymptotic analysis requires the so-called initial-boundary layer, where both
the temporal scaling and spacial scaling should be used simultaneously. Fortunately, based on our analysis,
the improved compatibility condition (3.7) implies the value at this corner point is a constant for & - 7 < 0.
Then These contribution must be zero at the zeroth order, i.e.

(3.47) Uf o(T,%0,W) = 0,
(348) %é,o(oana97¢) = Oa

Therefore, the zeroth order initial-boundary layer is absent.

3.6. Construction of Asymptotic Expansion. The bridge between the interior solution, the initial layer,
and the boundary layer is the initial and boundary condition of (1.1). To avoid the introduction of higher
order initial-boundary layer, we only require the zeroth order expansion of initial and boundary data be
satisfied, i.e. we have

(3.49) Us (0, Z,0) + %50 (0, Z, @) + 5 0(0,Z,7) = h(Z, ),
(3.50) Us (t, Zo, W) + U5 o(t, Zo, W) + U o (t, To, ) g(t, To, ).

The construction of Uy. %Ifk and @/é’k are as follows:

Assume the cut-off function ¢ and vy are defined as

1 0<pu<1/2,
(3.51) vw={ g S55Ys
_J 1 0<pu<1/4,
and define the force as
(3.53) Flen) = _6¢(€77)’
1—en

Step 1: Construction of zeroth order terms.
The zeroth order boundary layer solution is defined as

W o(ti.0.0) = volen) (fg(t,n,e, o) — Ji(t, oo,a>),

(3.54) sing fo F(e;n) cos ¢ 9J¢ —f& =0,
fOe(t70a6’¢) = g(t,0,¢) for sing >0,
lim, o f5(t,n,0,0) =[5t 00,6).

Assuming g € L*, by Theorem 4.1, we can show there exists a unique solution f§(¢,n,6,¢) € L>. Hence,
U o is well-defined.
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The zeroth order initial layer is defined as

Uf (T, 7,0) = F§(r,&,70) — F§(o0, T)
0. Fs = 0,
(3.55) o(r.Z,w) = e TFG(0,Z,7) + (1—e"7) 75(()’@‘)’
S(Ov‘fvu_j) = h(Z, ),
lim, o0 F§(7, &, W) = F§(00,Z)

Assuming h € L. Then we can show there exists a unique solution F¢(7,Z,w) € L*°. Hence, %f is
well-defined.
Then we can define the zeroth order interior solution as

us = U,
o.Us — ALUS = 0,
(3.56) Us(0.7) = Fi(ood) in 0,
Us(t,Zo) = f§(t,00,0) on 05,

where (¢, Z,w) is the same point as (7,7, 6, ¢). Note that due to the improved compatibility condition (3.7),
we have %5 ((0,7,0,¢) = %f (T, Zo, W) = 0.

Step 2: Construction of first order terms.
Define the first order boundary layer solution as

Ui\ (t0,0.0) = tolen) (ff(t,n,e,¢>ff<t,oo,e>),

_Off ff | e Y(en) 0,
(3.57) sin ¢ 6171 — F(&n)cos ¢ aq; +f- T = coso— o 30
fi(t,0,0,9) = - V,U§(t,Zo, W) for sing >0,
liInn—><:>o fle(tanvea(z)) = fle(t70070)
Define the first order initial layer as
UL (T, %, W) = Fi(r,Z,0) — Ff(oo, Z)
0. Ff = —/ (117- V,%fo>dﬂ,
St
(3.58) Fe(r,7,@) = e TFE0,7,0) + / < Ff— 0 - Vm%lf()) (s, Z,wW)e* "ds,
0
F5(0,Z,W) = - V,U0,Z,0),
lim, o0 Fi(7, Z,W) = Fi(o0,Z).
Define the first order interior solution as
Ui = Us—- VU,
0.Uf — AU = 0,
(3.59) U0,8) = Filoo,d) in Q
Uf(t,7) = ff(t,00,0) on 0.

