THE COMPRESSIBLE VISCOUS SURFACE-INTERNAL WAVE PROBLEM:
STABILITY AND VANISHING SURFACE TENSION LIMIT
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ABSTRACT. This paper concerns the dynamics of two layers of compressible, barotropic, viscous
fluid lying atop one another. The lower fluid is bounded below by a rigid bottom, and the upper
fluid is bounded above by a trivial fluid of constant pressure. This is a free boundary problem:
the interfaces between the fluids and above the upper fluid are free to move. The fluids are
acted on by gravity in the bulk, and at the free interfaces we consider both the case of surface
tension and the case of no surface forces. We establish a sharp nonlinear global-in-time stability
criterion and give the explicit decay rates to the equilibrium. When the upper fluid is heavier
than the lower fluid along the equilibrium interface, we characterize the set of surface tension
values in which the equilibrium is nonlinearly stable. Remarkably, this set is non-empty, i.e.
sufficiently large surface tension can prevent the onset of the Rayleigh-Taylor instability. When
the lower fluid is heavier than the upper fluid, we show that the equilibrium is stable for all
non-negative surface tensions and we establish the zero surface tension limit.

1. INTRODUCTION

1.1. Formulation in Eulerian coordinates. We consider two distinct, immiscible, viscous,
compressible, barotropic fluids evolving in a moving domain Q(t) = Q4 (¢) U Q_(¢) for time
t > 0. One fluid (4), called the “upper fluid”, fills the upper domain

Qp(t) ={y € T> x R | n_(y1,92,t) < yz < L+ 04 (y1,92,1)}, (1.1)
and the other fluid (—), called the “lower fluid”, fills the lower domain
Q- () ={y e T xR | =b < y3 < n-(y1,92, 1)} (1.2)

Here we assume the domains are horizontally periodic by setting T? = (2rL1T) x (2rLoT) for
T = R/Z the usual 1-torus and Lj, Ly > 0 the periodicity lengths. We assume that ¢,6 > 0
are two fixed and given constants, but the two surface functions 7, are free and unknown. The
surface I'y (t) = {ys = £+ 1+ (y1,y2, 1)} is the moving upper boundary of Q. (t) where the upper
fluid is in contact with the atmosphere, I'_(t) = {y3s = n—(y1,92,t)} is the moving internal
interface between the two fluids, and ¥, = {y3 = —b} is the fixed lower boundary of Q_(t).
The two fluids are described by their density and velocity functions, which are given for each
t >0 by pe(-,t) : Qu(t) — R and a4(-,t) : Qu(t) — R3, respectively. In each fluid the
pressure is a function of density: Py = Py (p+) > 0, and the pressure function is assumed to be
smooth, positive, and strictly increasing. For a vector function u € R? we define the symmetric
gradient by (Du);; = Oju; + Oju; for i, j = 1,2,3; its deviatoric (trace-free) part is then

2
D% = Du — 3 divul, (1.3)
where [ is the 3 x 3 identity matrix. The viscous stress tensor in each fluid is then given by
Si(t4) := peDy + gy divaiel, (1.4)

where py is the shear viscosity and p/, is the bulk viscosity; we assume these satisfy the usual
physical conditions
pe >0, ply >0. (1.5)
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The tensor Py(pt)l — Si(u+) is known as the stress tensor. The divergence of a symmetric
tensor M is defined to be the vector with components (divM); = 9;M;;. Note then that

div (Py (5e)] — Sy (iie)) = VPe(pe) — pa Ay — (% n :“;:) V div iy (1.6)

For each ¢t > 0 we require that (p4, a4, n+) satisfy the following equations

Btﬁi + div(ﬁi&i) =0 in Qi(t)

p+(Optiy + Uy - Viy) + VPir(ps) — divSy () = —gpsres in Q4(t)

O+ = U3+ — U1 +0y, Nt — Uz + 0y, N+ on I'y(t)
(P(p+)] =S4 (44))nt = patmny — o1 Hiny on I';.(?) (L.7)
(P )T —Se(an)n_ = (P_(5 )T —S_(i)n_+o H n_ onT_(1)

Ugp = U on I'_(¢)

u_ =0 on Xy.

In the equations —gpies is the gravitational force with the constant g > 0 the acceleration of
gravity and es the vertical unit vector. The constant pgs, > 0 is the atmospheric pressure,
and we take o1 > 0 to be the constant coefficients of surface tension. In this paper, we let
V. denote the horizontal gradient, div, denote the horizontal divergence and A, denote the
horizontal Laplace operator. Then the upward-pointing unit normal of I'y(¢), ny, is given by

V1+ |V*77i|27

and H., twice the mean curvature of the surface I'y(¢), is given by the formula

Mo = div, [ (1.9)

The third equation in (1.7) is called the kinematic boundary condition since it implies that the
free surfaces are advected with the fluids. The boundary equations in (1.7) involving the stress
tensor are called the dynamic boundary conditions. Notice that on I'_(¢), the continuity of
velocity, @4 = %_, means that it is the common value of @+ that advects the interface. For
a more physical description of the equations and the boundary conditions in (1.7), we refer to
[34].

To complete the statement of the problem, we must specify the initial conditions. We suppose
that the initial surfaces I'1(0) are given by the graphs of the functions 74 (0), which yield the
open sets Q4 (0) on which we specify the initial data for the density, p+(0) : Q4(0) — R*, and
the velocity, 7+ (0) : Q4(0) — R3. We will assume that £ 4+ 1, (0) > n_(0) > —b on T?, which
means that at the initial time the boundaries do not intersect with each other.

1.2. Equilibria. We seek a steady-state equilibrium solution to (1.7) with @4 = 0,74 = 0, and
the equilibrium domains given by

QO ={yeT?*xR|0<yz<}and Q_ ={y € T*x R | —b < y3 < 0}. (1.10)
Then (1.7) reduces to an ODE for the equilibrium densities g1 = pi(y3):
d(P.(p
(;?5:30—’—)) = =90+, for Y3 € (07£)7
aP ()
Sl Vi? P f 5,0
s 9p—, or y3 € (=b,0), (1.11)
P+(ﬁ+(€)) = Patm,
P (p+(0)) = P-(p-(0)).

