THE COMPRESSIBLE VISCOUS SURFACE-INTERNAL WAVE PROBLEM:
NONLINEAR RAYLEIGH-TAYLOR INSTABILITY
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ABSTRACT. This paper concerns the dynamics of two layers of compressible, barotropic, viscous
fluid lying atop one another. The lower fluid is bounded below by a rigid bottom, and the upper
fluid is bounded above by a trivial fluid of constant pressure. This is a free boundary problem:
the interfaces between the fluids and above the upper fluid are free to move. The fluids are acted
on by gravity in the bulk, and at the free interfaces we consider both the case of surface tension
and the case of no surface forces. We are concerned with the Rayleigh-Taylor instability when
the upper fluid is heavier than the lower fluid along the equilibrium interface. When the surface
tension at the free internal interface is below the critical value, we prove that the problem is
nonlinear unstable.

1. INTRODUCTION

The Rayleigh-Taylor instability, one of the classic examples of hydrodynamic instability, is
an interfacial instability between two fluids of different densities that occurs when a heavy fluid
initially lies above a lighter one in a gravitational field. The instability is well-known since the
classical work of Rayleigh [16] and of Taylor [17], and it is one of the fundamental problems
in fluid dynamics. A general discussion of the physics related to this topic can be found, for
example, in [12].

The Rayleigh-Taylor instability problem has received a lot of attention in the mathematics
community due both to its physical importance and to the mathematical challenges it offers. The
linear Rayleigh-Taylor instability is well understood (see, for instance, Chandrasekhar’s book
[2]). However, there is no general theory that guarantees the passage from linear instability
to nonlinear instability for PDEs, so the question of nonlinear instability is not immediately
resolved by the linear analysis.

In this paper, we are concerned with the nonlinear dynamical Rayleigh-Taylor instability
of viscous compressible two-fluids having different densities along a free interface, when the
upper fluid is heavier than the lower fluid along the equilibrium interface. This is the final
paper in a trio [10, 11] that establishes a sharp stability criterion for the compressible viscous
surface-internal wave problem.

1.1. Governing equations in Eulerian coordinates. We consider two distinct, immiscible,
viscous, compressible, barotropic fluids evolving in a moving domain Q(¢) = Q4 (¢t) U Q_(t) for
time ¢t > 0. One fluid (+), called the “upper fluid”, fills the upper domain

Qi) = {y € T? x R | n-(y1,92,1) <3 < L+ 01(y1, 92, 1)}, (1.1)
and the other fluid (—), called the “lower fluid”, fills the lower domain
Q- () ={y € T xR | b < y3 <71-(y1,92,1)}. (1.2)

Here we assume the domains are horizontally periodic by setting T? = (2rL1T) x (27 LsT) for
T = R/Z the usual 1-torus and Lj, Ly > 0 the periodicity lengths. We assume that ¢,6 > 0
are two fixed and given constants, but the two surface functions 7, are free and unknown. The
surface I'y (t) = {ys = £+ 1+ (y1,y2,t)} is the moving upper boundary of Q. (t) where the upper
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fluid is in contact with the atmosphere, I'_(t) = {y3 = n—(y1,y2,t)} is the moving internal
interface between the two fluids, and ¥, = {y3 = —b} is the fixed lower boundary of Q_(¢).
The two fluids are described by their density and velocity functions, which are given for each
t > 0 by pi(-,t) : Qr(t) — RT and a+(-,t) : QL(t) — R3, respectively. In each fluid the
pressure is a function of density: Py = Py(p4) > 0, and the pressure function is assumed to be
smooth, positive, and strictly increasing. For a vector function u € R? we define the symmetric
gradient by (Du);; = Oju; + O0;u; for i, j = 1,2, 3; its deviatoric (trace-free) part is then

2
D% = Du — 3 divul, (1.3)
where [ is the 3 x 3 identity matrix. The viscous stress tensor in each fluid is then given by

St (ig) == paeDOhy + ply diviig I, (1.4)
where gy is the shear viscosity and p/, is the bulk viscosity; we assume these satisfy the usual
physical conditions

pe >0, pfy >0. (1.5)
The tensor Py(py)l — Si(u+) is known as the stress tensor. The divergence of a symmetric
tensor M is defined to be the vector with components (divM); = 9;M;;. Note then that

div (Py(52)] — S (@s)) = VPL(ps) — paiig — (%i + u’i) V div iy (1.6)
For each t > 0 we require that (p4, 4+, n+) satisfy the following equations:
8t;5i + div(ﬁi’ai) =0 in Qi(t)
Pt (8tﬂ:|: + Ug - Vfbi) + VPi(ﬁi) —div S:t(ﬁ:t) = —gp+es in Qi(t)
Ot = U3+ — U110y, Nt — U2+ 0y, N+ on I's(t)
(Pr(p)I — S (u4))nt = patmny — o4 Hiny on I';(¢) (L.7)
(P4 ()T — Sy ())n = (P—(p-)] —S_(a_))n- +o_H_n_ onT_(
Uy = U_ on I'_(t)
Lu— =20 on .

In the equations —gpies is the gravitational force with the constant g > 0 the acceleration of
gravity and es the vertical unit vector. The constant pgs, > 0 is the atmospheric pressure,
and we take o1 > 0 to be the constant coefficients of surface tension. In this paper, we let
V. denote the horizontal gradient, div, denote the horizontal divergence and A, denote the
horizontal Laplace operator. Then the upward-pointing unit normal of I'y(¢), ny, is given by

v1+ ‘V*Uﬁ:’y

and Hy, twice the mean curvature of the surface I'y(¢), is given by the formula

Mo = div, [ (1.9)

The third equation in (1.7) is called the kinematic boundary condition since it implies that the
free surfaces are advected with the fluids. The boundary equations in (1.7) involving the stress
tensor are called the dynamic boundary conditions. Notice that on I'_(¢), the continuity of
velocity, 44 = 4u_, means that it is the common value of 4+ that advects the interface. For a
more physical description of the equations (1.7) and the boundary conditions in (1.7), we refer
to [20].

To complete the statement of the problem, we must specify the initial conditions. We assume
that the initial surfaces I'1(0) are given by the graphs of the functions 74 (0), which yield the
open sets 4 (0) on which we specify the initial data for the density, p4(0) : Q4(0) — RT, and
the velocity, 7+ (0) : 24(0) — R3. We will assume that £ + 7, (0) > n_(0) > —b on T?, which
means that at the initial time the boundaries do not intersect with each other.
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1.2. Equilibria. We now seek a steady-state equilibrium solution to (1.7) with a4+ = 0,7+ = 0,
and the equilibrium domains given by the slabs

QO ={yeT?*xR|0<yz<}and Q_ ={y € T*x R | —b < y3 < 0}. (1.10)
Then the system (1.7) reduces to the ODEs for the equilibrium densities p+ = p(y3):
d(P.(p
(ZZF?E?I)OJF)) = _gﬁ-‘r? for Y3 € (076)7
AP ()
Q) g5 f 5,0
s 9p—, or y3 € (=b,0), (1.11)
P+(ﬁ+(€)) = Patm,
Py (p+(0)) = P-(p-(0)).

The system (1.11) admits a solution py+ > 0 if and only if the equilibrium heights b,¢ > 0,
the pressure laws Py, and the atmospheric pressure pgt, fulfill a collection of admissibility
conditions. These are enumerated in detail in our companion paper [11]. For the sake of brevity
we will not repeat them here, but we will assume that those admissibility conditions are satisfied
so that an equilibrium exists. We remark that the equilibrium densities p are strictly positive
and smooth when restricted to [—b, 0] and [0, £].

We denote the equilibrium density at the fluid interfaces by:

pr=p+(0), o7 = p+(0), p~ = p—(0). (1.12)
Notice in particular that the equilibrium density can jump across the internal interface. The
jump in the equilibrium density, which we denote by

[7] == p+(0) = p—(0) = p" —p~, (1.13)
is of fundamental importance in the analysis of solutions to (1.7) near the equilibrium. Since
we are interested in the Rayleigh-Taylor instability, we assume [p] > 0, that is, the upper fluid
is heavier than the lower fluid along the equilibrium interface. We refer to our companion paper
[11] for the analysis of the stable regime [p] < 0.

In studying perturbations of the equilibrium density it will be useful to employ the enthalpy
functions. These are defined in terms of the pressure laws Py and the equilibrium density values

hy(z) = /_Z Pjrr(r)dr and h_(z) = /z ) dr. (1.14)

i T

1.3. Reformulation in flattened coordinates. The movement of the free surfaces I'y(t)
and the subsequent change of the domains Q.4 (¢) create numerous mathematical difficulties.
To circumvent these, we will switch to a coordinate system in which the boundaries and the
domains stay fixed in time. In order to be consistent with our study of the nonlinear stability of
the equilibrium state in [11], we will use the equilibrium domain as the fixed domain. We will not
use a Lagrangian coordinate transformation, but rather utilize a special flattening coordinate
transformation motivated by Beale [1].
To this end, we define the fixed domain

Q=0,UQ_ with Q) :={0<z3 </} and Q_ = {-b < x3 < 0}, (1.15)
for which we have written the coordinates as € Q. We shall write ¥, := {3 = ¢} for the
upper boundary, ¥_ := {z3 = 0} for the internal interface and ¥, := {x3 = —b} for the lower

boundary. Throughout the paper we will write ¥ = X, UX_. We think of n4 as a function on
Y+ according to 1y : (T2 x {£}) x RT — R and n_ : (T? x {0}) x R* — R, respectively. We
will transform the free boundary problem in €(¢) to one in the fixed domain € by using the
unknown free surface functions n4. For this we define

iy == Pyn4 = Poisson extension of 7y into T? x {z3 < £} (1.16)

and
f_ := P_n_ = specialized Poisson extension of n_ into T? x R, (1.17)
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where Py are defined in the appendix by (A.4) and (A.9). The Poisson extensions 77+ allow us
to flatten the coordinate domains via the following special coordinate transformation:

Qi 32 (21,22, 23 + 0174 + boii=) 1= O(x,t) = (y1,¥2,y3) € Qu(1), (1.18)
where we have chosen by = by (z3), by = by (z3) to be two smooth functions in R that satisfy
51(0) = 51(—b) = 0,61(5) =1 and 62(6) = 82(—b) = O, 82(0) =1. (1.19)

Note that ©(X4,t) =T, (¢), ©(X_,t) =T_(t) and O(-,¢) |v,= Id |5,

If n is sufficiently small (in an appropriate Sobolev space), then the mapping © is a diffeo-
morphism. This allows us to transform the problem (1.7) to one in the fixed spatial domain 2
for each ¢ > 0. In order to write down the equations in the new coordinate system, we compute

1 0 0 1 0 —AK
vo=(0 1 0 | andA=(vo ' =0 1 -BK |. (1.20)
A B J 0 0 K
Here the components in the matrix are
A=0,0, B=&0, J=1+0830, K =J!, (1.21)
where we have written
0 := b1t + banp—. (1.22)

Notice that J = det VO is the Jacobian of the coordinate transformation. It is straightforward
to check that, because of how we have defined 7_ and O, the matrix A is regular across the
interface Y_.

We now define the density pi and the velocity uy on Qy by the compositions py(x,t) =
P+ (04 (x,t),t) and uy(z,t) = U (OL(x,t),t). Since the domains Q4 and the boundaries ¥
are now fixed, we henceforth consolidate notation by writing f to refer to fi except when
necessary to distinguish the two; when we write an equation for f we assume that the equation
holds with the subscripts added on the domains 24+ or ¥4. To write the jump conditions on
>._, for a quantity f = fi, we define the interfacial jump as

[f]:= felgza=0y — f-l{zs=0}- (1.23)
In the new coordinates, the PDEs (1.7) become the following system for (p, u,n):
Op — K0903p + div g (pu) =0 in Q
p(Opu — KO00s3u + u - V qu) + V4 P(p) — divgSa(u) = —gpes in Q
on=u-N on ¥
(P(p)I = Sa(u))N = patmN — oL HN on ¥4 (1.24)
[P(p)I —Sa(u)]N = o_HN on ¥_
[u] =0 on ¥_
u_ =10 on .

Here we have written the differential operators V 4, div 4, and A 4 with their actions given by

(VAf)i — Aijajfv divy X = Aijan’ia and AAf =diva Vaf (1.25)
for appropriate f and X. We have also written
N = (_81"7, _82777 1) (126)

for the non-unit normal vector to ¥(¢), and we have written

2
(Dau)ij = AigOruj + AjrOru;, Dg\u =Dgu — 3 div 4 ul,

and Sy +(u) := peDYu + pfy divgul. (1.27)

Note that if we extend div 4 to act on symmetric tensors in the natural way, then divy S u =
uAqu + (/3 + ')V adiv g u. Recall that A is determined by n through (1.20). This means
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that all of the differential operators in (1.24) are connected to 7, and hence to the geometry of
the free surfaces.

1.4. Perturbation equations. We will now rephrase the PDEs (1.24) in a perturbation for-
mulation around the steady-state solution (p,0,0). We define a special density perturbation
by

g=p—p— b (1.28)
For the pressure term P(p) = P(p+q+ 03pf), we expand it via the Taylor expansion: by (1.11)
we have

P(p+q+ 03p) = P(p) + P'(p)(q + d3p0) + R = P(p) + P'(p)q — gpf + R, (1.29)

where the remainder term is given by
prq+03p0
R = / (p+q+ 03p0 — 2)P"(2) d=. (1.30)
P

Recalling (1.13), (1.19), and (1.22), we find that
—gp+0 = —pigny on X, and [—gpf] = —[p] gn- on X_. (1.31)

The equations (1.24) can be written as the following system when perturbed around the
equilibrium (p, 0, 0):

Orq + diva((p+ q + 03p0)u) — O3 pK O30 — KD,0093q = 0 in
(p+q+ 03p0)0u+ (p+ q + 03p0)(— K0 005u + u - V qu) + pV.a (K (p)q)

—divaSau = —V 4R — g(q + 03p0)V 40 in
om=u-N on Y (1.32)
(P'(p)al — Sa(u)N = pignN — o HN — R4 N on ¥
[P’ (p)al —Sa(w)]N = [p] gnN + o-HN — [R]N on X
[ul =0 on X_

u_ =0 on Xp.