Step 3: Construction of %5 and Us.
Define the second order boundary layer solution as

(3.60)
Usolt0.0) = wlen)(J50.9.0.0) - 5(0..0))
Cafs Lo afs L wle) 0%, 0%,
blnqﬁan F(e,n)cos¢8¢ +f5—-f5 = cosqﬁl_m 50 5
f2€(t7079’¢) = u_jVwUle(t7f()7w)+8tU5(taanU7) for Sin¢>07

hmn%oo f;(ta n,0, ¢) = fZE(t» o0, 9)
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Define the second order initial layer as

21

021152(7, ) = Fs(1,Z,4) — F5(00, X)
0. Fs = —/ (u’i~ V(| d,
81

(3.61) o B T SV . T

Fs(r,Z, W) = e "F5(0,Z, W)+ Fs —w - Vo | (s, 7,%)e’ " ds,

0
F5(0,7,w) = - V,Uf(0,%,w) + 8, U0, %, W),
lim, o0 F5(7, Z, W) = F5(00,@).
Define the first order interior solution as
i Us = Us—-V,Uf — U,
oUs — A US = 0,
(3.62) U5(0,8) = Fs(oo,d) in O
Us(t,T) f5(t,00,0) on 9.

Step 4: Generalization to arbitrary k.
Similar to above procedure, we can define the

(3.63)

%Ig,k(ta 7, 07 ¢)

sin(baa‘):;g — F(e;m) cosqbaaj;f + ff— f,g =
fi(t,0,0,0)

hmv;—)oo f]i (ta m, 0, ¢)

Define the k** order initial layer as

kth order boundary layer solution as

snen)(J50,2.0.6) - fi(t..0))
Y(en) OUG -1 OUf j—o
0s ¢ — ,
l—en 06 ot
W - Vo Uf_ (t, Zo, W) + 0:Uf_o(t, Zo, W) for sing >0,
fi(t, 00,0).

Uf ) (1, Z,0) = Fi(r,%,W) — Ff(o0, T)
a—,— 7]: - 7/81 ILB Vx@/fk_l d’LH,
(364) = = — = = i T€ € = S—T
Fi(r,Z,w) = e TF(0,Z, W)+ Fro—=W-NVo Uy (s, Z,w)e* "ds,
0
Fi0,Z,wW) = w-V,U_(0,Z,@)+ 0. U5_5(0,%, ),
lim, o Fo(r, Z,W) = Fi(o0, )

Define the k** order interior solution as
Uy
,UE — AU
Ug(0,7)
Ui

(3.65)

Uf — - VU | —OUS
07

Fi(o0, &) in Q,
fi(t,00,0) on 0N

When g and h are sufficiently smooth, then all the functions defined above are well-posed. The key point

here is in the boundary layer, the source term

including 9y %5 ), is in L> due to the substitution (3.39).

4. e-MILNE PROBLEM

In this section, we study the e-Milne problem for f¢(n, 0, ¢) in the domain (7,8, ¢) € [0,00) X [—m,7) X

[_7(’ 71—)
sin g+ FlamcosoG 4§ = = 5(0,6.6)
(4.1) £0,0,¢) = H(0,6) for sing >0,
1imn—>00 fe(nv 07 ¢) = fgc(o)a
where
(12) .0 =5 [ Fm.0.6)0,
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(4.3) Flen) = —€1¢_(623,
(14) vw={ g 55y
(4.5) |H (0, ¢)| < M,

and

(4.6) 1S(n,0, )| < Me™ "7,

for M > 0 and K > 0 uniform in € and €. In this section, since the key variables here are n and ¢, we
temporarily ignore the dependence on € and §. We define the norms in the space (1, ¢) € [0,00) X [—7,7) as
follows:

oo pm 1/2
(1) 1fllpore = ( I |f<n,¢>|2d¢dn) ,
(48) flpore = s o).

(n:6)€[0,00) X [—,7)
In [13, Section 4], the authors proved the following results:

Theorem 4.1. There exists a unique solution f(n, ) to the e-Milne problem (4.1) satisfying
M
(49) I = Follere < (14004 ).
Theorem 4.2. There exists a unique solution f(n, ) to the e-Milne problem (4.1) satisfying
M
(4.10) IF = foolgoepm < C(14 M+ 32 ).
Theorem 4.3. For Ky > 0 sufficiently small, the solution f(n,d) to the e-Milne problem (4.1) satisfies
Kon M
(4'11) He (f_foo)HLszgc 1+M+f 3

Theorem 4.4. For Ky > 0 sufficiently small, the solution f(n, $) to the e-Milne problem (4.1) satisfies

M
(4.12) €507 (f = foo) || oo oo SC(1+M+K>,
Theorem 4.5. The solution f(n, ) to the e-Milne problem (4.1) with S = 0 satisfies the mazimum principle,
i.e.
(4.13) min _h(¢) < f(n,¢) < max h(e).

sin ¢>0 sin ¢>0

Remark 4.6. Note that when F =0, Theorem 4.1, Theorem 4.2, Theorem 4.3, Theorem 4.4, and Theorem
4.5 still hold. Hence, we can deduce the well-posedness, decay and mazimum principle of the classical Milne
problem

sim% Lf-F = S,

f(0,0) = () for sing >0,
9)

(4.14) 0
limy, o0 f(1, = feo
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5. DIFFUSIVE LIMIT

In this section, we prove the first part of Theorem 1.2.