The system (1.11) admits a solution py > 0 if and only if we assume that the equilibrium
heights b, £ > 0, the pressure laws Py, and the atmospheric pressure pgn, satisfy a collection of
admissibility conditions, which we enumerate below.
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First, in order for the third equation in (1.11) to be achievable, we must have that pui, €
P, (R"). This then allows us to uniquely define

p1 = P (patm) > 0. (1.12)
We then introduce the enthalpy function h, : (0,00) — R given by
z P/
hy(z) = / L) g (1.13)
o T

which is smooth, strictly increasing, and positive on (p1,00). The first ODE in (1.11) then
reduces to dhy(p4)/dys = —g, subject to the condition that p4(¢) = p1, and hence

pi(ys) = hi' (b (pr) + g(¢ — y3)) = i (g(€ — y3)). (1.14)
This gives a well-defined, smooth, and decreasing function p, : [0,¢] — [p1,00) if and only if
1 [> P
gl € hy((p1,0)) = 0<l< g/ +r(r)dr. (1.15)
P
The equation (1.14) yields the value of the upper density at the equilibrium internal interface:
5 = 5 (0) = b7 (g0). (1.16)

Then the last equation in (1.11) is achievable if and only if Py (p4(0)) = Py(hi'(g¢)) € P_(R")
and in this case yields the value of the lower density at the equilibrium internal interface:

p~i=p-(0) = PZN(Py(ph)) = P21 (h' (1)) (1.17)
Then we define h_ : (0,00) — R via
z P/
h_(z) = / =) g, (1.18)
[77 T

and solve the ODE for p_(y3) as before to obtain
p—(ys) = h=H(h—(p") — gys) = W=} (—gy3)- (1.19)
This gives a well-defined, smooth, and decreasing function p_ : [—b,0] — [p—, 00) if and only if

1 [>*P
gbe h_((7,00)) & 0<b< g/ T(r)dr. (1.20)
.

For the sake of clarity we now summarize the admissibility conditions that are necessary and
sufficient for the existence of an equilibrium:

(1) patm € P+(RT), which defines p; := P;l(patm).

(2) ¢ satisfies

1 oo Pl

0< (< / 2 g (1.21)
9Jp r

which defines p* := h3'(gf).
(3) ¢ also satisfies Py (hi'(gf)) € P—(R*), which defines p~ := P='(h;!(g¢)).

(4) b satisfies

1 [P

0<b< / ) gy, (1.22)
g Jp- r

As an example, consider the case
Pi(z) = Ki2%* for Ky >0 and oy > 1. (1.23)

Then for any paim, £, b > 0 we may solve to see that

[ (ar=Dfos oo, — 1/(as 1)
P+(y3) = (pl?f) + g(K:a:)(f _ yg)]

: Ko (pr(0)e\ @D/ g 1) 1/(a——1) (1.24)
e <K> * m<‘y3)]
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are the desired solutions to (1.11). Note in particular that in this case the admissibility condi-
tions are satisfied trivially.

Throughout the rest of the paper we will assume that the above admissibility conditions are
satisfied for a fixed ¢,b > 0, which then uniquely determine the equilibrium density pi(ys3). In
turn these fix the equilibrium masses

4 2
472 L1 L
M= [ 5= (L) /O 5 (ys)dys = T 1L2
+

(P4 (h5'(96)) = Patm),
(1.25)
0 2
M= [ 5= (nnaLs) [ e = TP (0 ) — Pa 00)
It is perhaps more natural to specify My, M_ > 0 and then to determine ¢,b > 0 in terms of
M, M_ | pam and the pressure laws by way of (1.25). This can be done under the assumption
that M, M_, pam satisfy certain admissibility conditions similar to those written above for
£, b, patm- For the sake of brevity we will neglect to write these explicitly.

Notice that the equilibrium density can jump across the internal interface. The jump, which
we denote by

[0] == p+(0) = p-(0) =p" = p~, (1.26)

is of fundamental importance in the the analysis of solutions to (1.7) near equilibrium. Indeed,
if [p] > 0 then the upper fluid is heavier than the lower fluid along the equilibrium interface,
and the fluid is susceptible to the well-known Rayleigh-Taylor gravitational instability.

1.3. History and known results. Free boundary problems in fluid mechanics have attracted
much interest in the mathematical community. A thorough survey of the literature would prove
impossible here, so we will primarily mention the work most relevant to our present setting,
namely that related to layers of viscous fluid. We refer to the review of Shibata and Shimizu
[22] for a more proper survey of the literature.

The dynamics of a single layer of viscous incompressible fluid lying above a rigid bottom,
i.e. the incompressible viscous surface wave problem, have attracted the attention of many
mathematicians since the pioneering work of Beale [3]. For the case without surface tension,
Beale [3] proved the local well-posedness in the Sobolev spaces. Hataya [12] obtained the global
existence of small, horizontally periodic solutions with an algebraic decay rate in time. Guo
and Tice [8, 9, 10] developed a two-tier energy method to prove global well-posedness and
decay of this problem. They proved that if the free boundary is horizontally infinite, then the
solution decays to equilibrium at an algebraic rate; on the other hand, if the free boundary is
horizontally periodic, then the solution decays at an almost exponential rate. The proofs were
subsequently refined by the work of Wu [35]. For the case with surface tension, Beale [4] proved
global well-posedness of the problem, while Allain [1] obtained a local existence theorem in two
dimensions using a different method. Bae [2] showed the global solvability in Sobolev spaces via
energy methods. Beale and Nishida [5] showed that the solution obtained in [4] decays in time
with an optimal algebraic decay rate. Nishida, Teramoto and Yoshihara [19] showed the global
existence of periodic solutions with an exponential decay rate in the case of a domain with a
flat fixed lower boundary. Tani [28] and Tani and Tanaka [29] also discussed the solvability
of the problem with or without surface tension by using methods developed by Solonnikov in
[23, 24, 25]. Tan and Wang [26] studied the vanishing surface tension limit of the problem.

There are fewer results on two-phase incompressible problems, i.e. the incompressible viscous
surface-internal wave or internal wave problems. Hataya [11] proved an existence result for a
periodic free interface problem with surface tension, perturbed around Couette flow; he showed
the local existence of small solution for any physical constants, and the existence of exponentially
decaying small solution if the viscosities of the two fluids are sufficiently large and their difference
is small. Priiss and Simonett [20] proved the local well-posedness of a free interface problem
with surface tension in which two layers of viscous fluids fill the whole space and are separated
by a horizontal interface. For two horizontal fluids of finite depth with surface tension, Xu and
Zhang [36] proved the local solvability for general data and global solvability for data near the
equilibrium state using Tani and Tanaka’s method. Wang and Tice [32] and Wang, Tice and
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Kim [33] adapted the two-tier energy methods of [8, 9, 10] to develop the nonlinear Rayleigh-
Taylor instability theory for the problem, proving the existence of a sharp stability criterion
given in terms of the surface tension coefficient, gravity, periodicity lengths, and [p].

The free boundary problems corresponding to a single horizontally periodic layer of com-
pressible viscous fluid with surface tension have been studied by several authors. Jin [15] and
Jin-Padula [16] produced global-in-time solutions using Lagrangian coordinates, and Tanaka
and Tani [27] produced global solutions with temperature dependence. However, to the best of
our knowledge, the problem for two layers of compressible viscous fluids remains open except
for the linear analysis of Guo and Tice [7].

The two-layer problem is important because it allows for the development of the classical
Rayleigh-Taylor instability [21, 30], at least when the equilibrium has a heavier fluid on top
and a lighter one below and there is a downward gravitational force. In this paper we identify
a stability criterion and show that global solutions exist and decay to equilibrium when the
criterion is met. In our companion paper [14] we show that the stability criterion is sharp,
as in the incompressible case [32, 33|, and that the Rayleigh-Taylor instability persists at the
nonlinear level (the linear analysis was developed in [7]).