Remark 1.1. The special density perturbation q given by (1.28) and the subsequent perturbation
equations of the form (1.32) are crucial for our study in the stability regime in [11]. However, it
is not essential for the instability regime in this paper. Indeed, we could consider p — p directly.
We choose here to consider q in order to be consistent with the study in [11].

1.5. Main result. For a given jump value in the equilibrium density [p] > 0, we define the
critical surface tension value by

e := [plgmax{L3, L3}. (1.33)

In our companion paper [11], we have proved the global existence of solutions decaying to the
equilibrium state (0,0,0) in the problem (1.32) when o_ > o.. The goal of this paper is to
show that when o_ < o, the equilibrium state (0,0,0) is unstable in the compressible viscous
surface-internal wave problem (1.32).

Our main result can be stated as follows:

Theorem 1.2. Assume that [p] > 0 and o_ < 0., where o. is defined by (1.33). Let the triple
norm ||-|loo be defined by (5.1) (with N > 3 an integer). There exist constants 6 > 0 and C > 0
such that for any sufficiently small 0 < v < 6y there ezist solutions (q*(t), u*(t),n"(t)) to (1.32)
such that

L L L L v fo
(g (0), ' (0), 7' (0)llog < Cus but (T 12 > 5 (1.34)
Here the escape time T* > 0 s
1 fo
T := —log — 1.
5 log =, (1.35)

where % < A < A with A the sharp linear growth rate defined by (2.34).
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Remark 1.3. Theorem 1.2 shows that the instability occurs in the L? norm of n_. This high-
lights the fact that the instability occurs at the internal interface. This also means that although
our instability analysis works in a framework with some degree of regularity, the onset of insta-
bility occurs at the lowest level of reqularity.

Remark 1.4. Our results can be readily applied to the compressible viscous internal wave prob-
lem, i.e. the problem posed with a rigid top in place of the upper free surface.

To our best knowledge, this work is the first rigorous result to address the nonlinear Rayleigh-
Taylor instability for compressible viscous fluids with or without surface tension; for the com-
pressible viscous internal wave problem, the linear instability was shown by Guo and Tice [6].
Theorem 1.2 together with our results in [11] establish sharp nonlinear stability criteria for the
equilibrium state in the compressible viscous surface-internal wave problem. We summarize
these and the rates of decay to equilibrium in the following table.

<0 =0 [0
nonlinearly stable .
oy = almost exponential decay locally well-posed | nonlinearly unstable
0<oyt nonlinearly stable nonlinearly stable .
. . nonlinearly unstable
0<o_ <o, exponential decay exponential decay
0<oyt nonhnear.ly stable nonhnear.ly stable locally well-posed
Oc=0_ exponential decay exponential decay
0<oyt nonlinearly stable nonlinearly stable nonlinearly stable
oc < 0_ exponential decay exponential decay exponential decay
Note that our results do not cover the critical case: o_ = o.. From [10] we know that the

problem is locally well-posed, but at the moment of writing it is not clear to us what the
stability of the system should be.

We mention some previous mathematical results concerning the Rayleigh-Taylor instability.
For the inviscid Rayleigh-Taylor problem without surface tension, Ebin [3] proved the nonlinear
ill-posedness of the problem for incompressible fluids, Guo and Tice [5] showed an analogous
result for compressible fluids, and Hwang and Guo [8] proved the nonlinear instability of the
incompressible problem with a continuous density distribution. For the viscous Rayleigh-Taylor
problem, Priiss and Simonett [15] proved the nonlinear instability for incompressible fluids with
surface tension in an LP setting by using Henry’s instability theorem, and Wang, Tice, and Kim
[18, 19] established the sharp nonlinear instability criteria for the incompressible surface-internal
wave problem with or without surface tension.

Since linear instability can be established in the same way as that for the compressible
viscous internal wave problem in [6], the heart of the proof of Theorem 1.2 is the passage from
linear instability to nonlinear instability. This is in general a delicate issue for PDEs since the
spectrum of the linear part is fairly complicated and the unboundedness of the nonlinear part
usually yields a loss in derivatives. Our proof is based on a variant of the bootstrap argument
first developed by Guo and Strauss [4]. The main strategy of Guo-Strauss approach is to show
that on the time scale of the instability, higher-regularity norms of the solution are actually
bounded by the growth of low-regularity norms (in our case L?). For our problem, the term
[p] gn— along the interface is the cause of the instability; since it is of low order, we are led to
use the Guo-Strauss bootstrap framework here.

We encounter a number of mathematical difficulties in analyzing our complicated nonlinear
problem, especially due to the fact that our problem is defined in a domain with a boundary.
First, even to guarantee the existence of local-in-time solutions in our energy space, the initial
data must satisfy certain nonlinear compatibility conditions that the growing modes to the
linearized problem constructed in Section 2 would not satisfy. We employ an argument from
Jang and Tice [9] that uses the linear growing mode to construct initial data for the nonlinear
problem.
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Second, because the spectrum of the solution operator for the linearized problem is compli-
cated, we can only derive the largest growth rate for the linearized problem by using careful
energy estimates as in [6]; this is in the context of strong solutions, which requires the initial
data to satisfy the linear compatibility conditions. Such estimates would not be applicable to
the nonlinear problem by directly employing Duhamel’s principle. To get around this issue, we
provide the estimates for the growth in time of arbitrary solutions of the linear inhomogeneous
equations in Section 3; clearly, the estimates can be applied directly to the nonlinear problem.

The last difficulty is to derive the bootstrap energy estimates, a key step in showing the
instability of n—. We employ a variant of the energy method elaborated in our companion
paper [11] to derive these estimates in Section 4. There are new ingredients. First, we need
to weaken the dissipation (see (4.2) for Dg,;) due to the lack of the dissipation estimates of
L? norm of ¢ and 7. The missing terms are controlled by using the energy &Jy instead. This
is not possible in the global analysis of [11] but is effective in the local-in-time framework of
our instability analysis. Second, the term [p] gn— contributes negative energy in the unstable
regime and thus the estimates of 17— can not be obtained simultaneously with the other terms.
We derive the estimates of n_ by making use of the kinematic boundary condition, a transport
equation for n_. Our complete bootstrap estimate is recorded in Theorem 4.1, which shows
that the stronger Sobolev norm ||-[|,, of the solution is actually bounded by the lower-order
norm |[|n—||;2. The bootstrap analysis allows us to finally prove Theorem 1.2 in Section 5.

1.6. Definitions and terminology. We now mention some of the definitions, bits of notation,
and conventions that we will use throughout the paper.

Universal constants

Throughout the paper we will refer to generic constants as “universal” if they depend on NN,
4, the various parameters of the problem (e.g. g, p+, iy, o1+) and the functions py, with the
caveat that if the constant depends on o4, then it remains bounded above as either o4 tend to
0. For example this allows constants of the form gu, + 302 + o but forbids constants of the
form 3+ 1/0_. We make this choice in order to be able to handle together all the cases o1+ > 0.

We will employ the notation a < b to mean that a < Cb for a universal constant C > 0.
Universal constants are allowed to change from line to line. When a constant depends on a
quantity z we will write C = C(z) = C, to indicate this. To indicate some constants in some
places so that they can be referred to later, we will denote them in particular by C7,Cs, etc.

Norms

We write H*(Q1) with k& > 0 and H*(X4) with s € R for the usual Sobolev spaces. We will
typically write H? = L2. If we write f € H*(Q), the understanding is that f represents the
pair fi defined on Q. respectively, and that fy € H*(Q1). We employ the same convention
on Yi. We will refer to the space o H'() defined as follows:

oH' Q) ={ve H'(Q)| [v] =0on X_ and v_ =0 on 5} (1.36)

To avoid notational clutter, we will avoid writing H*(Q2) or H*(X) in our norms and typically
write only ||-||,., which we actually use to refer to sums

A1 = £y + I F- 1y o IFIE = I lzmemyy + 1~ NEmes.y - (1.37)

Since we will do this for functions defined on both €2 and X, this presents some ambiguity. We
avoid this by adopting two conventions. First, we assume that functions have natural spaces on
which they “live.” For example, the functions u, p, ¢, and 7 live on £, while n lives on X. As
we proceed in our analysis, we will introduce various auxiliary functions; the spaces they live on
will always be clear from the context. Second, whenever the norm of a function is computed on
a space different from the one in which it lives, we will explicitly write the space. This typically
arises when computing norms of traces onto ¥4 of functions that live on 2.

Occasionally we will need to refer to the product of a norm of  and a constant that depends
on +. To denote this we will write

Yl = e Wy + 7= =gy - (1.38)

Derivatives
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We write N = {0, 1,2, ...} for the collection of non-negative integers. When using space-time
differential multi-indices, we will write N'*™ = {a = (g, a1, ..., )} to emphasize that the
0—index term is related to temporal derivatives. For just spatial derivatives we write N™*. For
a € NM™ we write 9% = 97097 - - - 9% . We define the parabolic counting of such multi-indices
by writing |a| = 200 + a1 + - -+ + . We will write V, f for the horizontal gradient of f, i.e.
V.f = 01fe1 + 02 feq, while V f will denote the usual full gradient.

For a given norm ||-|| and an integer k£ > 0, we introduce the following notation for sums of
spatial derivatives:

|94 = 3 o ama [ = 3 o s, (139)
B R

The convention we adopt in this notation is that V, refers to only “horizontal” spatial deriva-
tives, while V refers to full spatial derivatives. For space-time derivatives we add bars to our
notation:

|94 = =t ana 945 = 2 g (1.40)
aeNI+2 aeN1+3
oo <k || <k

We allow for composition of derivatives in this counting scheme in a natural way; for example,

we write , ,
(A I A I S VA V1 S SR AV (1.41)
a€EN? aEN?
lo| <k 1<]al<k+1

2. GROWING MODE SOLUTION TO THE LINEARIZED EQUATIONS

In this section, we consider the linearization of (1.32):

Orq + div(pu) =0 in Q
poru + pV (W' (p)g) — divS(u) =0 in
Osn = ug on Y
(P'(p)al —S(u))es = (prgns — o4 Asny)es  on Xy (2.1)
[P'(5)al - S(w)]es = (2] g1 +0_Aun_)es on 5
[ul =0 on ¥_
(u— =0 on Y.

We seek a growing mode solution to (2.1) of the following form:
(e, t) = w(z)e™, qz,t) = §a)e™, n(a',t) = i) (22)

for some A > 0 (the same in the upper and lower fluids), where 2/ = (x1,22). Substituting the
ansatz (2.2) into (2.1), we find that

G=—-X"ldiv(pw) and 7= \"tws|s. (2.3)

By using (2.3), we can eliminate ¢, 7 from (2.1) and arrive at the following time-invariant system
for w:

Npw — pV (R (p) div(pw)) — AdivS(w) =0 in
(—P'(p)div(pw)I — AS(w))es = (p1gws — o4 Asws)es  on X

[ P'(p) div(pw)I — AS(w)] e5 = ([7] qws + 0 Avws)es on - (2.0
[w] =0 on X_

w_ =0 on .

\

Since the coefficients of the linear problem (2.4) only depend on the x3 variable, we are free
to make the further structural assumption that the 2’ dependence of w is given as a Fourier
mode €€ for the spatial frequency & = (&1,&) € Lle X L§1Z. Together with the growing
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mode ansatz (2.2), this constitutes a “normal mode” ansatz, which is standard in fluid stability
analysis [2]. We define the new unknowns ¢, 6,1 : (=b,¢) — R according to

wi(z) = —ip(3)ei ", wa(x) = —iB(rs)e ™S, and wy(x) = Plzg)e T (25)

) T
For each fixed &, and for the new unknowns ¢(z3), 0(z3), ¥ (z3), and A, we obtain the following
system of ODEs (here ' = d/dx3):

— )+ [N Mg+ & O+ Ma/3+ P(9))| ¢

= —&0 [+ Mi/3)d + P(p)(pu)'] — &éa [\ + Ma/3 + P(p)p] 0 i (~b,0)
—() + [N M e+ € O+ /3 + P'(p)p)] 0

==& (M + Au/3) " + P'(p)(pp)] — &1 [ + Ap/3 + P'(p)pl ¢ in (=D, L)
— [(4A/3+ M) ) = R (P)(p)) + (V2o + M ] )

= [+ 21/3) (10 + E0)) "o [P'(p) (1 + £20)) in (50 o
pr Ay — @) = pp Ay — 04) =0 at 3 =4 ‘
— (O A+ /3 + Erp+ 628) — P'(p) () + plérp + 20)

A (¥ = &1 — &0) = (p1g + o4 [€]°)¢ at o3 = ¢
[e] = [6] = [¥] = [nA &t — )] = [uA\(Ew — 0)] = 0 at x5 = 0
[+ Mif3)(W + 10+ E0)] + [P'(5) (08 + plErp + £26))]

+ (= & — &) = —([pl g — o— €1y at z3 = 0
p=0=v=0 at 3 = —b.