Theorem 5.1. Assume g(t, %o, w) € C?([0,00) x I'") and h(Z, W) € C*(2 x S'). Then for the unsteady
neutron transport equation (1.1), the unique solution u(t, ¥, w) € L>(]0,00) x Q x S') satisfies

(5.1) [ u = U5 = %o — s 0| . = 0(1),

where the interior solution U is defined in (5.56), the initial layer % is defined in (5.55), and the boundary
layer U is defined in (3.54).

Proof. We divide the proof into several steps:

Step 1: Remainder definitions.
We may rewrite the asymptotic expansion as follows:

(5.2) ut o~ ZekUﬁ +Zekﬁ2/f’k+26k%§’k.
k=0 k=0 k=0
The remainder can be defined as
N N N
(5.3) Ry = u - Z EkUl: - Zek%f,k - Z fk@/é,k =u"—Qn— 21 n— 2N,
k=0 k=0 k=0
where
N
(5.4) Qv = > €U,
k=0
N
(5.5) 2N = Z Uy,
k=0
N
(5.6) Ppn = Y FUu,
k=0

Noting the equation is equivalent to the equations (3.21) and (3.40), we write £ to denote the neutron
transport operator as follows:

(5.7) Lu = 0w+ el Voutu—1a
(5.8) Oru+ e -Vyu+u—1u

= 62@+sin¢%—Lcos¢ @—i—% +u—1u
N ot on 1—en d¢p = 00 '

Step 2: Estimates of LQ .
The interior contribution can be estimated as
(5.9) LQo = €20,Qo+ ew-VoQo+ Qo — Qo
= EUS + e - VU + (U§ — U) = €20,U§ + et - V,US.

We have
(5.10) |oUs| < CeaUs| < Cé,
(5.11) lew - VUS| < CelV,U§| < Ce.

This implies
(5.12) |LQo| < Ce.
Similarly, for higher order term, we can estimate

(5.13) LON =E0QN + e - V,.Qn +Qn —Qn = NT2Ux + N -V, Ug.
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We have

(5.14) N ToUS| < CENTP|0UN| < CeNTR
(5.15) NG - VUS| < CNTHVL US| < CeNTL
This implies

(5.16) |ILQN| < CeNTL

Step 3: Estimates of L2 .
The initial layer contribution can be estimated as

(5.17) ACQ]}Q = 87—,@1’0 + e - VIQ]’O + Q[}o — g[}o
= 87-%]6’0 + €w - VI%IG,O + %IE,O - %61’0 = GVCD%{O.

Based on the smoothness of %, we have

(5.18) = eV y| < Ce.

Similarly, we have

(5.19) LN = 0, 2in+ei-Vo2in+2in—2in=€"T"Vol N
Therefore, we have

(5.20) L2 n| = NIV % | < CENTL

Step 4: Estimates of LZp .
The boundary layer solution is %S = (ff — fr(00)) - Yo = Yk¥o where f(n,0, ¢) solves the e-Milne problem
and ¥, = ff — fr(00). Notice 1ot = 1), so the boundary layer contribution can be estimated as

(5.21)

02 02 € 02 02 _
— 22ZB0 g B0 _ B,0 B0 _
L5y = € 5 + sin p——= o - c sd)( 96 + =20 ) +Z2B0— ZBo
_ 29 0% ., %0 _ e % % b
= ¢2 5t +s1n¢)<w0 an + % 877> 1—677COS¢)<6¢ + >+1/Jo”1/0 2
_ 2% +Sm¢<¢087§+%3w0>_ Yotbe COS¢<%+M>+¢O%_%%

ot on ) l—en ¢
— 857:) +1/)0< . 637:_16_w OS¢%<;S+%_%)+SID¢%%_1%6 ¢%
_ 28;/ ¢%7/ - 1%0;7 cos %.
It is easy to see
(5.22) G| = e 5| s e