2. REFORMULATION AND MAIN RESULTS

In this section, we reformulate the system (1.7) by using a special flattening coordinate
transformation and deliver the precise statements of the main results.

2.1. Reformulation in flattened coordinates. The movement of the free surfaces I'y(t)
and the subsequent change of the domains Q4 (¢) create numerous mathematical difficulties. To
circumvent these, we will switch to coordinates in which the boundaries and the domains stay
fixed in time. Since we are interested in the nonlinear stability of the equilibrium state, we
will use the equilibrium domain. We will not use a Lagrangian coordinate transformation, but
rather utilize a special flattening coordinate transformation motivated by Beale [4].

To this end, we define the fixed domain

=0, UQ_ with Qy :={0 < x3 </} and Q_ :={-b < 23 < 0}, (2.1)

for which we have written the coordinates as x € ). We shall write ¥, := {z3 = ¢} for the
upper boundary, ¥ := {x3 = 0} for the internal interface and ¥, := {x3 = —b} for the lower
boundary. Throughout the paper we will write ¥ =¥ UX_. We think of 1 as a function on
Y.+ according to ny : (T2 x {£}) x Rt — R and n_ : (T? x {0}) x Rt — R, respectively. We
will transform the free boundary problem in (¢) to one in the fixed domain © by using the
unknown free surface functions 74. For this we define

71y := Pyny = Poisson extension of 1y into T? x {3 < £} (2.2)

and

fi_ := P_n_ = specialized Poisson extension of n_ into T? x R, (2.3)

where Py are defined by (A.4) and (A.9). Motivated by Beale [4], the Poisson extensions 74
allow us to flatten the coordinate domains via the following special coordinate transformation:

Qs @ (v1, 22,03+ bifly + ban)-) := O(t,z) = (y1,y2,y3) € Q(t), (2.4)
where we have chosen by = by (x3), by = by(x3) to be two smooth functions in R that satisfy
51(0) = 61(—()) = O,Bl(ﬁ) =1 and Eg(f) = Bg(—b) = 0, EQ(O) =1. (2.5)

Note that ©(X4,t) =T, (¢), ©(X_,t) =T_(t) and O(-,¢) |n,= Id |5,.
Note that if n) is sufficiently small (in an appropriate Sobolev space), by Lemma A.1 and usual
Sobolev embeddings, then the mapping © is a diffeomorphism. This allows us to transform the
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problem (1.7) to one in the fixed spatial domain € for each ¢ > 0. In order to write down the
equations in the new coordinate system, we compute

1 0 0 1 0 —AK
ve=[0 1 0 ]andd:=(voe)' =0 1 -BK | . (2.6)
A B J 0 0 K

Here the components in the matrix are
A=00, B=00y0, J=1+0850, K =J"', (2.7)
where we have written
0 := b1, + bofj_. (2.8)

Notice that J = det VO is the Jacobian of the coordinate transformation. It is straightforward
to check that, because of how we have defined 77— and ©, the matrix A is regular across the
interface ¥_.

We now define the density p+ and the velocity ut on Q4 by the compositions pi(z,t) =
p+(O©x(x,t),t) and ug(x,t) = U (Ox(x,t),t). Since the domains Q4 and the boundaries ¥4
are now fixed, we henceforth consolidate notation by writing f to refer to fi except when
necessary to distinguish the two; when we write an equation for f we assume that the equation
holds with the subscripts added on the domains Q1 or .. To write the jump conditions on
Y _, for a quantity f = fi, we define the interfacial jump as

[f1 = frlzs=0y — f-l{zs=0}- (2.9)

Then in the new coordinates, the PDE (1.7) becomes the following system for (p,u,n):

Op — K0005p + div 4(pu) =0 in Q

p(Ou — K090su +u -V q4u) + V4P(p) —divaSa(u) = —gpes in Q

on=u-N on ¥

(P(p)I — Sa(u))N = patmN — oL HN on X, (2.10)
[P(p)I —Sa(u)]JN =0_HN on ¥_

[ul =0 on ¥_

u_ =10 on Xp.

Here we have written the differential operators V 4, div4, and A 4 with their actions given by
(Vaf)i=A;0;f,diva X := A;;0;X;, and Apf :=divaVaf (2.11)

for appropriate f and X. We have also written
N = (=0n, —0an, 1) (2.12)

for the non-unit normal to ¥(¢), and we have written

2
Sa+(u) = ui]D)OAu—l—,u'i divyqul, ]D)?Llu:]D)Au— gdiVAUI,
and (]D)Au)ij = Aikakuj + Ajkﬁkuz (2.13)

Note that if we extend div 4 to act on symmetric tensors in the natural way, then div4S u =
pA qu+ (/34 1)V 4 div 4 u. Recall that A is determined by 7 through (2.6). This means that
all of the differential operators in (2.10) are connected to 1, and hence to the geometry of the
free surfaces.

Remark 2.1. The equilibrium state given by (1.11) corresponds to the static solution (p,u,n) =
(p,0,0) of (2.10).
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2.2. Local well-posedness. As mentioned in the introduction, the purpose of this article
is to establish a sharp nonlinear stability criterion for the equilibrium state (p,0,0) in the
compressible viscous surface-internal wave problem (2.10). Since the equilibrium velocity and
free surfaces are trivial, it suffices to study w and n directly. However, since the equilibrium
density is nontrivial, we must define a perturbation of it. We do so by defining

q:=p—p— 03pb. (2.14)

Note that if we consider the natural density perturbation ¢ = p — p, then the resulting PDE
has a linear term —gpes in the right hand side of the second momentum equation, which is not
convenient for employing elliptic regularity theory; our special density perturbation ¢ defined
by (2.14) eliminates this linear term (see (3.3)). For the sake of brevity, we will not record here
the equations for (g, u,n) obtained from plugging this perturbation into (2.10); they may be
found later in the paper in (3.24).

Before discussing our main results we mention the local well-posedness theory for (2.10),
perturbed around the equilibrium state. The energy space in which local solutions exist is
defined in terms of certain functionals, which are sums of Sobolev norms. We refer to Section
2.5 for details on our notation for Sobolev spaces and norms. For a generic integer n > 3, we
define the energy as

n . 2 s 4
£ = Haﬂ Haﬂ
n ];O tu 2n—2j+1+j§ tn

+ H([p]) min{1, 0, 0- = oc} 05,1 + H(=[2]) [HﬁHgn +min{1,0} nll3,,| (2.15)

and the corresponding dissipation as

2

2 n .
2
Z By
Im—2j +lallz, + ot H td 2m—2j+3/2

2

" o n+1 )
Do Hﬁj H 2 9 2 Haj
n Z U 2n—2j+1 +llallzn + 19alzn— + Z i 2n—2j+2
J=0 o
_ . 2
+ H([p)) min{1, 04,0 = 00,03, (0 =00} 3012

+ H(=[7D) (Inl13,-12 +min{L, 0%} nl3,15/2)

2

n+1
2 2 j
+ H@m!bnfl/z +o? Ham\lanp + Z Hé’in (2.16)
=2

)
2n—2j+5/2

where here H = (9,0 is the Heaviside function. Throughout the paper we will consider both
n=2N and n = N + 2 for the integer N > 3. We also define

Fonv = Inlins1/0- (2.17)

Note that we have included the surface tension coefficient o4 in the definitions (2.15) and (2.16)
so that we will be able to treat the cases with and without surface tension together. Throughout
the paper, we assume that o1 have the same sign: either 0, = o_ = 0 or else 01 > 0. Note
that this assumption excludes the cases of 6 =0, 04 >0 and 6_ >0, o1 = 0.