We can reduce the complexity of the problem by removing the component #. To this end,
note that if o, 0, 1 solve the equations (2.6) for £ € R? and A > 0, then for any rotation operator
R € 50(2), (4,0) := R(p,0) solve the same equations for £ := R¢ with v, A\ unchanged. So,
by choosing an appropriate rotation, we may assume without loss of generality that & = 0 and
&1 =& > 0. In this setting 6 solves

—(Aud") + (A2p+ A l¢*)0 =0
0(—b)=6()=0 (2.7)
1] = [\ab] = o,
which implies that § = 0 since we assume A > 0. Then the equations (2.6) are reduced to the
equations for ¢, 1:

= ') + [N+ Ml + 16 O+ Ma/3+ P(p)5)] o
— &I+ An/3) 9" + P'(p) ()] in (=b, )
— [@w/3+ MY = p WP p)] + (X2 + Mlel?)
(

\_//\

= [\ + Aw/3) €l o] + p [P (p) €] @] in (=b, )

pa A€y =) =0 at x5 =4

—( 4+ A3 (W + 1€ @) — P(p) () + p €] ) (2:8)
A (¥ — (€] @) = (prg + oy [E°)0 at x3 =/

[e] = [¥] = [pA(I€lY — ¢ )] =0 at z3 =0

[+ Au/3)(W + €] )] + [P'(5) ((p0) + B1€| )]
+ @ — el )] = —([p] g — o €1y at 73 = 0

p=1v=0 at x3 = —b.

Solutions to (2.8) can be constructed in the same way as that for the compressible viscous
internal wave problem in [6], so we will outline the procedure with minor modifications and
refer some of the proofs to [6].

It is not trivial at all to construct solutions by utilizing variational methods since A appears
both linearly and quadratically. In order to circumvent this problem and restore the ability to
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use variational methods, we artificially remove the linear dependence on A in (2.8) by introducing
an arbitrary parameter s > 0. This results in a family (s > 0) of modified problems:

— (sug) + [ X2+ el + € (st + s1/3+ P'(5)p)]

= —[&[[(st’ +su/3) " + P'(p)(py)'] in (=b,7)
— [(4sp/3+ i) ¥/) = p (W () (0] + (A5 + su ¢l v

= [(sp' + sp/3) €| o] + p[P'(p) €] @) in (—b,0)
pys(|€l by — ¢l ) =0 at x3 =/
— (st + sp/3) (W + €] 9) — P'(5) (p) + 5 €l @) (2.9)

—sp (V' — [€]9) = (prg + o1 [y at o3 =/
le] = [¥] = [ps(l€l v — ¢ )] =0 at z3 =0
[(sp’ + sp/3) (" + [£] )] + [P (p) ((p¥) + oIl @)1

+ s (@' — 1€l )] = —([p] g — o |€1*)0 at z3 =0
p=1=0 at xrg = —b.

A solution to the modified problem (2.9) with A = s corresponds to a solution to the original
problem (2.8). Note that for any fixed s > 0 and &, (2.9) is a standard eigenvalue problem
for —\2, which has a natural variational structure that allows us to use variational methods
to construct solutions. In order to understand A in a variational framework, we consider the
energy functional

E(%WS) = EO((va) + SEl(%W (210)
with
2 - oo €2 ¢
Ealie) = =L o2 LA o [ ooy + a0 21)
Be) = [ (0~ 10007 + @~ 0+ 50+ 97) P, @12
and ,
o) =3 [ e+, (2.13)
which are both well-defined on the space o H'((—b,¢)) x o H'((—b,£)) where
oH'((=,0) = {6 € H(~b,0)) | 6 = 0 at 5 = ~b}. (2.14)

Note that functions in this space automatically satisfy the condition [¢] = 0 at 3 = 0. Consider
the admissible set

Notice that Ey(g, 1) is not positive definite for [p] > 0.

The first proposition asserts that a minimizer of £ in (2.10) over & exists and the minimizer
solves (2.9).
Proposition 2.1. Let £ and s > 0 be fized. Then the following hold:

(1) E achieves its infimum over &.

(2) The minimizers are smooth when restricted to (—b,0) or (0,¢) and solve the equations
(2.9) with \? given by

N =a(s):= inf E(p,¥;s). 2.16
(s) = int _Ble.vis) (2.16)

Proof. A completion of the square and the fact that p solves (1.11) allow us to write

W (p) (0) + plEl @) = P'(5)p (¢ + 1€ ¢)* — 295 |€] o — 2950 — g2, (2.17)
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We employ an integration by parts to see that

l l
/ 20— gl = - / () = —pg (0 + e (218)

We then obtain another expression for Ey(p,):

2
oy ¢

l
S0P 5 [ PO 1) - 20ml v (219

_ 0- |§\2 2
Eo(p.¥) = T (4(0)) +

Notice that by further employing the identity —2ab = (a — b)? — (a® + b?) and the constraint on
J(p, 1), we see from (2.19) that

0
E(p,v;8) > Eo(p,1) > —2g[¢] /bpwso > —gl¢| (2.20)

for any (p,1) € &. This shows that E is bounded below on &. The results thus follow from
standard compactness arguments, the variational principle for Euler-Langrange equations, and

a bootstrap argument for smoothness. For more details, we refer to Propositions 3.1 and 3.2 of
[6]. O

In order to construct the growing mode solution to the original problem (2.1) we first need to
ensure the negativity of the infimum (2.16). For o_ > o, we always have that o_ |¢|*—[3] g > 0
for any nonzero frequency & € Lflz X L;lZ, which implies E(p,1;s) > 0 because of (2.11).
This then means that «(s) > 0, which suggests that no growing mode solution to (2.1) can be
constructed when o_ > 0., and in turn indicates that the system is linearly stable. In fact,
in [11] we have established the nonlinear stability of the compressible viscous surface-internal
wave problem for the case o_ > o.. However, when 0 < o_ < o, for 0 < [§| < \/[p] g/co— (it
is interpreted that when o_ = 0 this means 0 < |¢] < o0), o_ |¢]* — [p] ¢ < 0, and then it is
possible for E(p,;s) to be negative. We denote this critical frequency by [€].:

e = ”[[g]]_g. (2.21)

Lemma 2.2. Let 0 < [{| < [|c. Then there exists so > 0 depending on o, g, p, P,b, £, ux, 'y, ||
such that for 0 < s < sg it holds that a(s) < 0.

Proof. Since E and J have the same homogeneity, we may reduce to constructing any pair
(p,0) € oHY((=b,0)) x oH'((=b,£)) such that E(p,v;s) < 0. We will take 3 with ¥(¢) = 0
and ¢ = —1'/ |¢|, and we then further reduce to constructing any v € HZ((—b,)) such that

EI . __E_/ . _U—|€’2_[[ﬁ]]g 2 1 ZP/——Q E_/
W3 s) == BE(=d'/ €] ¥38) = ———5— (%(0)" + . (P)pY” + sEL(—=¢'/ €], ) < 0.
(2.22)
For a > 5 we define the test function 1, € HZ((—b,¥)) according to
2\ /2
1- :t% , T3 € [076)
Ya(z3) = ( ﬁg)a/g (2.23)
(1 - bfg) . 3 € (=b,0).
Simple calculations then show that
¢
o T+ OT(a+1)
where 04(1) is a quantity that vanishes as o — co. We thus find that
2 -
E(ta; s) = U|€|2Mg +0a(1) + sC (2.25)

for the constant C' = Ey(—/,/|€|, 1), which depends on a, ,b, £, p, iy, |€|. Since o_ |¢]* —
[Pl g < 0, we may then fix a sufficiently large so that the first two terms sum to something
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strictly negative. Then there exists sg > 0 depending on o4,g,p, P,b, ¢, iy, p',, €] so that for

s < ¢ it holds that E(¢4;s) < 0. Thus a(s) < 0 for s < sq. O
Remark 2.3. For a minimizer (¢,v) € & we have
2 _
7L 9 (02 < a(s) <0 (2.26)

which in particular requires that (0) £ 0 and |£]* < g[p]/o—.

As in Proposition 3.6 of [6], one can prove that a = «a(s) is continuous and strictly increasing
and that there exists s, € (0,00) so that

S=a"1((=00,0)) = (0, s,). (2.27)
Arguing as in Theorem 3.8 of [6], we deduce the following.

Lemma 2.4. For each fized 0 < |§| < [{|. there exists a unique s € S so that \([¢],s) =

V—a(s) >0 and
= A€l 5)- (2.28)

Hence, we may now think of s = s(|¢|) and we may also write A = A(|¢]) from now on. In
conclusion, we now have the existence of solutions to the system (2.6).

Proposition 2.5. For £ € R? so that 0 < [£] < [¢|. there exists a solution ¢ = (£, x3),
0 =0(&x3), v =1 x3), and A = A(|€]) > 0 to (2.6) so that ¥(£,0) # 0. The solutions are
smooth when restricted to (—b,0) or (0,£), and they are equivariant in & in the sense that if
R € SO(2) is a rotation operator, then

¢(RE, x3) Ri1 Riz 0\ [o(§ x3)
Q(Rf, wg) = R21 R22 0 (5, 1'3) . (2.29)
Y(RE, x3) 0 0 1) \¢(&ws)

Proof. We may find a rotation operator R € SO(2) so that R{ = (|£|,0). For A = A(]{]) given

n (2.28), we define (p(§, z3),0(¢, v3)) = R (0([¢], 23),0) and (&, 23) = 9(|¢] , x3), where the
functions p(|¢|,x3) and ¥ (|¢], x3) are the minimizer of (2.16), which solves the equations (2.9),
with s = A. This gives a solution to (2.6). The equivariance in £ follows from the definition. O

To obtain a largest growth rate, we next show the boundedness of A(|£]).
Proposition 2.6. For any 0 < [§| < |£],, A([¢]) satisfies the bound

by [l
A(ED < o

Proof. For given |¢| € (0, |¢].), let (p,1) be the corresponding minimizer of E so that —\? =
E(p,1; ). From (2.10) and (2.11), we have E = Eg + AE; and Ey > —[p] g(¥(0))?/2. Hence,

(2.30)

AE, < —Ey < [['O]]g(z/z(O)) (2.31)

On the other hand, since ¥(—b) =0, ¥(0) = fib Y'drs < \[(fi)b(@b')Qdm)l/Q, and thus
0 0 / / 2
2 N2 P —lEle P+ Ele
(¥(0))* < b/_b(w) drsg = b/_b< 5t ) dus. (2.32)

By further using the inequality: (A + B)? < 4(A? 4 B?/3) for all A, B € R, we have

0 1
WO <b [ (0= [€le + 300+ oo

(2.33)

2b 1 1 2b
= 2 0L (= e+ 50+ lele? ) drs < 22y

Combining this with (2.31), we deduce (2.30). O
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Proposition 2.6 then allows us to define

0<A:= sup A(J¢]) < oo. (2.34)
0<I¢|<[€]e

For o_ > 0, only a finite number of spatial frequencies ¢ € (L7 'Z) x (L, 'Z) satisty |¢| < [£].,
so the the largest growth rate A must be achieved when 0 < 0_ < .. For o_ = 0 it is not
clear whether A is achieved. However, we can achieve a growth rate that is arbitrarily close to
A, and so in particular A, is achieved, where

0<A/2<A <A (2.35)
We may now construct a growing mode solution to the linearized problem (2.1).

Theorem 2.7. Let A be defined by (2.34) and A, be defined by (2.35). Then the following hold.
(1) Let 0 < o_ < o.. Then there is a growing mode solution to (2.1) so that

la@)llk = e*lla(O) 1k, Nu®) e = e uO) e, In@)llk = e [In(0)]lx (2.36)
for any k > 0.
(2) Let o— = 0. Then there is a growing mode solution to (2.1) so that
la@)llx = €**Na(0) Ik, lu@®)llx = e u©), In®)lx = In(0)] (2.37)
for any k > 0.

Proof. Let |£] > 0 be so that A(|¢]) = A for o— > 0 or A\(|¢]) = A, for o = 0. Let ¢ = (&, x3),
0 =0(&, x3), Y = (&, x3) be the solution to (2.6) with A(|¢]) as stated in Proposition 2.5. We
then define ¢, u, and 7 according to (2.2), (2.3), and (2.5). Then we have that ¢ € H*(Q),
u € oHY(Q) N HE(Q), and n € H*(X) for any k > 0 and (g, u,n) solve the linearized problem
(2.1). Moreover, g, u,n satisfy (2.36) or (2.37). O

3. GROWTH OF SOLUTIONS TO THE LINEAR INHOMOGENEOUS EQUATIONS

In this section, we will show that A defined by (2.34) is the sharp growth rate of arbitrary
solutions to the linearized problem (2.1). Since the spectrum of the linear operator is compli-
cated, it is hard to obtain the largest growth rate of the solution operator in “L? — L?” in the
usual way. Instead, motivated by [6], we can use careful energy estimates to show that e’ is
the sharp growth rate in a slightly weaker sense, say, for instance “H? — L?”. However, this
will be done for strong solutions to the problem, and it may be difficult to apply directly to
the nonlinear problem due to the issue of compatibility conditions of the initial and boundary
data since the problem is defined in a domain with boundary. We overcome this obstacle by
proving the estimates for the growth in time of arbitrary solutions to the linear inhomogeneous
equations:

(01q + div(pu) = G* in Q
poyu + pV (B (p)q) — divS(u) = G? in Q
om =uz + G* on Y
(P'(p)al —S(u))es = (prgn+ — o+ Awnt)es + Gi on ¥ (3.1)
[P'(p)gI —S(u)] ez = ([] gn— + o-Aun-)ez — G on ¥
[u] =0 on ¥_
u_ =0 on Xy,

where G%’s are given functions.
It will be convenient to work with a second-order formulation of the equations (3.1). To arrive
at this, we differentiate the second equation in time and eliminate the ¢ and 7 terms using the
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other equations. The resulting equations for u read as

[ p0uu — pV (I (p) div(pu)) — divS(du) = § in Q
(—P'(p) div(pu)I — S(0pu))es = (prgug — o4 Aus)es + G4 on Xy
[—P'(p) div(pu)I — S(0yu)] es = ([p] gus + o—Asug)es —&_  on X_ (3.2)
[Ou] =0 on Y_
k8,5u_ =0 on X,
where
§ = —pV (K (p)G") + 9,G, (3.3)
G, = _P_/'_(ﬁ+)G1€3 — 0G3 + (p1gGL — 0+A*Gi)63, (3.4)
and
~&_ = — [PL(p1)G"] es — 0,G* + ([p] 9GL + 0-A.GH es. (3.5)

Our first result gives an energy and its evolution equation for solutions to the second-order
problem (3.2).