Since 19 = 1 when n < 1/(4¢), the effective region of 0,1 is n > 1/(4¢) which is further and further from
the origin as € — 0. By Theorem 4.2, the first term in (5.21) can be controlled as

(5.23) sin (b% ol < Ce
For the second term in (5.21), we have
o€ o 0%
. - =0 20 < Ce.
(5.24) ‘ = cos 20 < Ce 50 < Ce

This implies
(5.25) |LZ2po| < Ce.
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Similarly, for higher order term, we can estimate

02 02 € 02 02
_ 2V=2¢B,N : B,N B,N B,N _
(526) ,CQB’N = € ot + sin ¢ 377 1_677COS§Z5( 90 + 20 )"‘QB,N QB,N
I N~ Do, et 9
_ N+2 ) - _ M
= ¢ WJF;E smd)a—% I —en cos ¢ 50
It is obvious that
(5.27) eN+2 a;;N ’ < N2 8(;/;1\7‘ < OeNt2,
Away from the origin, the first term in (5.26) can be controlled as
k
(5.28) Z €' sin ¢381/:70% < Ce ¢ k1
=0
For the second term in (5.26), we have
Poett! s k1 |07k k1
2 — —_— <
(5.29) ’ T—en cosp—p-| < C 20 Ce
This implies
(5.30) |IL2p y| < O

Step 5: Synthesis.
In summary, since Lu® = 0, collecting (5.3), (5.16), (5.20), and (5.30), we can prove

(5.31) |LRy| < CeN T
Consider the asymptotic expansion to N = 2, then the remainder Ry satisfies the equation
(5.32)
€0iRo + e - Vi Ry + Ry — RQ = LRy,
Ro(0,%,W) = e%5,(0 :E'u")’)+62%§2( , @, W),
Ro(t, %o, W) = €%f(t, %o, W) +e2%12(t Zo, W) for W-7 <0 and ZH € 0N.

Note that the initial data and boundary data are nonzero due the contribution of initial layer and boundary
data at the point (¢, %) = (0,Zy). By Theorem 2.10, we have

1
(5'33) ||R2||L°°([O,oo)><ﬂ><51) < C(Q) (65/2 H‘CR2||L2([O,00)><Q><$1) + ”‘CRQHLOQ([O,oo)xQxSl))
+ [|e%5 1 (0, ) + €U 5(0, &, W)
+ ||6%I 1 (00, T, W) + 62%1 o (t, To, W

HLOO(QXSl)

HL°° [0,¢]x'—)

< C(Q)( 37 (Ce®) + (cé)) + Ce+ Ce = C(Q)e/2.
Hence, we have
2 2 2
(5.34) ut =Y FUL =D us, > U, =o(1).
k=0 k=0 k=0 Lo ([0,00) X Q21X S1)

Since it is easy to see

(5.35)

2 2 2
E EkUlg + E Ek%ﬁk + E ek%é,k
k=1 k=1 k=1

our result naturally follows. ]

Lo (Q2xS8t)
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6. COUNTEREXAMPLE FOR CLASSICAL APPROACH

In this section, we present the classical approach in [1] to construct asymptotic expansion, especially
the boundary layer expansion, and give a counterexample to show this method is problematic in unsteady
equation.

6.1. Discussion on Expansions except Boundary Layer. Basically, the expansions for interior solution
and initial layer are identical to our method, so omit the details and only present the notation. We define
the interior expansion as follows:

(6.1) U(t,Z,d) ~ Y e U(t, Z, 1),
k=0

Uo(t, Z, W) satisfies the equation

Uy = Uy,
(62) {&%—M% _—

Ui (t, &, W) satisfies

Ul = Ul — W - va07
(6.3) {@MAwl ;
and Uy (t, &, W) for k > 2 satisfies
(6.4) _ U = U, — W VaUi_1 — 0:Ui_a,
. atUk - AxUk = 0.

With the substitution (3.19), we define the initial layer expansion as follows:

(65) %](T, f, U-_j) ~ Zek%l,k(’ra fa U_j)a

k=0
where %; o satisfies

a‘rgZZI,O = 07

6.6
(6.6) { Uro(T,%2,W) = e " Uo0,Z,%)+ (1 —e 7)%.,0(0,%).

and % (7, &, W) for k > 1 satisfies

Uy = —1/ (w-vw@1h4>dw,
Sl

(6.7) r,
U (1, 2,0) = e U (0,Z,7) + / <%I,k — - vz%l,k—l) (s, %, @)e* "ds.
0

6.2. Boundary Layer Expansion. By the idea in [1], the boundary layer expansion can be defined by
introducing substitutions (3.32), (3.34), and (3.37). Note that we terminate here and do not further use
substitution (3.39). Hence, we have the transformed equation for (1.1) as

ou’ ou € ous 1 /7
2 : . € € _
€5 + sin(f + ¢) o 1—en cos(0 + &) 50 +u o [ﬂ utdé = 0,

ue(()? 77’ 07 g) = h(n? 9)7
u(0,6,€) = g(6,€) for sin(+€) > 0.