In order to produce local solutions on [0, 7] for which supg<;<7 £Jy(t) remains bounded, we
must assume that the initial data (qo,uo, 7o) satisfy 2N systems of compatibility conditions (a
system for each time derivative of order 0 to 2N — 1). These are natural for solutions to (2.10)
in our energy space, but they are cumbersome to write. We shall neglect to record them in this
paper and instead refer to our companion paper [13] for their precise enumeration.

Our local existence results for (2.10) is then as follows.

Theorem 2.2. Assume that either o4 = 0 or else o4 > 0. Let N > 3 be an integer. Assume
that the initial data (qo,uo,m0) satisfy |uolliy + llqolliy + ||770||z2LN+1/2 + 0 |[Vamoliy < oo as
well as the compatibility conditions enumerated in [13]. There exist 0 < dp,Tp < 1 so that if
uoll3y + llaollin + H770Hz2LN+1/2 + 0 [|[Vanolliy < 60 and 0 < T < Ty, then there exists a unique
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triple (q,u,mn), achieving the initial data, so that (p = p+ q + 93p0,u,n) solve (2.10). The
solution obeys the estimates

2

dt
(oH1)*

sup E9n(t) + sup Fon(t / DI ( )dt+/ H’O (2N Ly (1)
0<t<T 0<t<T

< (o, T0D) (Il + laollin + ol ayo + 0 [VomoliZy ) (218)
where K (o, [p]) is a constant of the form (2.40).

Theorem 2.2 can be deduced readily from Theorem 2.1 of [13]. Indeed, Theorem 2.1 of [13]
is stated in more general form, where we only require ||7o|[4y_; /2 to be small, and no smallness
condition is imposed on ug or gg. We record the version of local well-posedness in Theorem 2.2
so that it can be employed directly in proving our global well-posedness result.

2.3. Main results. To state our results, we now define some quantities. For a given jump
value in the equilibrium density [[ﬁ]] we first define the critical surface tension value by

= [p] g max{L7, L3}, (2.19)

where we recall that L1, Lo are the perlodlclty lengths. Note that this is the same critical value
identified for the incompressible problem in [32, 33].

For the global well-posedenss theory, we assume further that the initial masses are equal to
the equilibrium masses:

/ ,00,+J0,+:/ P+ and/ Po,—Jo,—Z/ p— (2.20)
Q. Q Q. _

Note that for sufficiently regular solutions to the problem (2.10) (and in particular our global
solutions), the condition (2.20) persists in time, i.e.

/Q+ py(t)J(t) = /Q+ p4 and /Q p_(t)J_(t) :/ p. (2.21)

Indeed, from the first continuity equation and the equations &;n = u - N on ¥ and u_ = 0 on
>, we find, after integrating by parts, that

d .
/ p+J+ = / p+OL 4 + OrpyJy = / P+0:030+ + 001 03p4 + J4 diva, (pruy)
dt Q+ Q+ Q+
(2.22)
:/2 P+(3t77+u+'/\/+)/ p+(Om— —u-N_) =
+ —
and p
— p—J_ = / p—(Om— —u-N_)=0. (2.23)
dt Jo_ 5

The conservation of masses (2.21) plays a key role when [p] > 0, as it allows us to show the
positivity of the energy in the stability regime. Moreover, we are interested in showing 7(t) — 0
and ¢(t) — 0 (and hence p(t) — p) as t — oo in a strong sense; due to the conservation of
(2.21), we cannot expect this unless (2.20) is satisfied at initial time.

We will employ a functional that combines control of the energy functionals given by (2.15),
the dissipation functionals given by (2.16), and the auxiliary energy given by (2.17). We define

f
G () = sup Eu(r Dmm+mwmw%mwwpm”

2.24
0<r<t 0<r<t o<r<t (1+7) (2.24)

We can now state our global well-posedness result for (2.10) with or without surface tension.

Theorem 2.3. Suppose that one of the following three cases holds:
[p] <0,04+=0,0_-=0 (2.25)
[p] < 0,0+ >0,0_ >0 (2.26)
[p] > 0,04 > 0,0_ > o, (2.27)
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where in the last case o, > 0 is defined by (2.19). Let N > 3 be an integer. Assume that the
initial data (qo,uo,n0) satisfy E9y(0) + Fan(0) < 0o as well as the compatibility conditions of
Theorem 2.2 and the mass condition (2.20). Let 69 > 0 be the constant from Theorem 2.2.

There exists a constant 0 < k < §y such that 1/k = K(o,[p]), where K(o,[p]) is a constant
of the form (2.40), such that if £J5(0) + Fan(0) < K, then there exists a unique triple (q,u,n),
achieving the initial data, such that (p = p + q + 03pf,u,n) solve (2.10) on the time interval
[0,00). The solution obeys the estimate

Gon(00) < Ko, [p]) (E35(0) + Fan(0)) - (2.28)
d

With surface tension, i.e. cases (2.26) and (2.27), there exists a constants K (o, [p]), of the
form (2.40), and M (o, [p]), defined by (8.46) and (8.47), so that

3 o — o
sup o0 (o ) S602(0)| £ K DR 00) (2.20)

t>0

Theorem 2.3 is proved later in the paper in Section 9. Before stating our second main result,
some remarks are in order.

Remark 2.4. Without surface tension (case (2.25)), the estimate (2.28) guarantees that

— 2 2 2

igg(l +¢)tN8 lu®lan g T 1a@on1a + InOln | S (E55(0) + Fon(0)) S k. (2.30)
Since N may be taken to be arbitrarily large, this decay result can be regarded as an “almost
exponential” decay rate.

With surface tension (cases (2.26) and (2.27)), the estimate (2.29) implies that

t _
sup [oxp (oo ) (10 + 10Ol + Co I (0B
< K(o, PD(E(O) + Fon(0)) £ K (o, 7w, (231)

where C(o, [p]) = H([p]) min{1,04,0- —oc} +H(—[p]) min{l,04,0_} and H = X(0,c0) is the
usual Heaviside function. This is exponential decay. We then see that one of the main effects
of surface tension is that it induces a faster decay to equilibrium.