Lemma 3.1. Let u solve (3.2). Then

i ([ S+ S v+ [ G1vel+ [ s [ -2 )

2
+/ L +/u’|divatu!2=/5-8tu—/@5-&:% (3.6)
Q2 Q Q 5

Proof. We multiply the first equation of (3.2) by d;u and then integrate by parts over 2. By
using the boundary conditions in (3.2), we obtain (3.6). O

Ddyu + Do’ — g(div o)l

The variational characterization of A, which was given by (2.34), gives rise to the next result.

Lemma 3.2. Let u € oH'(Q) N H%(Q). Then we have the inequality

hWp). .. o
[P e o+ [ G+ [ s [ 2
Q b)) pI _

A2 A 2 2
> —/ plul® — / 1 Du+ DuT - (divu)I| + ¢ |divul®. (3.7)
2 Jo 2 Jg 2 3
Proof. We take the horizontal Fourier transform to see that
n(p
47‘1’2 / (p) |d1V (/)U)|2+/ U|V*U3|2+/ gPl | +/ _g[[p]] |U3’2
o 2 2 v 2 B 2

= Z {/b 7(p) |i€1p0y + i&2ptia + D3(pi3)|? das

€€LT Zx Ly 7

2 2 _ 15
For £ = 0, the term in the sum of (3.8) is
h/
29 iy~ S iy oy 4 [ 7P o i (39
b

We expand the derivative term in the 1ntegral and integrate by parts to get
h l W(p . o
/ o) |05(piis)|? ds = / ;p) |05t + pOstis|* dzs
—b —b

¢
1
Z/ P'(p)p|0sts|” _9033U3U3—*933P|U3| dxs

14 _
= [ P @plosisP - 22 jas(ol + L jas@F . 0
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This implies
_ Y4 /(= l
. X h . 1 i
28 i) - “ L a0 + [ F P oupian) e = 5 [ Poiplonial 20, (311

Consider now the sum of (3.8) for fixed & # 0, writing p(z3) = 11 (£, x3), O(x3) = iu2(&, z3),
Y(x3) = u3(§, x3). That is, define

2 2 1=
2(p.0.0:6) = TR0 g2 4 T EZIAL9 2
AN
+ / h;” Hewpo + €pt + (pu) [ das, (3-12)
b

where = 95. The expression for Z is invariant under simultaneous rotations of ¢ and (¢, 6), so
without loss of generality we may assume that £ = (|£],0) with || >0 and § =0. If o_ > 0
then we assume that [£| < ||, as well. Then, using (2.10) with s = A(|¢]), we may rewrite

2(p.0.1:6) =B, A(e])) - o) / W + 1€l o

)\ ¢ / / 1 /
(|2£D /b,u <\<P —lelw|* + v - lel |+ 3 ¢ + KW‘Q) (3.13)
and hence

A2 0 A 0
200602 = 5 [ plef+ o) =5 [ w1+ lelol
A ¢
_2/ M(‘(p/_’f‘w‘2+‘¢ ’f‘%pl + = ‘w —l—‘§|gp‘ > (3.14)
-b

Here in the inequality above we have used the following variational characterization for A, which
follows directly from the definitions (2.16) and (2.34),

E(p, 43 M(€D) = =A(IE)?J —/ (el + [wl?). (3.15)

For €| > &, the expression for Z is non-negative, so the inequality (3.14) holds trivially, and so
we deduce that it holds for all [£| > 0.
Translating the inequality (3.14) back to the original notation for fixed £, we find

o 2 o €12 — N

|i€1ptin + i€opiia + D3(pus)|” dus

2 2
A? At ) .2
> 5 | ,0 la? — 2/ i€t + i€atia + Dgus|® + g ‘B , (3.16)
—b
where )
B = Du+ Du” — g(div u)l. (3.17)

Taking sum of each side of this inequality over all 0 # £ € L;lz X L;lz, together with (3.11),
then proves the result. O

Now we can prove our main result of this section. We write

2 2 2 2

e = |G} + laG? |, + 1262 |, + (|65

Theorem 3.3. Let (q,u,n) solve (3.1). Then we have the following estimates for t > 0:

IIu(t)H?Sem(Hu(O)HngHatu(O)H%)Jr/O PG (s) 10vu(s), ds, (3.19)

(3.18)

In@)llo < e (lu(0)]l5 + [18eu(0)ll + [l (0) / 1G4 ()|, ds (3.20)
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*’JC \/JgsezA“7”\/€G<T>Hé%u<7>nldfds,
la(®)llo < €™ ([[w(0)]l5 + 18eu(0)ll + 1a(0)lly) + /0 1GY(5)|, ds (3.21)

t s
+ / \// 62A(sf7') \/% ||8tu(7') ||1 deS,
0 0

Proof. Integrating the result of Lemma 3.1 in time from 0 to ¢, and then applying Lemma 3.2,
we find that

/ﬁ|atu|2+/t/ N‘Dc‘)tu+D8tuT—2(div8tu)I
<m+//kzm_//®em
_(/ (2) \div (7u)2 +/ Vaus? +/E_g§1 e +/_—g[[2pﬂ!u3|2)
<%+//®8wi//®&u

+/p]u + - / ‘Du+Du 3(divu)[

2
+ / p! |div Byul?
Q

2
+ ! |divul®, (3.22)

where

Ko = [ 210aP + "2 v (pulo)

+/E‘2’|V*U3(0)|2+/2_ 92’)1@3(0)|2+/E —g[gp]]lug(O)!Q. (3.23)

For notational simplicity we introduce the norms
p 2 2
Hqu = / plu)? and HuHE* = / 5 ‘Du + Dul — g(div w)I| + ' |div u]Q (3.24)
Q Q
and the corresponding inner-products given by (-,-), and (-, )., respectively. We may then
compactly rewrite the previous inequality as

1 t A2 A
3 [Opu(t)||? +/0 10ru(s)]I2, ds < Ko + - lu(t)|)? + 3 [u(t)|Z, + H(t) (3.25)

:/(]t/93~8tu—/0t/26-8tU- (3.26)

Integrating in time and using Cauchy’s inequality, we may bound

MO, = A (O, + & [ 2(u(s), Ou(s)). ds

where we have written

- , (3.27)
<A, + [ o), ds+ 8% [ us)IE, d.
0 0
On the other hand
Ay [Ju(t) |17 = 2A{u(t), dpu(t))« < [|0pu(®)||2 + A% [lu(t)]|? . (3.28)

We may combine these two inequalities with (3.25) to derive the differential inequality

Ot + 1O, < K+ 28 (L@l + [ Ju)lE, ) + 3900 (329
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for K1 = 2Ky/A + 2 |[u(0)||%,. An application of Gronwall’s theorem then shows that

t K 2 t L
)2+ [ o) < ) + G =1+ 3 [ NI (@0

Now plugging (3.30) and (3.27) into (3.25), we find that
1 2 2 2 ! 2 2
A 18I+ llu(®)lo < Ky + Aflu()] + 24 ; lu(s)llr ds + 5 H(t)
2 t
< M2 Ju(0)]? 4 K1) + 19() +4 / M=) G(s)ds.  (3.31)

0
Notice that

4 / LN (g)ds = 2 / "o, (29 sy(s)ds
0 A 0
- —%Y)(t) + e2M5(0) + % /0 " 20055 (5)ds (3.32)
and
#(0) = 0 and 9,6 = /Q 5 O — /E & - Oy (3.33)

We then have,

u(®)|)?, < e*M w(0)||? 2 teA(t*S) s) - Qyu(s) — s) - Qyu(s s
ol < A O + 50+ 5 [0 ([ 506)-0u0) - [ 06 au(s) ) as.

0

(3.34)
By the trace theorem,
K1 < [|u(0)]3 + 18:u(0)Il5 - (3.35)
On the other hand,
1315 + 18115 S [lGM [} + lac?[lg + 1 + 1|65 = €c- (3-36)

So by Korn’s inequality (Proposition A.4) and the trace theorem, (3.34) implies (3.19).
Next we use the kinematic boundary condition 9y = uz + G* and the trace theorem to
estimate

1om@)llo < llusll gogssy + 1G] < lluslly + (|G- (3.37)

This and (3.19) allow us to estimate
t t t
M@%SM®%+AWM@%%§M®%+AH¢®M®+AHW@MM
t t
smwm+éuw@mw+AaWw@m+mmmw

t s
+ / \// e2Ms=1)\/Eq(T) ||Opu(T) ]|, dTds, (3.38)
0 0
which implies (3.20).
Similarly, we use the continuity equation d,q = — div(pu) + G to estimate
10egllo < ldiv(pu)llo + (|Gl < lulls + [[GH],- (3.39)

We then deduce (3.21) as that for (3.20). O
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4. NONLINEAR ENERGY ESTIMATES

This section, the most technical part of the paper, is devoted to the nonlinear energy estimates
for the system (1.32). Our analysis here is similar to that found in our companion paper on the
stable regime [11]. The primary difference is that we will use slightly different versions of the
energy and dissipation functionals in order to handle the fact that the internal interface makes
a negative contribution to the energy and dissipation.

For any integer N > 3, we define the energy as

2N 9 2N 5
v =3 [otu],_,, + lalin + 3 ol
= U
N — Eo 4N —2j AN — 4N —2j41
J= j=

2N
2
V.|| 2 Haﬂ H , 4.1
AL DI (41)
and the “dissipation” as
2N Nl o
D5 = [t : |ot
2N Z Ofu 4N_2j+1+”8tq”4zv—1+ Z %4 AN—2j42
7=0 7j=2
AN+1 )
2 2 2 2 2 Vi
+ 07 Vanlliniayo + 07 10mllini1 /2 + [0mllin_1/0 + z; H8t77H4N_2j+5/2- (4.2)
J:
We also define
2
Fon = ”77”4N+1/2' (4.3)

The surface tension coefficients o4 are included in the definitions (4.1) and (4.2) so that we will
be able to treat the cases with and without surface tension together. It is noteworthy that the
definition (4.2) of DJy is different from the one introduced in [11] for the nonlinear stability
analysis: ||q||3x and [|7]3y_; /2 are not included in Dy here. This implies that to control gl
or |nl3y_, /2, We have to use EYy; mostly we will replace Dgy in the estimates of some nonlinear
terms derived in [11] by the sum Dy + £y
Our goal is to derive a priori estimates for solutions (¢, u,n) to (1.32) in our functional
framework, i.e. for solutions satisfying &7y, DSy, Fan < 00. Throughout the rest of this
section we will assume that
Egy(t) < 6% <1 (4.4)

for some sufficiently small § > 0 and for all ¢ € [0,7] where T > 0 is given. This assumption, in
particular, will guarantee that the geometric terms introduced in Section 1.3 are well-behaved
(see Lemma A.3). We will implicitly allow § to be made smaller in each result, but we will
reiterate the smallness of § in our main result. Here is the main result of this section.

Theorem 4.1. If supg<;<7 E9n () < 82 for sufficiently small 5, then the following holds. For
any € > 0, there exists C. > 0 such that

t t
0 0

t t
+g/wa+5mw+@/mm%w (4.5)
0 0

for allt € [0,T].

Theorem 4.1 will be established by a series of energy estimates, elliptic estimates, and com-
parison results and its final proof will be given at the end of this section. We start with the
time differentiated version of problem (1.32).
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4.1. Energy evolution for temporal derivatives in geometric form. We will employ the
form of the equations (1.32) primarily for estimating the temporal derivatives of the solutions.

Applying the temporal differential operator 8/ for j = 0,...,2N to (1.32), we find that

(0,(0q) + div a(p0fu) = F19 in 0
(P+ g+ 03p0)D:(D]u) + PV AR (p)D]q) — divaSa(du) = F*7  inQ
0(0fn) = Oju-N + F* on -
(P'(p)0]al = Sa@]w)N = prgdln N — 0 AN + FE on B4 (4.6)
P'(p)d]al — Sa(@fw)| N = [7] g9n-N + 0~ A (00 )N = F on 3
3tjuﬂ =0 on ¥_
Hu_ =0 on Xy,
where
FY =l F' = " Clof Awor(pd]w), (4.7)
0<e<j
FY = 0JF2 + 3 O { nAndn(0f Aun ]~ Ois) + n0f A ]~ O (A O
0<t<j

+ (/3 + 1) Ak (0f A0 Or) + (/3 + 1) 0 A~ O (A Oy
— POt A i (W (9)0 " q) — O (a + 03p0)01(8] ")} (4.8)

FY =0]lF}, + Y ! { (140 (NG AR O Oy + pg OF(NLAR) & s
0<l<j (4.9)
(1 = 240430 (NLAW)D] ™ O + DN (prgms = P'(p)a — oDy |

—F =-0lF} + Y Cf {3f(/\/lv4ik)ag_é [udkur] + Of (NiAR) D" [1ndgus]

0<t<j
O (NiAw)O] " [ = 20/3)0pud] + OINGD] ([l gn- — [P'(P)a] + o~ Aun-) |
4.10)
for i =1,2,3, and '
FY = 3" N - 0] u. (4.11)
0<t<j
In the above, F', F? and F*? are defined by
F' = 02pK00:0 + K0;003q — div 4((q + 03p0)u), (4.12)
F?2 = —(p+q+ 0300)(—K8,005u + u -V qu) — VAR — g(q + 93p0)V 40, (4.13)
F} = RN — oy diva((1+ [Vane )72 = 1)V N, (4.14)
and
—F3 = —[RIN + o_ diva (1 + |Van_|?) "2 = D)V )N (4.15)

We present the estimates of these nonlinear terms F17, F2J F3J and F*J in the following
lemma.