(6.8)

We now define the Milne expansion of boundary layer as follows:

o0

(6.9) U(tn,0,0) ~ Y FU(tn.0,9),
k=0
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where %}, can be determined by comparing the order of e via plugging (6.9) into the equation (6.8). Thus,
in a neighborhood of the boundary, we have

(6.10) sin(0 + 5)8—02;0 +U - U = 0,
(6.11) am9+@§%&+%lc% = llncmw+@&%
(6.12) sm(@—i—f)a—%—i—%g—%g = ! cos(@—&—g)a—%1 - %,
1—en ot
O, B 1 U1 OU—»
(6.13) sm(@—f—f)—n—i—%k — YU = e cos(f +¢) 50 5
where
_ 1 (7
(614) %k (ta 7, 0) = % %k (ta 7, 97 g)dg

—T

6.3. Classical Approach to Construct Asymptotic Expansion. Similarly, we require the zeroth order
expansion of initial and boundary data be satisfied, i.e. we have

(6.15) UO(O ) + U, 0(0, ) + Up 0(0 z w) = h,
(6.16) %@%)+%W%,H%Mmm)=

The construction of Uy, %, and %p i, by the idea in [1] can be summarized as follows:
Assume the cut-off function ¢ and vy are defined as (3.51) and (3.52).

Step 1: Construction of zeroth order terms.
The zeroth order boundary layer solution is defined as

%@%&@::¢WWQWWﬁ@—h@mw)

(617) @+ 4 fy—fo = o,
fo(t,0,0,¢) = g(t,0,§) for sin(f+¢) >0
hmn%oo fO (ta , 97 5) = fO (t7 00, 9)

The zeroth order initial layer is defined as

%] 0( f ’lﬁ) = .7:0(7', f, u_i) - f0(007f)
ajo = 0,
(618) -FO(Ta 57 U_j) = eiT]:O(O7fa U_;) + (1 - eiT)fO(Oaf)a
]:O(Oafau_j) = h(fvu_;)a
lim;, o0 Fo(7,Z, W) = Fo(oo,X).

Then we can define the zeroth order interior solution as

Uy = Uy,
0. Uy — AUy = 0,
1 -
(6.19) 00(0.8) = Foloo,d) in 9,
Uo(t,fo) = fo(t,OO,o) on 8(2,

where (¢, Z, W) is the same point as (7,7, 6, &).

Step 2: Construction of first order terms.
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Define the first order boundary layer solution as

U (t,n,0,¢)

sin(6 +§>—f; R R

fl (t; 07 07 f)
limnaoo fl (t7 , 07 f)

(6.20)

Define the first order initial layer as

w)

\.Hl

%I,l (Ta

A"
|
I
|
o
7 N
g

¢0(677) <f1 (t7 n, 97 6) - fl (ta 0, 9)) ’

0

@ - Vo Uo(t, T, @) for
f1 (t7 o, 9)

(6.21) Fur @ @) = o (0,7, d)
Fi0,3,8) = - VLU0, 7, ).
hmT_)OO}—i(TfU_}’) = .7:1(00,.f)

Define the first order interior solution as

_ U1
Uy — AUy
Ul(ov'f)

l(tv f)

(6.22)

Step 3: Construction of second order terms.

U1 w - szo,

f1 (OO7 ,f) in Q,

fi(t,00,0) on Of.

Define the second order boundary layer solution as

sin(f 4+ &) > 0

w) for sin(@+¢) >0

% (t777797§) = ¢0(677) <f2(t 77’9 6) - f2(t70079)>7
023) { s +92 4 fa-fo = cono+ 70000,
f2(t 0,6,¢) W - VUi (t, Zo, W) + 0pUo(t, o, W
limn%oc f2(t777797§) = f (t70076)~

Define the second order initial layer as

]:2(00,5)

Fy = —/ (ﬁ-vw%j,1>dlﬁ,
St -
,117)4—/ (ﬁz—w'vw
0

%[,2(7',1_]’, 117) = .FQ(T,f, IU) —
0.
(6:24) Falr@,@) = e TR0,
Fo(0, %) = -
hmT_mo .7:2(7' f, 117) = .7:2(00,1_}’)

Define the first order interior solution as

_ Uz
81& U2 - Am U2
Us(0, %)
Us(t, )

(6.25)

Step 4: Generalization to arbitrary k.