Remark 2.5. In our companion paper [14] we show that if the stability criterion is not satis-
fied, then the local solutions are nonlinearly unstable. This establishes sharp nonlinear stability
criteria for the equilibrium state in the compressible viscous surface-internal wave problem. We
summarize these and the rates of decay to equilibrium in the following table.

[A<0 =0 [[>0
nonlinearly stable .
or =0 almost exponential decay locally well-posed | nonlinearly unstable
0<oyt nonlinearly stable nonlinearly stable .
. . nonlinearly unstable
0<o_ <o, exponential decay exponential decay
0<oyt nonhnear'ly stable nonhnear'ly stable locally well-posed
Oc=0_ exponential decay exponential decay
0<oy nonlinearly stable nonlinearly stable nonlinearly stable
o. <o exponential decay exponential decay exponential decay

Remark 2.6. If we introduce the critical density jump value by

IAl, = 0 (2.32)

9= >
gmax{L? L3} —
for a given lower surface tension value o_, then Theorem 2.3 characterizes the stable equilibria
in terms of [p].: the equilibrium is nonlinear stable if [p] < [p].. In particular, this immediately
implies that if [p] < 0, the equilibrium is stable for all surface tension values oy > 0.
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Remark 2.7. Our methods could be readily applied to the internal-wave problem, i.e. the
problem (2.10) posed with a rigid top in place of the upper free surface. In this case Theorem
2.8 again holds, and we identify a nonlinear stability criterion for the compressible viscous
internal-wave problem. This agrees with the linear stability criterion identified in [7].

Remark 2.8. The high reqularity context of Theorem 2.3 is not entirely necessary in the case
with surface tension. Indeed, the theorem shows in this case that the integer N plays no signif-
icant role in determining the decay rate, which is exponential. We believe that we could refine
the analysis in the case with surface tension to match the lower regularity context used in the in-
compressible case [32, 33]. We have chosen to forgo this approach here for two reasons. First, it
allows us to analyze the case with surface tension and the case without simultaneously. Second,
it allows us to establish the vanishing surface tension limit.

In our analysis leading to the proof of Theorem 2.3 we have made a serious effort to track
the dependence of various constants on the surface tension parameters. The upshot of this is
that our estimates are sufficiently strong to allow us to pass to the vanishing surface tension
limit, establishing a sort of continuity between the problems with and without surface tension.
We state this result now.

Theorem 2.9. Let N > 3 be an integer. Suppose that [p] < 0 and oy > 0, and assume that
(q§,uf,ng) satisfy the compatibility conditions of Theorem 2.3 and the mass condition (2.20)
in addition to the bound £y (0) + Fan(0) < k, where k is as in the theorem. Further assume
that o4 — 0 and that

4§ — qo in HN(Q), ug — ug in H¥(Q),
ng — no in HNYY2(S), and /oV.n§ — 0 in H*N () (2.33)

as ox — 0.

Then the following hold.

(1) The triple (qo,uo,mo) satisfy the compatibility conditions of Theorem 2.3 with o+ = 0.

(2) Let (¢7,u”,n) denote the global solutions to (2.10) produced by Theorem 2.3 from the
data (¢, ud,ng). Then as o+ — 0, the triple (¢7,u’,n) converges to (q,u,n), where
the latter triple is the unique solution to (2.10) with o1 = 0 and initial data (qo, uo,Mo)-
The convergence occurs in any space into which the space of triples (q,u,n) obeying
Gy (00) < oo compactly embeds.

2.4. Strategy and plan of the paper. Note that sufficiently regular solutions of (2.10) obey
the physical energy-dissipation law

d pd | 9 / 2
—_— —_— atm 1 *
5 ([ 508 B0+ a0t 2000+ [ pan 71 /1+ 9.0
+/ o_ 1+]V*77|2> +/ gJ|ID)940}2+M'J|diVAU\2dx:O, (2.34)
s Q

where

z

Ri(z) =z / r igs)ds (2.35)
cx

for some choice of ¢ > 0 such that Ry > 0. This energy-dissipation equation is too weak on its

own to even control the Jacobian of our coordinate transformation, and so we must employ a

higher-regularity framework for global-in-time analysis. Our framework is based on the energy

and dissipation functionals obtained from linearizing (2.34) around the equilibrium.

With these functionals in hand, we develop a nonlinear energy method for studying the
problem (2.10). This method is similar to that employed in the incompressible setting [8, 9, 33],
though of course the compressibility adds many new complications. Below we summarize some
of the principal features of our analysis.

Horizontal energy estimates: The basic strategy in any high order energy method is
to apply derivatives to the equations and use the basic energy-dissipation structure to get
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estimates. This is complicated by boundary conditions, which impose restrictions on which
derivatives may be applied; indeed, the differentiated problem must have the same structure
as the original in order to produce the same energy-dissipation estimate. In a moving domain
this is particularly annoying, as the acceptable directions vary not only in space but also in
time. While it’s possible to get around this difficulty in a moving domain (see for example
the work of Bae [2]), the more common approach is to change coordinates into a flattened
(or at the very least unmoving) domain. This is what we have done in (2.10). In the flattened
framework, the admissible derivatives are the temporal and horizontal spatial ones because they
preserve the structure of the boundary conditions. As such, the basic energy estimates can only
control temporal and horizontal derivatives of the solution. Control of vertical derivatives must
be acquired from other methods, namely elliptic estimates and intermediate energy estimates
coming from special structure in the equations.

The trade-off for flattening the coordinate domain is that the operators become far more
complicated and fail to be constant-coefficient. We are then faced with a choice: work directly
with the system (2.10), or rewrite the problem as a perturbation of the corresponding constant-
coefficient problem. The benefit of the latter approach is that the differential operators commute
with all derivatives, making the basic energy estimates cleaner. The downside of this approach
is that the forcing terms are of higher regularity and may be outside of what can be controlled
by the energy method. Unfortunately, this is what occurs for (2.10); estimates of the highest-
order temporal derivatives do not close in the perturbed form because we cannot control the
highest temporal derivatives of u on the internal interface. Because of this, we are forced to
work directly with the “geometric form” (2.10) for some of the energy estimates. Note, though,
that we can use the “perturbed form” for some of the energy estimates, and indeed, this is more
convenient for some.

Energy positivity: Ensuring the positivity of the energy is one of key issues in using an
energy method for global-in-time analysis. In the case of a possible Rayleigh-Taylor instability,
when [p] > 0, the energy appearing in our analysis does not have a definite sign a priori. It
is only by imposing a condition on o_ that we can restore this positivity, and this actually
reveals the stability criterion: it is exactly the threshold at which the energy can be guaranteed
to be definite. Actually proving this positivity amounts to using the sharp Poincaré inequality
on T2. This in turn requires that we control the average of 7. In the incompressible problem
this is trivial since the average is constant in time, but in the compressible case, we must use a
more delicate argument, employing the conservation of mass to control the average with other
controlled terms.