Lemma 4.2. For each 0 < j < 2N, we have
1ES g+ 1727 o + 1F27 g + [P 1lg S 8 (DS + E3w) - (4.16)

Proof. The estimate is restated from Lemma 3.8 of [11]. Note that the appearance of (E9y)? in
the estimate is due to the lack of ||qHZN and ”UHZN—l/z in the definition (4.2) of DJy; we use

EQON to control them here. O

We now estimate the energy evolution of the pure temporal derivatives.
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Proposition 4.3. It holds that
2N . 2 A 2 . 2 A 2 t2N
> (Jotaw], + forueo ], + formew]l, + o [wome]}) + 75 o] o
= 0 0 0 0 0= 1

< E84(0 / VET (D3 + E5n) ds + / |2 ds. (4.17)

Proof. We take the dot product of the second equation of (4.6) with J 81{ u and integrate by
parts over the domain 2; using the other conditions in (4.6) and some easy geometric identities
involving J, A, and N, as in Proposition 3.1 of [11], we obtain the following energy identity:

1d o2 2
33 (/(p+q+83p9 ’W ‘ +7'(p ‘Wq‘ / plg(d?m’ +/0’V*8ﬁn(>
b
+/ ‘ID) yu’ +uJ‘d1vA8]u‘
. 2 , 4 , :
_Q/at(J(p+q+agp9))’agu] +h'(p)atJ]agq] +/ J(W (5)8)qF Y + 8ju - F29)
Q Q
i [ ou-r s [ ool P - [ onoimFY + [ [p)goln N 0fu. (118)
b Sy b i
First, we may argue as in Proposition 4.3 of [7], utilizing Lemma A.3, to estimate
2 2
/QgJ]D&agu‘ T divagu‘ — O\/E DIy, (4.19)

We then estimate the right hand side of (4.18) for 0 < j < 2N. For the first two terms, we may
bound as usual ||0;J]| ;00 S \/E9y and [|0(J(p+ g+ 03p0))] 0o S \/ESy to have

_ 2 flomi 12
d1V,48iu‘ > 5‘]1)) 8fu) +u
Q

% /Q O (J(p+q+ 93p0)) (aguf + 1/ (p)0] \agq\
< v (ol ) < v )
By Lemma 4.2, we may bound the F'J and F?J terms as
[ 0 atars + ot 720 5 et 1 ] 2

< Ve /€8y (D5 + E5y). (4.21)

For the F3J and F*J terms, by Lemma 4.2 and trace theory, we have

/—85u.F3’7+/ ﬂlgafn+Fi’j_/0A*(3fn)F4’j
5 >

P

799+ ([ofne |, + = |]a-2n] ) 171,

< et

HO 2)|

< (ot + ot |, + [ a-in]) s i+ £50)

S VD3 + 5§N\/ v (D3y +E5y)- (4.22)

For the last term, by the trace theorem and Cauchy’s inequality, we have

[ Whgoin-n-ofu s |oin- | ot
pY

Hag'qu (4.23)

HO(xz_ ) ™

for any € > 0.
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Consequently, employing Korn’s inequality from Proposition A.4 in (4.19) together with the
estimates (4.20)—(4.23), taking ¢ sufficiently small, and integrating (4.18) from 0 to ¢, we deduce
that

Jetact |, + et + ot o+ o[ 5-atmo+ [ oia] as

. . (4.24)
SO+ [V (Dg + &) ds+ [ Jobn-| s
Now taking j = 0 in (4.24), we have
t
Hq(t)\|3+Hu(t>H§+H77+(t)H§+<f\V*n(t)H?Hr/ lull§ ds
0 (4.25)

t t
< £50(0) + /0 VT (DY + E3y) ds + /0 |12 ds.

For j = 1,...,2N, the kinematic boundary condition, trace theory and the estimates (4.16)
show that

C2 - 2 9 2
i< oo g P S ot enon e

Plugging (4.26) into (4.24), by using /&9y < 1, we obtain

R o e e ey A

. co (4.27)
SENO0)+ [ VT Dy -+ &) ds+ [ o] s
0 0
Hence, by chaining together (4.25) and (4.27), we get (4.17). O

We remark that the energy identity in Proposition 3.1 of [11] is slightly different from (4.18).
Unlike in Proposition 3.1 of [11], we do not employ the kinematic boundary condition in treating
the last term in (4.18) because [p] > 0; if we did this, it would involve a negative term,
—[p] g lIn- ||3, in the energy. As a result, for 0_ < o, the energy becomes non-positive definite,
which is the cause of the instability.

4.2. Energy evolution for horizontal space-time derivatives in linear form. We now
estimate the energy evolution of the mixed horizontal space-time derivatives. It turns out to be
convenient to rewrite the system (1.32) in a linear form such that the coefficients get fixed and
that the elliptic regularity is readily adapted in later sections. The PDEs (1.32) can be also
rewritten for (q,u,n) as

Ovq + div(pu) = G1 in Q

poyu + pV (B (p)q) — divS(u) = G? in

om =uz + G* on X

(P'(p)al —S(u))es = (prgn+ — 0+ Au)es + G5 on By (4.28)
[P'(p)al — S(w)] es = ([Pl gn + 0 AunJes — G2 on 5

[u] =0 on ¥ _

u_ =20 on Xy,

where we have written the function G! = GV + G2 for
G = K0,005q — wj AjpOgq, (4.29)
G = 93pK00,0 — qAuOkur — Ap0r(93p0u;) — (A — i) O (pur), (4.30)
the vector G2 for
G} = — (q+ 93p0)0pu; + (p + q + 03p0) (K 9,005u; — wp Ay Opu;)
+ 1Ak A Omui + (A At — S1k01m ) O i
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+ (/3 + 1) Aik O A Oy + (10/3 + 1) (Ai Al — 8ikO1im) O i
— p(Ay — 8:)0i (R (p)q) — AudR — g(q + 03p0).A;,0,0 (4.31)
for i = 1,2, 3, the vector Gi = Gi’_’l + O'+Gi’_’2 for
Gy =t (Audrug + AO) (Ni — Oks) + i (A — 00)Oyus + pu(Asy — 531)Oyu;
+ (1 = 2p4/3) A Oy (N — 0i3) + (1 — 2414 /3) (A — Our) Ok widis
+ p1gn+(Ni — di3) — RNi + P'(p)q(di3 — Ny) (4.32)

and
G2 = =D (N = 8ia) = dive (L4 [Vans )77 = DV )A; (4.33)

for i = 1,2,3, and the vector G3 = G*' + 0_G*? for
—GL =(Ai [n0nue] + Aw [p0m])(Ni — Ors) + (Ag — 83) [pdyus] — (Asy — d51) [10hus]
+ A [(0" = 20/3)0kwr]] (NG = 6i3) + (A — 0we) [(1 — 20/3) O] b3

+ [p) gn-(Ni = bi3) — [RINi + [P'(p)d] (di3 — Ni) (4.34)
and
G2 = Ao (N; = 833) + divi (1 + |V [1) 72 = Vi A (4.35)
for i = 1,2, 3, and the function G* for
G* = —u101m — u0an. (4.36)

We now present the estimates of these nonlinear terms G', G?, G® and G*. Recall the
notation V for space-time derivatives in (1.40).

Lemma 4.4. It holds that
982G+ [T 2GR 4 T2y + 9GS e + Fan) . (43)
and
[F5tGH 2 4 [ 20,60 2+ [T G2 4 [0

S4AN —1 ~3]|2 S4AN —1 ~4||2 SAN -2 5 ~4|2 2 ||[xTAN 4|2
VTG + VTG + (VETPRGH y + o VG
< En (DS + E3n + Fan) - (4.38)
Proof. The estimates are restated from Lemma 3.3 of [11]. The reason for the appearance of
(E9y)? is the same as in Lemma 4.2. O

Next we present some variants of these estimates involving integrals of certain products. First
we consider products with derivatives of G*.

Lemma 4.5. Let o € N2 such that || = 4N. Then

/ 0o G* < \/En (D + E9y) + ) DINESNFan (4.39)
)
and
/ AN G| < \JENDIN DIy + \/ Doy Edy Fon. (4.40)
b
Proof. The estimates are restated from Lemma 3.5 of [11]. O

Next we consider products with derivatives of G

Lemma 4.6. Let a € N3 such that |a| = 4N. Then
/ h/(/—))aaqaaal,l
Q

Proof. The estimate is restated from Lemma 3.6 of [11]. O

< /DSy + EDy\ /€Dy (DY + EDy + Fan). (4.41)

We also consider a similar estimate involving weights and derivatives of G11.
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Lemma 4.7. Let a € N'*3 with |a| < 4N and ag < 2N — 1. Then

4“/3+Ml (= « (1./(=\ 1,1
[ (1+ 5 ot o (16t

S \/DgN + &\ v (Doy + &3y + Fan).
(4.42)

Proof. The estimate is restated from Lemma 3.7 of [11]. O
We now estimate the energy evolution of the mixed horizontal space-time derivatives.

Proposition 4.8. It holds that

t
> (1000l + 1o a3+ 100 (01 + o o) + [ 3 ol as

a€eNItH2 QeN1+2

o] <4 lal<aN
ap<2N-1 ap<2N-1
t t
SO+ [ VEBy Dy -+ &5+ Fan) dst [ Il ds (4.43)

Proof. Since the boundaries of 21 are flat we are free to apply time derivatives and horizontal
derivatives to the equations (4.28). Let a € N'*2 such that ag < 2N — 1 and |a| < 4N. We
apply 0% to (4.28) and argue as in Proposition 4.3 to obtain the following energy identity:

1d
s ([ R ploral+ [ mgiornil+ [ o (9.0
H 0aa, |2 I q:.90,,12
—l—/‘ID) O%ul|” + /' |divo“ul
Q2
= / R (p)0%qd“G* + 0%u - 0°G? + / —0% - 9°G3
Q b
+/ plgﬁanJraaGi—/JA*(ﬁan)GO‘G4+/ [p] g0“n—0%us. (4.44)
bt ) $_

We first estimate the G2, G3,G* terms in the right hand side of (4.44). We assume initially
that |a| < 4N — 1. Then by the estimates (4.38) of Lemma 4.4, we have

‘/Qaau L0°G?| < (0%l [|0°G?|, £ @\/5% (DS + ESy + Fan). (4.45)
Similarly, the estimates (4.38) of Lemma 4.4 and trace theory show that
/Eaau 0GR < (10" gorsy |07GE|, S 0%l [|0°G?,
< /Doy (Dgy + €5y + Fan) (4.46)

and

[ moornsor6t = [ oa@noec!| < (0%l + o 18,0l 06!
+

lo

< /Dy T Egy\ /€5y (Dgy + Gy + Fan). (447)

Now we assume that || = 4N. We first estimate the G2, G terms. Since ap < 2N — 1, 9¢

involves at least two spatial derivatives, and so we may write a = 8 + (a — ) for some 3 € N2

with |5] = 1. We then integrate by parts and use the estimates (4.38) of Lemma 4.4 to see that

/ 0w - 9°G? / 0Py - 0*PG?
Q Q

<]

o7l Jor-re?,

< loully [T G2, S V/DEy 5y (D3 + 8y + Fon)- (4.48)
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Arguing similarly and using trace theory, we also find that

/ 0% - 9°G3 / 9Py . 9 BG3
> >

5|

N

H-1/2(%) H 1/2

S l0°ully [V G, 1y S /D /€8 (DEy + &5y + Fon).

For the G* term, we split into two cases: op > 1 and o9 = 0. If ag > 1, then 9% involves at
least one temporal derivative, so |097]|5 5 < ||8f‘°77H4N72a0+3/2 < DY,. This together with the
estimates (4.38) of Lemma 4.4 implies

/ p190°“n+0°GY — / oA,(9%n)0°G*
b b))

S VDI + ggN\/ v (DSy + &3y + Fan). (4.49)
If g = 0, we must resort to the special estimates (4.39)—(4.40) of Lemma 4.5 to bound, with a
use of Cauchy’s inequality,

/ p190°n+0°GY — / oA, 0%nd*G*
T4 )

S (||aa77Ho t+o |’8a77||3/2> H(?O‘GA‘HI/Q

S VEN (DSy + &5y + Fan).- (4.50)

We now turn back to estimate the G! term, and we recall that G = GY! + G2, For the
G2 part, it follows directly from the estimates (4.38) of Lemma 4.4 that

/Qh,(ﬁ)aaqaaGl’2 < HaaqHO HaaGl,QHO < «/EgN\/EgN (DgN +5§N + .7:2]\[). (4.51)

Now for the G1'! term we must split to two cases: o > 1 and ag = 0. If ag > 1, then by the
estimates (4.38) of Lemma 4.4, we have

/ W (p)0%qo*GM| < 19%ll, |0°GH|, S w/DgN\/egN (DY + Gy + Fan)- (4.52)
Q
If ag = 0, we must resort to the special estimates (4.41) of Lemma 4.6 to bound
/ W (p)0“qo*G* | < /DIy + 5;N\/ oy (DS + ESy + Fon). (4.53)
Q

Finally, for the last term in (4.44), by the trace theorem and Cauchy’s inequality, since
ap < 2N —1 and |o| < 4N, we have

[ 1hs0n- 0 S 1% s 10l

< Ce ”850777”?11\[—2@0—1/2 +e )| 0%ulf; (4.54)

for any € > 0.
In light of (4.45)—-(4.54), we may now integrate (4.44) from 0 to ¢, apply Korn’s inequality,
choose ¢ sufficiently small, and use Cauchy’s inequality to find that

t
10%4() 15 + 10%u(®) g + 180+ (D)5 + o [V-0n() g + /O 10%ull} ds

t t
< En(0) + /0 VET D3y + E5n + Fon)ds + /0 1000 1P —gag_1jo ds. (4.55)

Now for ag = 0, summing (4.55) over such « gives

t
> (107al + 107l + [0 ne ()1 + o [9.0%n03) + [ 3 forul? ds

la|<4N 0 Jaj<anN
ap=0 ap=0

t t
< En(0) + /0 VED (D3 + E5n + Fox) ds + /0 17 12— o ds. (4.56)



COMPRESSIBLE VISCOUS SURFACE-INTERNAL WAVES 25

For ap = j with 1 < j < 2N — 1, the kinematic boundary condition, trace theory, and the
estimates (4.38) imply that

n Haj‘1G4H2
t .
AN—2j-1/2

. 2
(67 2 .7_1
”at 77—H4N—2a0—1/2 < at Ug‘ HAN=2j-1/2(5_)

. . 2 . 2
< Viuv—w—lag—lu” +H5g—1G4H (4.57)
1 AN—2(j—1)—5/2

A . 2
< ViN_Q(]_l)_gag_lqu + &5 (Do + E9n + Fan) -

Plugging (4.57) into (4.55), we obtain

S (1%l + 1ol + [ 01 + o 19000 + [ 3 Jorul ds
|a|<4N o <4N
a0=j ao=j
< & (0 / VES (DS + ESy + Fan) ds+/ HV“N 20-1)=39-1 H ds  (4.58)
since /&£y < 1. Consequently, chaining (4.58) and (4.56) together leads us to (4.43). O

4.3. Energy evolution for n in transport equation. Note that the energy estimates of 7_
are still missing in the energy evolutions presented in Sections 4.1-4.2. We thus need to derive
the estimates for 7_, and this can be done by revisiting the kinematic boundary condition,
which is a transport equation for 7:

on+u-Vinp=u3z in X, (4.59)
where u - Vin = u101n + uzdon.