UQ —w - VxUl — 8tU0,
0’

Fa(o0, &) in €,
fa(t,00,0) on ON.
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Similar to above procedure, we can define the k** order boundary layer solution as

(6.26)
0.6 = dolen)(Rlt0.0.9 - filt..0))
0+ O + fu— o = cos(o+ DI T,
fk(t 0,0,§) = W-V,Us_ 1(t Zo, W) 4+ OpUg—2(t, Zo, W) for sin(@+¢&) >0
lim, o0 fx(t,1,0,8) = fi(t,00,6).

Define the k** order initial layer as

%],k(’r, .’f, ’U_)') = ]:k(T, 1_”, 1(7) - ]-'k(oo,f)

0-Fr = */ <1D"Vz%1,k—1>du_5,
Sl
(627) = 7 —T = i T - = N\ S5—T
Fi(r,Z,W) = e "F(0,Z,7)+ Fro — W - VU -1 ) (s, @, w0)e* "ds,
0
Fi(0,Z,W) = - V,U_(0,Z,@)+ 0 U5_5(0,Z, ),
lim, o0 Fr(7, &, W) = Fi(co,T).

Define the k** order interior solution as

Ug = Up—w-VyUp1 — WUg_2a,
U, — AU, = 0,
2 _
(6.28) 0u(0,7) = Filoo,d) in
U, = fre(t,00,0) on O9.

By the idea in [1], we should be able to prove the following result:

Theorem 6.1. Assume g(t,Zo, W) and h(Z, W) are sufficiently smooth. Then for the unsteady neutron
transport equation (1.1), the unique solution u®(t,%,w) € L>([0,00) x Q x S') satisfies

(6.29) |lu¢ —Uo — U0 — %Bol ;. = O(€).

Similar to the analysis in [13, Section 2.2], considering a crucial observation that based on Remark 4.6, we
know that the existence of solution f; requires

(6.30) 8‘99<f0(t,77,9,g) - fo(t,oo,9)> € L>=([0,00)% x [-m, @) x [—=7,7)).
This in turn requires

dfo
on

On the other hand, as shown by the Appendix of [13], we can show for specific g, it holds that 0, fy ¢
L>([0,00)? x [—m,m) x [, m)). Due to intrinsic singularity for (6.17), this construction breaks down.

(6.31) € L>([0,00)? x [~m,7) X [~7,7)).

6.4. Counterexample to Classical Approach.
Theorem 6.2. If g(t,0,¢) = t>e "t cos ¢ and h(F,w) = 0, then there exists a C > 0 such that
(632) H’U,6 —Uy — %]’0 — 62/3,0||L00 >C>0

when € is sufficiently small, where the interior solution Uy is defined in (6.19), the initial layer % o is defined
in (6.18), and the boundary layer %, is defined in (6.17).

Proof. We divide the proof into several steps:
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Step 1: Basic settings.
By (6.17), the solution fy satisfies the Milne problem

sin(6 +§)% +fo—fo = 0,

0
(6.33) T0(t.0.0,6) = g(t.6,6) for sm(+€) >0,
hmn—)oo fo(tﬂ%e’f) f()(t,OO,e).

For convenience of comparison, we make the substitution ¢ = 6 + £ to obtain

0 _
ENPLLLI R )
6.34) on :
(6. fo(t.0.6.6) = g(t,60.6) for sing >0,
limn—>00 fO(tan707¢) = fo(t,oo,Q).
Assume the theorem is incorrect, i.e.
(6.35) Pi% | (Uo + W10+ Us.0) — (Us + U0+ s 0)|| joo =0

We can easily show the zeroth order initial layer %p 0 = %, = 0 due to h(Z,w) = 0. Since the boundary
g(t,0,¢) = t?e~t cos ¢ independent of @, by (6.17) and (3.54), it is obvious the limit of zeroth order boundary
layer fo(t,00,0) and f§(t, 00, 0) satisfy fo(t,00,0) = C1(t) and f§(t,00,0) = Ca(t) for some constant C1(t)
and Cs(t) independent of . By (6.19), (3.56) and solution continuity of heat equation, we can derive the
interior solutions are smooth and are close to constants Uy = C1(¢t) and U§ = C(t) in a neighborhood O(e)
of the boundary with difference O(e). Hence, we may further derive in this neighborhood,