Intermediate energy estimates: To go from control of horizontal derivatives to control
of full derivatives we will employ elliptic estimates. Unfortunately, the horizontal energy and
dissipation do not control everything necessary for such an elliptic estimate, so we are forced to
seek intermediate energy estimates. These come from the special dissipative structure that arises
by taking an appropriate linear combination of the density equation and the third component of
the velocity equation in (2.10). To the best of our knowledge, this structure was first exploited
by Matsumura and Nishida [18]. Using this trick, we get an energy-dissipation equation for
vertical derivatives of the density perturbation and derive estimates. When combined with
the basic horizontal estimates and elliptic regularity estimates for a certain one-phase Stokes
problem, these yield control of intermediate energy and dissipation functionals that control
nearly all the desired derivatives.

Comparison estimate: We gain control of all desired derivatives by way of comparison
estimates. In these we use elliptic regularity estimates to show that the intermediate energy
and dissipation control the “full” energy and dissipation, up to some ultimately harmless error
terms. The comparison estimate for the energy follows by applying the elliptic regularity theory
for a two-phase Lamé problem. The comparison estimate for the dissipation is particularly tricky
because the horizontal dissipation itself provides no control of the free surface functions. Indeed,
the hardest terms to control are ||q||, and ||n||,. For them, we again use the conservation of
mass to construct an auxiliary function w that allows us to derive the control of ||q||, and ||5]|,
together. The energy positivity mentioned above again plays a crucial role here.
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Decay estimates and the two-tier scheme: The basic goal in a nonlinear energy method
is to derive an energy-dissipation equation of the form

d
£5 + D < EYD for some 6 > 0. (2.36)

In a small-energy regime (verified by the local theory and choice of small data), the right-hand
term can be absorbed onto the left, resulting in an equation of the form

d 1
—&+-D<0. 2.37
dt * 2 ( )

In the event that the dissipation is coercive over the energy space, i.e. D > C&, we may
immediately deduce exponential decay of £. When we consider (2.10) with surface tension and
o_ > o, in the case [p] > 0, we can essentially prove an estimate of the form (2.36) and the
coercivity of the dissipation, and we can deduce exponential decay of solutions.

However, when we neglect surface tension, we run into two major difficulties. The first is
that we cannot derive an estimate of the form (2.36) because the regularity demands for n in
the nonlinear forcing terms are half a derivative beyond the control of the energy or dissipation.
This would be disastrous if it were not for auxiliary estimate for n arising from the kinematic
transport equation. This estimate provides enough regularity to guarantee that the nonlinearity
is well-defined, but the estimate can only say that this term grows no faster than linearly in time.
This prevents us from using a small-energy argument to absorb the nonlinear term as above.
The second difficulty is that the dissipation is not coercive over the energy space. Indeed, we
find that there is a half-derivative gap between the dissipation and energy for n. This prevents
us from deducing exponential decay of solutions, even if we manage to derive (2.37).

Our solution to this problem is to implement the two-tier energy method devised by Guo
and Tice in the analysis of the one-phase incompressible problem [8, 9]. The idea is to employ
two tiers of energies and dissipation, &, Dy, &, and Dy, where [ stands for low regularity and
h stands for high regularity. We then aim to prove estimates of the form

%5h + Dy, S (5h>0Dh + t(gl)l/ZDh and %51 + Dy g (5h)9Dl, (2.38)

where the ¢ term results from the transport estimate. If we know that & decays at a sufficiently
fast polynomial rate and that &, is bounded and small, we can deduce from these that

oo
sup &, +/ Dy < gh(O) and igl + EDZ <0. (239)
t 0 dt 2

We still don’t have that D; > C&;, but we can use an interpolation argument to bound & <
(EW)Y(Dy)" for some v € (0,1). Plugging this in leads to an algebraic decay estimate for & with
the rate determined by . If the high and low regularity scales are appropriately chosen, this
scheme of a priori estimates closes and leads to a method of producing global-in-time solutions
that decay to equilibrium. An interesting feature of this is that the existence of global solutions
is predicated on the decay of the solutions.

The rest of the paper is organized as follows. In the remainder of this section we record some
definitions and bits of terminology. Section 3 contains some preliminary estimates and energy-
dissipation identities that are useful throughout the paper. Section 4 produces the estimates
for temporal and horizontal derivatives. Section 5 produces energy-dissipation estimates for
vertical derivatives of the density perturbation. Section 6 combines the horizontal and temporal
estimates with the density perturbation estimates to produce estimates for the intermediate
energy and dissipation. Section 7 shows that the intermediate energy and dissipation control
the full energy and dissipation up to error terms. Section 8 records the finished a priori estimates.
Section 9 contains the proofs of Theorems 2.3 and 2.9.

2.5. Definitions and terminology. We now mention some of the definitions, bits of notation,
and conventions that we will use throughout the paper.

Einstein summation and constants: We will employ the Einstein convention of summing
over repeated indices for vector and tensor operations. Throughout the paper C' > 0 will denote
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a generic constant that can depend N, €2, or any of the parameters of the problem except for
surface tension. We refer to such constants as “universal.” They are allowed to change from one
inequality to the next. We will employ the notation a < b to mean that a < Cb for a universal
constant C > 0.

To track the appearance of constants depending on the surface tension coefficients, we employ
the notation

_ C(o) if [p] >0
K (o, [p]) = P
B(o) if [7] <0,
where C(o) > 0 is a constant depending on o (and the other parameters of the problem) and
B(o) > 0 denotes a constant (also depending on the other parameters) satisfying

(2.40)

lim inf B( ) € (0,00) (2.41)
(G+’U )
and
B
lim sup ¢ < oo for some integer j > 0. (2.42)
(04,0-)— maX{U+7 0— }J

Notice in particular that linear combinations of powers of constants of the form K(o, [p])
remain of the form K (o, [[p]]) SO that for example, we may write “equalities” of the form
1+ K (o, [p])° + VE Hp

Norms: We write Hk(Qi) Wlth k: > 0 and and H*(Xy) with s € R for the usual Sobolev
spaces. We will typically write H? = L2. If we write f € H*(Q2), the understanding is that f
represents the pair fi defined on Q. respectively, and that fi+ € H*(21). We employ the same
convention on ¥y. We will refer to the space o H'(Q) defined as follows:

oH' Q) ={ve H'(Q)| [v] =0on X_ and v_ =0 on %}. (2.43)

To avoid notational clutter, we will avoid writing H*(Q) or H*(X) in our norms and typically
write only ||-||;,, which we actually use to refer to sums

A1 = 1 Fe gy + -1y o IFIE = I lEmemyy + 1= Emes.y - (2.44)

Since we will do this for functions defined on both €2 and X, this presents some ambiguity. We
avoid this by adopting two conventions. First, we assume that functions have natural spaces on
which they “live.” For example, the functions u, p, ¢, and 7 live on €2, while ) lives on X. As
we proceed in our analysis, we will introduce various auxiliary functions; the spaces they live on
will always be clear from the context. Second, whenever the norm of a function is computed on
a space different from the one in which it lives, we will explicitly write the space. This typically
arises when computing norms of traces onto ¥ of functions that live on €.