Proposition 4.9. For any € > 0, there exists a constant C. > 0 such that

ZH@jn H4N 2j S &n (0 / \/‘c’T (D3 + EIn + Fon) ds

t
e / &5y ds + C. / 194V u||? ds (4.60)
0 0
and
t t t
Fon(t) g]ng(o)+C/ \/gngQNdS—l-E/ J-"ZNds+C€/ [V4Nu|? ds. (4.61)
0 0 0

Proof. We first prove the estimates (4.60). Recall that we have written 9;n = uz+G*. Applying
0% for o € N'*2 with ]a\ < 4N to this and then taking the inner product with 0“7, we obtain

3 dt Haa 5 = / D°nd%us + / %N G, (4.62)

For the G* term, if ap > 1, then 9% involves at least one temporal derivative, so the estimates
(4.38) of Lemma 4.4 imply

’/Eaanaam < o%nlly oG, < ,/SgN\/SgN (Dgy + ESy + Fan). (4.63)
If g = 0, we use the special estimates (4.39) of Lemma 4.5 to estimate
[ G| £ VR, (D + 5y + Fan). (4.64)
)

On the other hand, trace theory and Cauchy’s inequality allow us to bound

/ 8N us
b

for any € > 0. Then the estimate (4.60) follows.

fe% Q o Q o v 2
So 7)”0 12 U3||H0(2) S VEN o UH1 S e€iy + Ce vaklNqu (4.65)
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To prove (4.61), we define the operator J = /1 — A,. We apply JANFL/2 ¢ (4.59), multiply
the resulting equation by J*N+1/2y) and then integrate over ¥; using the standard commutator
estimate, Sobolev embeddings on ¥, and trace theory, we find that

;jtfzzv ;/U.V*’j4N+1/2n|2+/ (j4N+1/2u3_ [j4N+1/27u} -V*n) j4N+1/277
2 b

— ;/2(811“ +82u2)|‘74NH/277’2+/2 (j4N+1/2u3 B [j4N+1/2’u] 'V*TO j4N+1/2n

S IV ety || 7720+ (HJ4N+1/2u3H

+ |7l 19l ) [

2
S HU||H3(2) H77H4N+1/2 + H~74NUH1 (L4 Inll) ||77||4N+1/2

N

2
SVENTFan + VFon ||V ulf} - (4.66)
Then the estimate (4.61) follows by using Cauchy’s inequality. O

4.4. The evolution of energies controlling J3q. The energy evolutions presented in Sections
4.1-4.3 are not enough to get the full energy estimates by applying the Stokes regularity as in
the incompressible case [18, 19] since we have not controlled divu. Motivated by Matsumura
and Nishida [14], to control divu we introduce the material derivative of ¢ in our coordinates:

Q = dyq — K0y003q + ujAj0kq = 0hg — GM' = — div(pu) + G2 (4.67)
We may then derive the following from (4.28):
03Q + pos(divu) = 93G1? — div(03pu) — d3pOsus,
pOuz + po3 (P (p)q) — plug — (/3 + p')ds(divu) = G3.

By eliminating d33ug from the equations (4.68), we obtain

(4.68)

44)3 + . ) Au)3 + i 1 4)3 +
;‘,/“ag (H(3)Q) + a5 (5)g) = PP pnz Lz MBY Iy 4r 0
(p)p? p p n(p)p?
Au/3 +
— Oyug — M(dw(&%ﬂu) + 03p03u3) + %(311U3 + Opou3 — O31u1 — O30u2).  (4.69)

In the light of (4.67), we can view (4.69) as the evolution equation for 0dsq.
We now present the energy evolution of 0sq.

Proposition 4.10. For 0 < j<2N —1 and 0 < k <4N — 25 — 1, we have

o A B 2
S v Ear ol w () |
k' <k

/ Z HV4N 2j— k’—lak"—i-laj h’ H X Z HV4N 2j— k’—lak’-l—la]QH ds
0 gr<k

S EN(O / Haﬁl AN—2j— 1+HV4N“H1+ Z HVM 77 kla]u”k/

+ / VEN (DIy + E9x + Fan) ds. (4.70)
0

Proof. We first fix 0 < j SQN—landthentake()gk§4N—2j—1 and 0 < k' < k. Let
a € N2 so that |af < AN —2j —1-— K. Applying 8“8?8,{ to (4.69), multiplying the resulting
equation by 8a8§,+18§(h’(ﬁ)q) + 80‘8§/+18t](h’(ﬁ)Q), and then integrating over €2, we obtain

I+ I1+IIT=1V, (4.71)
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where
1= [[orakor (M Er 0 (0(7)Q) ) 004 o)), (@72
11— [ oo (M 3)* 1 (7)) ) %0 +10] (1(7)). (@.73)
7= / 90 103 (1 (p)g / 00 1) (W (p)q)0*ak H1al (W(p)Q), (4.74)

W= [ {orof 20w @) + 00k o] (7))}
Q

s (A3 4 i 1, A4u/3
woral ol (MBI g one  Lop BT g b0
p p W(p)p?
4p/3+
H/p a4 (div(9spu) + O3p03us) + 5(511?13 + Oopuz — d31u1 — 8321@)} . (4.75)

We will now estimate I,II,I11,IV. First, using the Cauchy-Schwarz inequality, we may
easily estimate

Ivg{’

ook H 193 (1 (5 H Z]

aaak“—i-laj QH }

S YT O 2
oty 1\1»} aro

For the last term in 11 we recall the definition of Q from (4.67) in order to rewrite
/ 005 0] (1 (p)q)9" 05 1o} (W (5)Q)
Q

— [oeai <h’<ﬁ>q>8aa§’“6‘£ (W (9)(0rq — G™)
Q

— %% 8068k'+18j(h/ / aaak +laj<h/( ) )8a6§/+18g (h/(ﬁ>G1’1) ) (477)
For I we estimate by expanding with the Leibniz rule:
4 ! 1
s [ S i o ol wiall, T
Q h/( ) kll kl
(4.78)

For I, we have
1z [ B ool 9] (1()0) 0% 0 (7))

—C oo +10f (W(p)a) |, Z\

ook & QH

_Ld sy
T 2dt Jo W(p)p?
P S
_/Qwa ak +18t](h/(p)q)a aéﬁ +18g (h,(p)Gl’l)
*CHaaak+18] h/ H Z Haaaziual{QHO‘ (479)

aaag'“aﬂh’(mq)f
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Combining the estimates (4.76)—(4.79) with (4.71), applying Cauchy’s inequality in order to
8a8§,+18g (h’(ﬁ)q)HO onto the left, and then integrating in time from 0 to ¢,

we arrive at the inequality

forag ot [ |

< & (0 / >
0
4 ' "4 g "+1 g7
/ (1 T W““) 0708 1 0] (1 (p)a)or 8 o] (W ()G
Q

absorb the term ’

ook +1a] (' (5 H +‘

o0k 18] (W (p H

aaag”aJQH ds (4.80)
k<K'
t

_|_/ — ds
0 W (p)

S PN L PRI R L

k’+1
Owing to the Leibniz rule and the properties of p, we may estimate

o #oraief % o

h/ )8k’+1aa QH
<oy a0, + Z Hag’aaanH (4.81)
k//

Combining this with (4.80) and summing over all & with |a| < 4N —2j—1—k’, we deduce that

Hvileijk’flak’—&—laj(h/( 5)q >Hz

/va 2K =19k 97 (1 (5 H +HV4N 2j— k/_lamajg“ ds
<o [ 3 e
k//<k/
! 4#/3_{_:“ a gk’ j - a ok’ j =
+/ / <1+h’(ﬁ)52>8 05 0] (W (p)q)0 05 1o} (W (p)GH') | ds
0 jaj<aN—2j—1-& /€
. 2 2
LA R 0 R o IR L T PR
AN—2j AN—2j—1 AN—2j—1 K41

for each 0 < K/ < k.
Finally, we will estimate the nonlinear terms in the right hand side of (4.82). We use the
estimates (4.38) of Lemma 4.4 to estimate, for 0 < j < 2N —1,

loic? . +|eic? < E9n (DS + ESy + Fan) - (4.83)

AN—2j H4N72j71

Then we use Lemma 4.7 to bound

Y e T NV D VIR B IR
/Q (1 + W’“‘) 008 o] (W (p)q) 0“0 T1o! (1 (p)G™Y)

W(p)p?
SVDIy + 5§TN\/ v (D3y + &5y + Fan). (4.84)
Plugging the nonlinear estimates (4.83) and (4.84) into (4.82) then yields that every 0 < k' < k,

HV4N 2j— k’—lak/Jrlaj W (p H

/ Hv4N 2j—k'— 1ak’+laj h’ H +HV4N 2j—k'— 1ak'+1agQH ds

sen+ [ X [T o o] as
0 pr<hs
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t . 2 T
+ /O HﬁiﬂunﬁjiﬁHv;‘N—Qﬂ—kagu BT (DSy + ESy + Fan)ds  (4.85)

k'+1

since /€9y < 1. We recall the notation Q in (4.67). We may use the estimates (4.38) of Lemma
4.4 to obtain the bound

[V Qlly £ [V div(pu)|fg + [ VVCH|fg < [V ull; + 3y (Dy + &5y + Fan) . (4:86)
Then a standard induction argument on (4.85), together with (4.86), yield (4.70). O

Note that the novelty of Proposition 4.10 is twofold. First, it presents the energy estimates
of 03q. Second, it provides the dissipation estimates of 959 and hence 95 div(pu) by (4.67).
These are crucial for improving the horizontal energy and dissipation estimates derived in the
previous section into the full ones in later sections, respectively.

4.5. Combined energy evolution estimates. Now we chain the results in Sections 4.1, 4.2
and 4.4 with the elliptic regularity theory of a certain Stokes problem into an intermediate
energy-dissipation estimate.

We first derive the elliptic estimates. We deduce from (4.28) that

div(pu) = G1? - Q,

3 / 1 4.87
_ %Au - “/p*“v divu+V (1/(p)q) = -G~ . (4.87)
Direct calculations give the form of the Stokes problem we shall use:
1 1 1
—uA < > +V (K(p)g) = =G* — dyu — p <2<93 <> D3u + 033 <> u)
p p /3 , ) p p
H/o+ [ 1,2 _ :
—V |- (G"*=-Q9-0 Q
) T (ﬁ ( Q= dspua) > T uss)
div <;_‘> = (GH? — Q — 203 pus3) in Q
u=1u on 9.

We now prove the Stokes estimates.