(6.36) tim | (Jo (o) + %) — (f5(00) + %) = = .
For 0 < n < 1/(2¢), we have g = 1, which means fo = % + fo(oo) and f§ = %5 + f§(o0) in this

neighborhood of the boundary. Define u = fo +2, U = f§ + 2 and G = g + 2 = t?e "t cos ¢ + 2, then u(n, ¢)
satisfies the equation

sin qsg—z +u—u = 0,
(6.37) u(0,9) = G(¢) for sing >0,
lim, oo u(n, @) = 2+ fo(c0),

and U(n, ¢) satisfies the equation

., oU ou -
smq&a—n—&—F(e,n)cosqb%—f—U—U = 0,

(6.38) U(0,¢) = G(¢) for sing >0,
limy oo U(n,¢) = 2+ f§(o0).

Based on (6.36), we have

(6.39) lim [[U(n, ¢) = w(n, §)ll = = 0.

Then it naturally implies

(6.40) lim [T () — @(n)| .. =0.

Step 2: Continuity of @ and U at i = 0.
For the problem (6.37), we have for any ro > 0

i ) 1
(6.41)  Ja(n) —a(O)] <= - ( /SMQO fuln, ¢) = u(0, @)l d¢ + /sin¢>m

fu(n, @) — u(0. &) d¢>.

Since we have shown u € L*°([0,00) X [—m, 7)), then for any 6 > 0, we can take ry sufficiently small such
that

1 u(,6) ~u(0,0)|d6 <+ ancsinry < 5.
m

(6.42)

[\)

2 sin p<rg
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For fixed ry satisfying above requirement, we estimate the integral on sin ¢ > ro. By Ukai’s trace theorem,
u(0, ¢) is well-defined in the domain sin ¢ > ro and is continuous. Also, by consider the relation

(6.43) gz(o, ) = W7

we can obtain in this domain 0,u is bounded, which further implies u(7, ¢) is uniformly continuous at n = 0.
Then there exists dg > 0 sufficiently small, such that for any 0 < n < g, we have

1 1

5 5
u(n, ) —u(0,¢)|dp < —— 5do <

6.44 —.
( ) 27 sin ¢>rg 2 2

27 Jsin gz
In summary, we have shown for any 6 > 0, there exists §y > 0 such that for any 0 < n < §j,
)
2

(6.45) fa(n) —a(0)] < S + 5 = 5.

2
Hence, () is continuous at 7 = 0. By a similar argument along the characteristics, we can show U (), ¢) is
also continuous at n = 0.

In the following, by the continuity, we assume for arbitrary § > 0, there exists a dg > 0 such that for any
0 < n < dy, we have

(6.46) la(n) —a
(6.47) |U(n) —U(0)]

INIA

Step 3: Milne formulation.
We consider the solution at a specific point (1, ¢) = (ne,€) for some fixed n > 0. The solution along the
characteristics can be rewritten as follows:

1 ne 1 1
6.48 ,e) =G ~sine € — e (ne—r) a(k)dk,
(6.48) u(ne, €) (e)e —1—/0 e Sineu(,‘i) K
ne ne ne 1 _
(6.49) Ulne,e) = Gleo)e™ i ity [ o b s Dy

where we have the conserved energy along the characteristics
(6.50) E(n,¢) = cos ge™ ",
in which (0, €p) and (¢, ¢(¢)) are in the same characteristics of (ne, ).

Step 4: Estimates of (6.48).
We turn to the Milne problem for u. We have the natural estimate

ne 1 ne 1
(6.51) / emme (e gy = / e (%) Zdk + o(e)
0 sin e 0 €

ne " 1
= e*"/ e« —dk + o(e)
0

€
= e " /0” e“d¢ + o(e)

= (1—e"") +o(e).
Then for 0 < € < dg, we have |2(0) — @(x)| < 4, which implies

ne 4 1 ne 4 1
(6.52) /O e w0 () = /0 e (") (0)dr + O(9)
= (1—e"™u(0)+ o(e) + O(9).
For the boundary data term, it is easy to see
(6.53) Gle)e ™ = e "G(e) + o(e)
In summary, we have

(6.54) u(ne, €) = (1 —e ™)a(0) + e "G(e) + o(e) + O(9).
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Step 5: Estimates of (6.49).
We consider the e-Milne problem for U. For e <

LEI WU

< 1 sufficiently small, )(¢) = 1. Then we may estimate

(6.55) cos p(¢)e™ V() = cosee™V ("),

which implies

(6.56) cos #(¢) = 11_7122 cose

and hence

(6.57) sinp(¢) = /1 —cos? ¢(¢) = \/ )2 - §§ —ne’) cos? € + sin® e.