Occasionally we will need to refer to the product of a norm of 1 and a constant that depends
on £. To denote this we will write

2 2 2
I = v I gy + 1 ey - (2.45)
Derivatives
We write N = {0,1,2,...} for the collection of non-negative integers. When using space-time
differential multi-indices, we will write N!*™ = {a = (ag,a1,..., )} to emphasize that the

0—index term is related to temporal derivatives. For just spatial derivatives we write N™. For
a € NI we write 9% = 97001 - - - 9%m. We define the parabolic counting of such multi-indices
by writing |a| = 2a9 + a1 + -+ + . We will write V., f for the horizontal gradient of f, i.e.
V.f = 01fe1 + Oafea, while Vf will denote the usual full gradient.

For a given norm ||-|| and an integer k£ > 0, we introduce the following notation for sums of
spatial derivatives:

|94 = 2 o ama [ = 3 o s, (2.46)
2

a€ENS
o<k || <k
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The convention we adopt in this notation is that V, refers to only “horizontal” spatial deriva-
tives, while V refers to full spatial derivatives. For space-time derivatives we add bars to our
notation:

_ 2 _ 2
[ I S i R S S VA (2.47)
a€N1+2 QEN1+3
la| <k o<k
We allow for composition of derivatives in this counting scheme in a natural way; for example,
we write ) )
(V| = ||| = Y e = Y e, (2.48)
acN? acN?
la|<k 1<|al<k+1

3. PRELIMINARIES

In this section we record some preliminary results that are useful throughout the paper.
We rewrite the problem (2.10) as a perturbation around the equilibrium, and then we present
various energy equalities. We conclude with the estimate of certain nonlinear terms.

3.1. Perturbed formulation around the steady-state — geometric form. We will now
rephrase the PDE (2.10) in a perturbation formulation around the steady state solution (p, 0, 0).
We recall our special density perturbation defined by (2.14). In order to deal with the pressure
term P(p) = P(p+ q + 03pf) we introduce the Taylor expansion, by (1.11),

P(p+q+83p0) = P(p) + P'(p)(q + 03p0) + R = P(p) + P'(p)a — gpf + R, ~ (3.1)

where the remainder term is defined by the integral form
pq+03p0
R = / (p+q+ 03p0 — 2)P"(2) d=. (3.2)
p

Then one can see that the perturbation ¢ is defined in its special way enjoying the following
advantage that in ,

Aij0i P(p) + gpdiz = Aij0; P(p) + gpAij0;03
= A;;0;(P(p) + P'(p)a — gpf + R) + g(p + q + 03p0).A;50; (x5 + 0)
= Aij0;(P'(p)q) — gAij0;(p0) + AijO; R + gpAii0i0 + g(q + 03p0) Aiz + g(q + 3p0).A;i50;0
= Ayj0;(P'(p)q) + AijO; R + gqAiz + g(q + 03p6).Ai;0;0
= pAi;0;(F (p)a) + AijO; R + g(q + 03p0) A;;050,

where we have used (1.11) and (1.13). Recalling also (1.26), (2.8) and (2.5), we have

—gp+0 = —pigny on X, and [—gpf] = —[p] gn- on X_. (3.4)
By perturbing the density as above, we are led from (2.10) to the following system:

Oyq + div4(pu) = F! in Q
(p+ q+ 93p0)0pu + pV 4 (W' (p)q) — divg Squ = F? in Q
on=u-N on X
(P'(p)al —Sa(W)N = prgn N — oy A N+ FF - on 3y (3.5)
[P/(5)al — SA@IN_ = [Algn N + o Ap N — FS on s
[ul =0 on Y_
u_ =20 on Xy,
where
F' = 03pK00,0 + K0,003q — div a((q + 93p0)u), (3.6)

F? = —(p+q+ 03p0)(—K003u + u -V q4u) — VAR — g(q+ I3p0)V 40,
FS = RN — o diva(((1+ Vs )72 — 1)Wan A, (38)



COMPRESSIBLE VISCOUS SURFACE-INTERNAL WAVES 15

and
—F3 = —[R]N + o_ div.((1 + |Van_[2) "2 = 1)V N. (3.9)
We will employ the form of the equations (3.5) primarily for estimating the temporal deriva-

tives of the solutions. Applying the temporal differential operator & for j = 0,...,2N to (3.5),
we find that

(0,(0q) + diva(pdiu) = FL in O
(P + q + 03p0)0: (0] u) + pV a(h (p)0]q) — divaSa(dfu) = F>7  in Q
0(3n) =dlu- N+ Fri on X
(P'(P)3lal = Sa(Ou))N = prgdln. N = o M@ n )N + F2 on By (310)
P(p)dql — SA(agu)]] N = [7] 90N + o_ A, (@0 IN — F> on S_
8§uﬂ =0 on X_
8gu_ =0 on Eba
where ‘ A A
FY = 0] F' — > Clof Audw(p0] " w), (3.11)
0<t<j
FY = 0]F2 + 3 O { nAndn(0f Aund] ™ Ois) + nf Ad] ™ O A O
0<l<j

+ (1/3 + 1) A (0f Ain @~ Omr) + (/3 + 1) Aired) ™ O (A Oy ) (3.12)
—p0f Audi (W ()0]'q) — 0f (q + 5359)3t(8g_£u)} ,1=1,2,3,

Fﬁ = 8,{Ff+ + Z Cf {u+af(f\fz«4@-k)0{_£8kuz + 0L NLAR) B B

0<t<j

iy — 204 /3)0f (N3 Aw) O Oy + OFNG]~ (prgns — P'(p)g — a+Aw+>} ,i=1,2,3,

(3.13)
~FY = —0jF 4+ Y CH{olNiAw) O] [ndrw] + O NLAW)O] " [ndj]
0<t<y
+Of NiAw)O] " [(w' = 20/3)0kw] + Of N ([p] gn- — [P'(p)a] + UfA*Uf)} ,
(3.14)
fori=1,2,3, and
FY = 3" CofN - 0] u. (3.15)

0<(<j
Note that the equations (3.10) for (8,{(], a,{u, 8,{77) for 7 =0,...,2N have the same structure
in their left-hand sides. We present their energy identities more general way as follows:

Proposition 3.1. Suppose that (q,u,n) solve (2.10) and that A,J, and N are determined
through m as in (2.6), (2.7), and (2.12). Further suppose that (Q,v,() solve

0Q + diva(pv) = F* in Q
(p+q+33p0)0w + pVa (W (p)Q) — divaSa(v) =F* inQ
O =v -N+g on X
(P'(p)QI — Sa(0))N = p1glsN — o AN +F2 on Xy (3.16)
[P(D)QT — SAWIN = [l gl N +0 AL N —F onS
[v] =0 on Y_

_=0 on Xp.