Lemma 4.11. Fiz 0 < j <2N — 1. Then for any 1 < k < 4N — 2j,
HV4N 2j— kaj H

2
S [lor* ]

AN—2j—1
Proof. We first fix 0 < j < 2N — 1 and then take 1 < k < 4N —2j. Let a € N2 such that
la| < 4N — 25 — k. We apply 0%} to the equations (4.88) in Q4 respectively; then the elliptic
estimates of Lemma A.6 with r = k' +1 > 2 for any 1 < k¥’ < k and trace theory allow us to

obtain the bounds
p

+HVV4N 2=kl (1 (p) H
k+1 k—1

94 — 2
+ij§N 2j kagQHk+Hv3NuH1+5§N (DS + 5y + Fon) . (4.89)

2 ; 2
+|vorol o),

T R T

sloraree]],  + oo, +\8aaﬁuﬂi
+loroicre] +orore], + |oootn]

s Jorarare|| + oroic?] +[lorert ], + Jorerel] + oot
+Hv’“’a“aﬂuH Vs
S L HafG?Hw_Qj_l Jor il [viraie)
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_ 12
+ [V} + onogul| - (4.90)
A simple induction based on the above yields that
112 1,2 2
Jorial,.., + [voraia, < lloie?].,,,, + i,
k+1 AN—2j AN—-2j—1
+ [o7 H +Hv;*N—2ﬂ—’fagQH + (|4l (4.91)
4N-2j-1 k

Finally, we use the estimates (4.38) of Lemma 4.4 to have

H8JG1 2H + HB,?GQ S En (DIy + E3n + Fan) (4.92)

4N—2j H4N—2j—1

We then sum (4.91) over such |a| < 4N — 2j — k to conclude (4.89). O

We will now combine the energy evolution estimates of Sections 4.1-4.2 with the d3q estimate
of Section 4.4 and the estimates of Lemma 4.11. The full dissipation estimates of u will be
obtained, and also some estimates of ¢ will be improved along the way. To do so, we first
introduce some notation. We write

€N = HV4NUHO + Hv4NqH0 + Z Haj77+H4N 2j * UZ HV 6g77H4N 2j (4.93)

and
Doy = || VNul[? (4.94)

for the various terms appearing in Propositions 4.3 and 4.8. Similarly, for integers 0 < j < 2N -1
and 0 < k < 4N — 25 — 1 we write

k
g = S [l ol )| (495)

and
%32]’; ._Z HV4N 2j— k’—lak’Jrla] (W (p H + Z HVV4N 2K a1 (W (p)q )H2
k./_

k
+ \\?3NQ\\§ +y HV&N—%—""*@?
k=0

k'—1

(4.96)

where Q is defined in (4.67). In addition, we introduce the following intermediate energies:

) 2 2N oN 2N o
5y = || Vs “Ho + Z Hat]qH4N—2j + Z HagnJrH4N—2j + JZ )‘V*afn)‘4N_2j (4.97)
=0 =0 =0
and
2N 2 n—1 ' 9
D = 3[4 [veto@al,, ., . s
SR LL IS B \L LG N (1.95)

The rest of the section is devoted to the derivation of the energy bounds for 5 gy and Doy based
on the evolution equations for €5y, Dan, A JI{}, B ]]f,

Proposition 4.12. Let £y and Day be as defined by (4.97) and (4.98). Then we have

&y () / Dands < E5x(0) + /0 VE (D3 + E5y + Fox) ds + /0 121 jp ds. (4.99)
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Proof. First, we sum the result of Proposition 4.3 with the result of Proposition 4.8; this yields
the estimate

/@2Nd5<52N / VEN (D3n + &3y + Fan) d5+/ In—13n— 1/2ds, (4.100)

where €7, and Doy are as defined in (4.93) and (4.94).
Next, for 0 < j <2N—-1and 0 < kK < 4N —2j—1, we may combine the results of Proposition
4.10 and Lemma 4.11 (summed over 1 < k’ < k) with (4.86) to see that

s (s senos [ ol o 5[ oral

+ / Don + VE9N (Dyn + E9y + Fan) ds, (4.101)
0

where Q[j’]]f, and ’Bj’]]f, are given in (4.95) and (4.96). Note that Lemma 4.11 used here is to

2
control the term HV4N 2= Qg u ‘k in the right hand side of (4.70). If we write
'+1
, AN AN—2j—k—1
55 1= [V QIly + || 722 aﬂngH (4.102)
then we have
Sk <[Vl + Z oo top o] < mit. (4103

In turn, we have

m;’;’;Jr/Otﬁ kds < £23(0 /Haﬂ“ . ZHV‘W 24 k'ﬁjQH ds

+ / Don + VESy (Do + EFy + Fan) ds. (4.104)
0
A standard induction argument on the above yields

AN— 2; 1 t4N 2j—1

A / Eds < E5y(0 / Haj“ ]4N . 1+HV4N QJaJQH ds

+/ Don + /&0y (D + ESy + Fan) ds

<52N / HaJ'H H4N . 1+®2N+\/7 D2N+52N+f2N)d, (4'105)
J—

where we have used (4.86) to derive the second inequality.
Note now, using the definition of ,62 v that

4N—2j—1

4N J gk
V4N Q2 + Hc’) QH4N g > o (4.106)
k=0
Using Lemma 4.11 with £k = 4N — 275, we then have that

+|vai @)

U
AN—2j—1

|
H AN-2j+1
4AN-2j—1

2
Z H +Ha]+l H4N Do + Ey (i + Efy + Fan). (4.107)
o
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Hence (4.105) implies
AN—-2j—1

S wihe [ (Joil] . eI, ) o
k=0

~ €0 / Haﬁl H4N 2j—1 +Don + VEy (DSy + &5y + Fan) ds,

for all 0 < j < 2N — 1. A standard induction argument on the above yields
—14N-2j-1

g >, wdh+ A Z (H e A, Y

§5§N(0)+/0 Don +ESy (Dyn + E9n + Fan) ds.

Consequently, a suitable linear combination of (4.100) and (4.109) gives
2N—14N— 2] 1

gN(t)+ Z 2N+/ DQNdS

§=0

< &N (0 / VEN (D3y + &N + Fan) d3+/ [ 1/2 ds-

Note that
2N-14N-2j-1 IN—14N—-2j—1
SR T T S o L L
j=0 = j=0 k=0 k/=

—14N-2j—-1

Z >, [vrraaeon, = ZHW’%’ 2

Since

. 1 _— o
004 = 355 [ 50 (I (p)a) — 05(h (p))aiq]-
and h'(p) is smooth on [—b, 0] and [0,

2
Joudta],

~ ’

and Similarly

Josor

2 2 .12 .
<t + ol <2+ ]+

i—1

_ .12
S Z+ (Vg0 + ||sddal,

fori=1,...,4N — 2j — 1. A standard induction argument then yields
s AN—2j5—1 o ,
03044 < |sdia| < 2+ 7314y
H 3Oy 9y 1 = ZZ; 0|, > 2 IV allo

On the other hand,

ot o, = 192l + st

so summing (4.115) and (4.116) yields

2N 9 9
= 4N
jz(:) H(?gq”zw—m SE+ HV* qHO'

We then deduce (4.99) from (4.110) and (4.117).

AN — 2]1

1 (p)
¢] and bounded below from zero, we may estimate

< |asdiw o) +||oia| < 2 + |oid|) < 2+ 1945}

(4.108)

(4.109)

(4.110)

(4.111)

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)
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4.6. Full energy estimates. In this section, we will derive our ultimate energy estimates.
First, we combine the results in Sections 4.3 and 4.5. We define

£y =&y + Z HQ?UHLIN 2j (4.118)

Then a linear combination of the estimates (4.99) of Proposition 4.12 and the estimates (4.60)—
(4.61) of Proposition 4.9 gives

E9n (1) + Fan (1) /D2Nd5 <C:E3N(0) + Fan (0 +C/\/€" (D3 + &N + Fan) ds

t
+e [ &+ vy ds . Uy pds  (4119)
0 0

for any € > 0 and a corresponding constant C; > 0. B
Next, we show that £7y is comparable to £5y; and that DJy; is comparable to Da. We begin
with the result for the energy.

Proposition 4.13. Let £5 and £y be as defined in (4.1) and (4.118) respectively. It holds
that

SZN 82N+82N (EQN_'_-FQN) (4120)
Proof. We compactly write

Ko = [P} [0 262 4 [N 4 N

112 (4.121)

We first estimate 8? u for j =0,...,2N — 1. The key is to use the elliptic regularity theory
of the following two-phase Lamé system derived from (4.28):

—pAu — (/3 + p)Vdivu = G? — pdyu — pV (K (p)g) in Q

—S(u)es = (=P'(p)g + prgn+ — o4 Auny)es + G5 on X4

—[S(w)]es = ([P'(p)a] + [Pl gn- + o-Aun-)es =G> on B (4.122)
[u] =0 on X_

u_ =0 on Xp.

Welet j =0,...,2N —1 and then apply 6{ to the problem (4.122) and use the elliptic estimates
of Lemma A.5 with r = 4N — 25 > 2, by (4.121) and the trace theory to obtain

. 2
(G2 Y Lo AR A NS 7 N )
AN-2j AN—-25-2 AN-2j-2 AN-2j—1 HAN=2j-3/2(%))
)
+H th4N 2j—3/2 H th4N 2j+1/2+H 7 llaN—2j-3/2
. 2 -
< |loit H 9\ + Xan. 4123
~ H ¢ 4N—2(j+1)+ 2v F N ( )
Using a simple induction based on the estimate (4.123), utilizing the H@?N UH?) estimate contained
in ng for the base case, we easily deduce that for j =0,...,2N,

& H S8+ Xav. 4124
il 5 v 2 a2

We then estimate a{q and 8{77 forj =1,...,2N to get an improvement. By the first equation
of (4.28), using the estimates (4.124) and (4.121), we have that for j =1,...,2N,

L2 Lt R Lt

AN—2j+2 AN—2j+1

- H@J UH + H@J IGIH < S Ey + Xan. (4.125)

AN—2(j—1) AN=2(j—1)—
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Now by the kinematic boundary condition

om =u3 +G* on 3, (4.126)
we have that for j =1,...,2N, by the trace theory, (4.124) and (4.121),
ML 12 1l
[ IS L B PSS (ol I
AN—-25+3/2 HAN=2j+3/2(%) AN—-2j+3/2
, 2 ,
s [o || SEn + ow. (412
~ Hat “ AN—2(j—1) t AN-2(j-1)-1/2 " &N+ Aan (4.127)

Summing the estimates (4.124), (4.125) and (4.127), we conclude that

ESn S ESn + Xan. (4.128)
Using the estimate (4.37) of Lemma 4.4 to bound Yoy S &y (€N + Fan), we then obtain
(4.120) from (4.128). O

Next we consider a similar result for the dissipation.

Proposition 4.14. Let DSy and Doy be as defined in (4.2) and (4.98) respectively. It holds
that

DSy < Doy + ESy (Dsy + E5y + Fan) - (4.129)
Proof. We compactly write

= AN— 2 = AN— 2 — AN— 2

Yoy = [FNIG [+ [P 20+ [T s
SAN—1 ~4]||2 SAN—-2 5 ~4||2 2 ||\ 4N 4|2 '
+ VTG + [V TPAGH y + 0 VNG

We now estimate the remaining parts of Dyy not contained in Dgy. We divide the proof into
several steps.

Step 1 — 9/ q estimates

We first notice that by the first equation of (4.28),

2 2 2 A
18eallin—1 < lullin + |G [1y_1 S Don + Von, (4.131)

and for 2 < j <2N +1,

2 2 2

|04 < [lo ] +ore|
AN—-2j+2 AN—2j+3 4AN—2j+2
. 2 ) -
= H&f_luH ; H ! 1” . S Don + Von. (4.132)
AN—-25+43 AN —2j+2

Step 2 — 87? 7 estimates
We now derive estimates for time derivatives of 1. For the term 8/n for j > 2 we use the
kinematic boundary condition

om=u3+G*on X, (4.133)
Indeed, for j =2,...,2N + 1 trace theory and (4.130) imply that
2 2 1l
|ofa] S L S LS
AN—-2j+5/2 HAN=2j+5/2(%) AN—2j+5/2
, 2 :

< ot H H J! 4” <D . (4134
~ H (R e ! aN—2(-1yp12 > TN Vo )

For the term 0;n, we again use (4.133), trace theory, and (4.130) to find
2 2
o 0nllins1ye + 10nllin 12 S 1+ 02) luslFavsre gy + 02 16 12 T 11G w12

< ||U||421N+1 + Von S Dan + Mon. (4.135)

Step 3 — V.n estimates
In this step we use instead the dynamic boundary condition

—o Ay + prgny = PL(p1)gy — 204 03uz 4 — ply divuy — G5 on By (4.136)
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and
—o_A— = —[P(p)q] + 2 [pdsus] + [ divu] — G3 + [p] gn— on X_. (4.137)

Notice that at this point we do not have any bound of ¢ on the boundary ¥, but we have
bounded V(h/(p)q) in Q. As such, we first apply V., to (4.136) and (4.137) and then we employ
the standard elliptic theory. This, trace theory, and (4.130) then provide the estimate

2 2
o ||V*77H4N+1/2 + [Vantllin_s 2

< HV h/ HH4N 3/2( )+ HV VUHH“N 3/2(%) + HV G3H4N 3/2+ HV*n H4N 3/2
< HV h/ H4N 1 + HUH4N+1 + HG3H4N 1/2 + ||TI ||4N 1/2
S Doy + Von + H777||4N_1/2 : (4.138)

Consequently, summing the estimates (4.131), (4.132), (4.134), (4.135) and (4.138), we con-
clude

DIy < Dan + Von + |-l — 1/2 - (4.139)
Using the estimate (4.38) of Lemma 4.4 to bound Yoy < Ey (E9y + Fan), we then obtain
(4.129) from (4.139). O

Finally we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. By the estimates (4.120) of Proposition 4.13 and the estimates (4.129)
of Proposition 4.14, we can improve the inequality (4.119) to be

En (1) + Fan (1) /Dsz3<052N()+f2N +C/\/€TD2N+82N+}'2N)d

t
ve [+ Faas O [ I Viyods. (4100)
0 0
Sobolev interpolation on ¥ allows us to bound
Ce - 12 < € lIn- 1y + C In-13 < €5 + Ce 113 (4.141)
We can thus refine the inequality (4.119) to be (4.5). O

5. NONLINEAR INSTABILITY

5.1. Restated estimates. In the following, we take A\ = A defined by (2.34) when o_ > 0,
while we take A = A, defined by (2.35) when o_ = 0. In each case, we have that % <A< A
We define the norm |||, appearing in Theorem 1.2 by

(g, w, Moo := v/ESn + Fon (5.1)

for an integer N > 3, where £, and Fon are given by (4.1) and (4.3). For notational conve-
nience, we denote

U := (¢, u,m). (5.2)
We now restate the main results of the previous Sections in our new notation.
Proposition 5.1. Let the norm |-||o, be given by (5.1). Then we have the following.
(1) There is a growing mode U* := (q*,u*,n*) satisfying HniHO =1, |[U"]yo = C1 < o0,
and eMU* is the solution to (2.1).
(2) Suppose that U(t) is the solution to (4.28). There exists a small constant § such that if

NU(#)lgo < 0 for all t € [0,T), then there exists Cs > 0 so that the following inequality
holds fort € [0,T):

@I, < Cs VO, + /mvmmm

+%AMW$&%+%AHW@%%- (5.3)
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(3) There ezists Cy > 0 so that

t
In-(t) = ee*n [lo < Cae™ JU(0) — eU* gy + 02/0 1T (s)li5o ds

t
+ C'z\/ / A=) U ()llgo U (5) — ceXU*[log ds. (5:4)
0

Proof. Statement 1 follows from Theorem 2.7. Statement 2 follows from the estimates (4.5)
of Theorem 4.1 by taking ¢ = A/2 and then taking § sufficiently small to absorb the term
E9nDg on the right hand side by the dissipation.
We now prove Statement 3 by using Theorem 3.3. We observe that U(t) — teMU* solve the
problem (3.1) with initial data U(0) — (U* and the force terms G* given by (4.29)—(4.36). Then
Statement 3 follows from (3.20) by noticing that

Ea = |G|} + 19625 + 1o + 165 < 1UHgo - (5:5)
We thus conclude the proposition. O

5.2. Local well-posedness. Thus far we have not elaborated on the local well-posedness the-
ory for our problem that we developed in our companion paper [10]. In the result we will refer
to the “necessary compatibility conditions” required for the local well-posedness in our energy
spaces. These are cumbersome to write out explicitly, and we refer to [10] for the explicit
statement.