For ¢ € [0, €] and ne sufficiently small, by Taylor’s expansion, we have

(6.58) 1—e = 1+4o(e),
(6.59) 2—e—ne = 24 o0(e),
(6.60) sinfe = € +o(ed),
(6.61) cos’e = 1—¢e+o(e).

Hence, we have

(6.62) sin (¢) = v/e(e + 2ne — 2¢) + o(€?).
Since \/e(e + 2ne — 2¢) = O(e), we can further estimate
1 1
6.63 - = +o(1
(6.63) sin ¢(() e(e + 2ne — 2¢) M)
ne 1 €+ 2ne — 2| €+ 2ne — 2k
64 - d eraneT s S Y el .
(6.64) | s = TR st =1- | T 0
Then we can easily derive the integral estimate
ne ne ne — 1
(6.65) / e IV e dk = el/ o VIS dk + o(e)
0 sin ¢ (k) 0 e(e + 2ne — 2k)
1 (14+2n)e B
=g [ eV ool
1 ) 14+2n vr
= —e e” p—dp—i— oe
5o [ o+ ol
Viten
= el/ e tdt + o(e)
1
= (1 —eVIF2) 4 o(e).
Then for 0 < € < §y, we have ‘U(O) — U(k)| < 6, which implies
. " e I X U(k)dk = /n6 — S s 4 U(0)dx + O(6
(6.66) /0 e E—p (k)dr ; e S0 o0 (0)dk 4+ O(9)

= (1—e""VIM)T(0) + oe) + O(6).

For the boundary data term, since G(¢) is C*, a similar argument shows

(6.67) Glep)e™ " b ¢
Therefore, we have
(6.68) U(ne,e) = (1 — e~ V21 7(0)

e VITINGQ(V/1 4 2ne) + ofe).

+ e VI G(VT 4 2n€) 4 o(€) + O(0).
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Step 6: Contradiction.
In summary, we have the estimate

(6.69) u(ne,e) = (1 —e ™a(0) +e "G(e) + o(e) + O(9),
(6.70) Ulne,e) = (1 —e'=VIF2MT(0) 4+ e VTGV + 2n€) + o(e) + O(9).

The boundary data is G = t?e *cos ¢ + 2. Fix t = 1. Then by the maximum principle in Theorem 4.3, we
can achieve 1 < u(0,¢) <3 and 1 < U(0,¢) < 3. Since

(6.71) w0 = 5o [ woode=o [ w0esr o [ 0.0
- % sin ¢>>0(2 e cosg)dg + % /sin $<0 u(0, )¢
= 2+ % . e ! cos pdo + %/ u(0, ¢)do,
sin ¢>0 sin <0
we naturally obtain
(6.72) 2— %e* <u(0) <2+ %e’l.
Similarly, we can obtain
(6.73) 2 — %e_l <U(0) <2+ %e_l.
Furthermore, for e sufficiently small, we have
(6.74) GW1+2ne) = 2+e ! +ole),
(6.75) Gle) = 2+e ! +o(e).
Hence, we can obtain
(6.76) u(ne,e) = @(0) 4+ e "(—a(0) +2+e )+ o(e) + O(6),
(6.77) Une,e) = U(0)+ e VIF2(—T(0) + 2+ e ) + ofe) + O(5).

Then we can see lim._,q ||U(0) — a(o)HLw = 0 naturally leads to lime_,o ||(—%(0) + 2+ e™1) — (=U(0) + 2+ e_l)HLOo =
0. Also, we have —(0) +2+e~t = O(1) and —U(0) +2+e~! = O(1). Due to the smallness of ¢ and §, and
also e™™ # e!=VI+2n we can obtain

(6.78) |U(ne, €) — u(ne, e)| = O(1).

However, above result contradicts our assumption that limc_,o ||U(n, #) — u(n, ¢)|| - = 0 for any (1, ¢). This

completes the proof. O
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