Theorem 5.2. Suppose that the initial data U(0) satisfies the necessary compatibility condi-
tions. There exist 09, T > 0 so that if

1T (0)llgo < do, (5.6)
then there exists a unique solution U(t) to (4.28) on [0,T) that satisfies the estimate

IU®)lloo S VI+TNUO) oo (5.7)
for allt € [0,T].

Proof. The theorem can be deduced readily from Theorem 2.1 of [10]. Indeed, Theorem 2.1
of [10] is stated in more general form, where we only require ||7o[[;5_1 /o to be small and no
smallness condition is imposed on ug or gg. We record this version of local well-posedness so
that it can be adapted directly in our instability analysis. O

5.3. Data analysis. In order to prove our nonlinear instability result, we want to use the linear
growing mode in Proposition 5.1 to construct small initial data for the nonlinear problem (4.28).
Since we are involved in the higher-order regularity context, we cannot simply set the initial
data for the nonlinear problem to be a small constant times the linear growing modes. The
reason for this is that the initial data for the nonlinear problem must satisfy certain nonlinear
compatibility conditions in order for us to guarantee local existence in the space corresponding
to norm |||y, which the linear growing mode solutions do not satisfy.

To get around this obstacle, we note that the nonlinear problem is slightly perturbed from
the linearized problem and so their compatibility conditions for the small initial data should
be close to each other. We are able to produce a curve of small initial data satisfying the
compatibility conditions for the nonlinear problem which are close to the linear growing modes.

Proposition 5.3. Let U* be the linear growing mode stated in Proposition 5.1. Then there
exists a number tg > 0 and a family of initial data
Uy = U + U (1) (5.8)

for 1 €[0,19) so that the followings hold.
1. U satisfy the nonlinear compatibility conditions required by Theorem 5.2 for a solution to
the nonlinear problem (4.28) to exist in the norm ||| yo-
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2. There exist C3,Cy > 0 independent of v so that

i m <c 5.9
oo, <o o
and

U030 < Cat®. (5.10)
Proof. See the abstract argument before Lemma 5.3 of [9]. O

5.4. Proof of Theorem 1.2. With Propositions 5.1, Theorem 5.2 and Proposition 5.3 in hand,
we can now present the

Proof of Theorem 1.2. Recall the notation (5.2). First, we restrict to 0 < ¢ < ¢ < 6y, where ¢
is as small as in Proposition 5.3 and the value of 6y is sufficiently small to be determined later.
For 0 < ¢ < 19, we let U§ be the initial data given in Proposition 5.3. By further restricting ¢
we may use (5.10) to verify that (5.6) holds, which then allows us to use Theorem 5.2 to find
U*(t), solutions to the system (4.28) with

U'|,—y = U = 1U* + 2T (). (5.11)

Fix 6 > 0 as small as in Proposition 5.1, and let Cs > 0 be the constant appearing in
Proposition 5.1 for this fixed choice of §. We then define 6 = min{é, 52 3¢; 1 Denote

T = sup {s U )]l < 9, for 0 <t < 5} (5.12)

and
T = sup {S : Hnb_(t)HO < 2eM for0<t< s} . (5.13)

With ¢ small enough, (5.10) and (5.7) guarantee that 7" and 7** > 0. Recall that 7" is defined
by (1.35). Then for all t < min{7T*,T*,T7**}, we deduce from the estimate (5.3) of Proposition
5.1, the definitions of T* and T**, and (5.10) that

I @) lI50 < Cs UG5 + / T (s)ll5o ds

+ 0 [ W6y b+ Cs [ )] ds

C5(2L) Zo\Lt)” axt

\ (5.14)
< +505> / U (5) 0 ds + CsCu? + <22

<x [Ny ds + Cr2e
0

for some constant Cs > 0 independent of .. We may view (5.14) as a differential inequality.
Then Gronwall’s lemma implies that

t
UL @)%, < Csi2e2M + ¢ L2e’\t/ e ds
1T llgo < Cs 5 ; (5.15)

< C5L2€2)\t + C5L262)\t = 205L262>\t.

We then deduce from Proposition 5.1 and (5.15) that

In-(8) = 1eXn o < Coc™ |2

6o,

t
+@Auw@mw

t
Cz\/ /O A=) U (s)llgo 1U(5) — ce*sUlgg ds

t
< CQCgBAt 2 -+ Cz/ 205L2 2As + Cy \// eQA(t_5)205L262)‘5(\/ 205L6)‘5 + C1L6)‘5)ds
0

< CeeMi? + Col2e®M + CGL%C%M < 202N + C@L%e%)‘t. (5.16)



38 JUHI JANG, IAN TICE, AND YANJIN WANG

Here we have used the fact that A < 2.
Now we claim that

T = min{T", T*, T**} (5.17)

by fixing 6y small enough, namely, setting

5 11
0, = mi L . 5.18
o= { 2,/2C5 8Cs 1603} (5.18)
Indeed, if T* = min{T"*, T*, T**}, then by (5.15), we have
* L 8 ~
0T lo < VEGrue"” < VBT — /2ot < 3 <5, (5.19)

which contradicts to the definition of T%. If T** = min{T"*,T™*, T**}, then by (5.16) and the
fact that A/2 < A < A, we have that

[ ()l < e[| [l + I (T7) = X g

< 1M H"?tHo + 20622 + CGL%e%)‘t

EES L 1 L (5'20)
<1 (1 + 2050 4 Cgv/1e2*)
< LGAT** (1 + 2Cg0y + Cg/ 90) < 2L€)‘T**,
which contradicts to the definition of 7**. Hence (5.17) must hold, proving the claim.
Now we use (5.16) again to find that
[ (T g = e [0 = In(T") = X 0 o
> 1M = 2052 — C6Lg€%>\t (5.21)
32 0
> 0y — 20602 — Cs02 > 50
This completes the proof of Theorem 1.2. O

APPENDIX A. ANALYTIC TOOLS

A.1. Poisson extensions. We will now define the appropriate Poisson integrals that allow us
to extend 14, defined on the surfaces Y4, to functions defined on 2, with “good” boundedness.

Suppose that ¥4 = T? x {;j}, where T? := (2rLT) x (27 L2T). We define the Poisson integral
in T? x (—o00,7) by

D) — T el ¢ , Al
W= B mnt e (A1)
where for £ € (L;'Z) x (Ly'Z) we have written
fo- [ ) s (A.2)
T2 2 LlLQ

w_»

Here stands for extending downward and “j” stands for extending at x3 = j, etc. It is
well-known that P_ ; : H3(X4) — H*"/2(T2 x (—o0, j)) is a bounded linear operator for s > 0.
However, if restricted to the domain €2, we can have the following improvements.

Lemma A.1. Let P_ ;f be the Poisson integral of a function f that is either in Hq(2+) or
HI7V2(2,) for ¢ € N = {0,1,2,...}, where we have written H*(X,) for the homogeneous
Sobolev space of order s. Then

1P Flly S 1 asszzey and 1Pl 1 oy - (A.3)
Proof. See Lemma A.3 of [7]. O
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We extend 74 to be defined on 2 by
4(2', 23) = Pany (2, 23) 1= P jny (2', 23), for x5 < j. (A4)

Then Lemma A.1 implies in particular that if n, € H*~1/2(X,) for s > 0, then 7, € H*(Q).
Similarly, for ¥_ = T? x {0} we define the Poisson integral in T? x (—o0,0) by

i€z’ .
Pofw) = X e, (A5)

€E(L ' Z)x (Ly ' Z)

It is clear that P_ o has the same regularity properties as P_ ;. This allows us to extend n_ to
be defined on 2_. However, we do not extend 7n_ to the upper domain 2, by the reflection
since this will result in the discontinuity of the partial derivatives in z3 of the extension. For
our purposes, we instead to do the extension through the following. Let 0 < Ao < A\; < --+ <
Am < oo for m € N and define the (m + 1) x (m + 1) Vandermonde matrix V (Ao, A1,..., Am)
by V(X0s AMy--s Am)ij = (=A;)" for 4,5 = 0,...,m. It is well-known that the Vandermonde
matrices are invertible, so we are free to let o = (ap, a1, ..., )’ be the solution to

VA0, Ay ey Am) @ = Gy G = (1,1,..., )T (A.6)
Now we define the specialized Poisson integral in T2 x (0, 00) by

i€’ m .
Piof(x) = > 2;\/7&7[/2 ZO aje” 8T f(g). (A7)

¢e(Ly'Z)x(Ly'2) Jj=

It is easy to check that, due to (A.6), 4P of(2',0) = LP_of(2’,0) for all 0 < [ < m and
hence

0Py of(2',0) = 0*P_of(2',0), YVa € N? with 0 < |a| < m. (A.8)
These facts allow us to extend 7_ to be defined on €2 by

A (1 — / _ J Pron-(a;23), 23>0
1) = P (&) = { RO 2 (A.9)

It is clear now that if n_ € H*~/2(X_) for 0 < s < m, then 7_ € H*(Q). Since we will only
work with s lying in a finite interval, we may assume that m is sufficiently large in (A.6) for
- € H*(Q) for all s in the interval.

A.2. Estimates of Sobolev norms. We will need some estimates of the product of functions
in Sobolev spaces.

Lemma A.2. Let U denote a domain either of the form Q4 or of the form 3.

(1) Let 0 < r < 51 < s be such that s; > n/2. Let f € H*(U), g € H**(U). Then
fge H(U) and

1 9llr S WA zzsr Ngll s - (A.10)

(2) Let 0 < r < s1 < s be such that s2 > r+mn/2. Let f € H**(U), g € H*2(U). Then
fge H(U) and

19l e S NN zrss gl grss - (A.11)

Proof. These results are standard and may be derived, for example, by use of the Fourier
characterization of the H® spaces and extensions. O
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A.3. Coefficient estimates. Here we are concerned with how the size of 1 can control the
“geometric” terms that appear in the equations.

Lemma A.3. There exists a universal 0 < 6 <1 so that if Han/2 < 0, then

1T = 1l oo ) + [ All oo () + 1Bl oo () < %,
I = 2l gy + 1K~ Uy < 5. and (A12)
1K oo () + 1Ml ooy S 1-
Also, the map © defined by (1.18) is a diffeomorphism.
Proof. The estimate (A.12) is guaranteed by Lemma 2.4 of [7]. O
A.4. Korn inequality. Consider the following operators acting on functions u:
Du = Vu + Vu! and D°u = Du — 2divuI’
or in components
20w

Duij = 8@’&]' + 8jui and ]D)Ouij = 8@Uj + @-ui — 73 5”

Note that tr(D%) = 0. As such, the operator DV is referred to as the “deviatoric part of the
symmetric gradient.”

Now we record a version of Korn’s inequality involving only the deviatoric part, DY, that we
will use for layered domains €.

Proposition A.4. There exists a constant C' > 0 so that

2
Jul? < C Dl (A.13)
for all w € HY () with [u] =0 along ¥ and u_ =0 on .
Proof. We refer to Proposition A.8 of [11]. O

A.5. Elliptic estimates. Here we consider the two-phase elliptic problem

—pAu — (/3 + @/ )Vdivu = F?  in Q

—S(uy)es = F3 on Xy

—[S(u)] ez = —F3 on X_ (A.14)
[u] =0 on ¥_

u_ =0 on Xp.

We have the following elliptic regularity result.

Lemma A.5. Letr > 2. If F2 € H"7%(Q), F3 € H"~3/%(X), then the problem (A.14) admits a
unique strong solution w € H"(Q2). Moreover,

lull, < [ £ (A.15)

rea T IF M sz

Proof. We refer to [19, Theorem 3.1] for the case of two-phase Stokes problem, but the proof is
the same here. It follows by making use of the flatness of the boundaries >4 and applying the
standard classical one-phase elliptic theory with Dirichlet boundary condition. O

We let G denote a horizontal periodic slab with its boundary G (not necessarily flat) consist-
ing of two smooth pieces. We shall recall the classical regularity theory for the Stokes problem
with Dirichlet boundary conditions on 0G,
—puAu+Vp=f in G
divu =h in G (A.16)
U= on 0G.

The following records the regularity theory for this problem.
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Lemma A.6. Let r > 2. If f € H'%(G),h € H'"YG),p € H~Y2(dG) be given such that

/ /{)Gw v, (A.17)

then there exists unique u € H"(G),p € H™Y(G) (up to constants) solving (A.16). Moreover,

[ull ey + VDl -2y S I lmr-2c) + 1l r=1) + 1012006 - (A.18)

Proof. See [13]. O
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