Then
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( Lo+ a+o0 0P + 1) 710F + [ rglee + o V.6

DIES

DN =
SRS

+/Z_ —[Plgl¢- >+ o |v*<_12) +/Q‘2‘J\D94v\2+u’ﬂdiw|2
— 5 [ a0+ a+ o) o + K (90T QP + [ I (p)QF + 07
2 QO Q
=3 4 ~ 4 4
s [owe [ oGS [ 1asest - [angst 3an

Proof. Taking the dot product of the second equation of (3.16) with Jv and then integrating
by parts over the domain 2, using the Dirichlet boundary conditions of v, we obtain

1d
2dt
:;/Qat(J(P+q4‘a3f79))|U|2+/QJh/(p)QdivA(pv)+/ﬂjv.g2 (3.18)

- [ PRI =8N o+ [ [PRIQI-Sa@] N .
4 S

[0 a+ om0l + [ 5%l + i divaof
Q Q

Using the first equation of (3.16), we have

/ JH(5)Q div 4(5v) = / TR (D)Q(-0,(Q) + F)
Q Q

1 d 1/ — 1 1/ — (=
=33 Qh<p>J|Q\2+2/Qh<p>atJ|Q\2+/ﬂJh (P)Q3".

(3.19)

Using the fourth equation of (3.16), we have

- [ (PORI -840 o == [ (gt N =y AN +5D) v 320)

PO

The third equation of (3.16) further implies

_/2 (P19C+ — 0+ ALCHN - v

= _/2 (P19Cs — o1 0C) (0l — FL) (3.21)
1d
= —/ P19 |G + o4 (Vi +/ (p19¢s — o+ AT

Hence

- [ PoIQr a0
- (3.22)

1d
=50 | gl + o [Vl P + / —v- L+ (m9Ch — o1 AT
2dt po PN
Similarly, we use the fifth and third equations of (3.16) to have
[ PoQr-saw] o
- » (3.23)
=—s— | —[lglef +o- |V [ +/ 0§+ (— [Pl g — o ALL)FE.
2dt po X

Consequently, plugging (3.19), (3.22) and (3.23) into (3.18), we obtain (3.17). O
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3.2. Perturbed formulation around the steady-state — linear form. It turns out to be
convenient to write the system (2.10) in a linear form to derive the subsequent estimates. The
reason for this is that the operators become constant-coefficient, which is more convenient for
elliptic regularity. We rewrite the PDE (3.5) for (q,u,n) as

Orq + div(pu) = G* in Q
powu + pV (B (p)q) — divS(u) = G? in Q
o = us + G* on X
(P'(p)gI —S(u))es = (prgn+ — o+ Auny)es +GL on Xy (3.24)
[P (p)gl —S(u)] es = ([p] gn— + o_Awn_)es —G> on L_
[u] =0 on X_
(u— =0 on Xy,

where we have written the function G = G111 + G142 for

G = K0,005q — wj AjpOgq, (3.25)

G1? = 03pK 00,0 — q A Opw — A (93p0w;) — (Au, — 1) Ok (pwi), (3.26)
the vector G2 for
G} =— (q+ 93p9)0ru; + (p + q + O3p0) (K 9,005u; — upAipOpus;)
+ 1Ak Ok At Om i + (A A — 01101m.) Ok i
+ (u/3 + 1) Aik Ok At Oy + (113 + 1) (Asre At — S5Ot ) Oty
— p(Ay — 8:)0i (R (p)q) — AudR — g(q + 03p0)A30,0, i =1,2,3,

(3.27)

the vector G3 = G:jr’l + U+Gi’2 for

Gy = p (Aadyug + A0 (N — 0rs) + pa (A — 63)Oyus + pu(Asy — 831)Opus
+ (1 = 204 /3) A Oy (NG — 0i3) + (1 — 204 /3) (A — 01k ) Okwidis + prgns (NG — diz)
— RN; + P'(p)a(dis — Ny)
(3.28)

and
Gfi = — A (NG = 8i3) — dive (1 + [V |2) V2 = D)V NG (3.29)
for i = 1,2,3, and the vector G3 = G + 0_G>? for
_Gi— = (All [[Maluk]] + Al [[Malui]])(Nk - (5k3) + (.Ail - 51’1) [[ualU3]] - (.Agl - (531) [[ualui]]

+ Au [(0 = 20/3) 0w ] (N = biz) + (A — o) [(1' — 20/3) 0wt bis
+ [Pl gn-(Ni = 0is) = [RINi + [P'(p)a] (i3 — No),

(3.30)
and
G2 = A (NG = 8ig) + diva (1 + [Van- )72 = 1)V NG (3.31)
for i = 1,2, 3, and the function G* for
G = —u101m — uz0am. (3.32)

In all of these, R is as defined in (3.2).
We now present the energy identities related to (3.24).



18 JUHI JANG, IAN TICE, AND YANJIN WANG

Proposition 3.2. Suppose that (Q,v,() solve

0;Q + div(pv) = &! in Q)
poww + pV (W (p)Q) — divS(v) = &2 in
0 = vz + &4 on X
(P'(p)QI —S(v))ez = (p1g¢r — 04 Auly)ez + B3 on ¥y (3.33)
(PRI —S@)es = (ol g + 0Dl )es — &5 on 5
[v] =0 on Y_
v =0 on .
Then
1d
s ([ H01@r <l [ piglci w0 9.6,

_ 2 .
# [ =Tl P 9P ) [ B+ i vl

:/h’(p)QQ51+v-6°‘052+/ —v - &3
Q

2

4 - 4 4
" /Z ool /2 7l g¢_&" /Z ALY (3.34)

Proof. The proof proceeds along the same lines as that of Proposition 3.1: we multiply the
second equation in (3.33) by v, integrate over Q4 and €_, integrate by parts and the sum
resulting equations. After employing the other equations in (3.33) as in Proposition 3.1 we
arrive at (3.34). O

3.3. Estimates of the nonlinearities. We assume throughout this subsection that the solu-
tions obey the estimate G\ (1) < 6, where 6 € (0,1) is given in Lemma A.3.

We first present the estimates of the nonlinear terms G* (defined by (3.25)—(3.32)) at the 2V
level.

Lemma 3.3. It holds that
N 2 N 2 N 2 . 2
O3+ 526 [ [
S K(o, [p))ENESN + ERr o Fan,  (3.35)

and
[ANTIGH [+ [V 20,GM | + [ VAN G2 + [V TG

TG, + [T+ [V a6

— 2 . p
+ o7 [|[ViNGY|; 12 S K(o,[7] VEINDIN + EXoFan. (3.36)

Proof. We first prove the estimates in (3.36). Note that all terms in the definitions of G* are at
least quadratic. We apply these space-time differential operators to G and then expand using
the Leibniz rule; each term in the resulting sum is also at least quadratic. We then estimate
one term in H* (k = 0 or 1/2 depending on G*) and the other terms in H™ for m depending on
k, using trace theory, and Lemmas A.1-A.2 along with the definitions of £, and D, ((2.15)
and (2.16), respectively), and K (o, [p]). With three exceptions, we can estimate the desired
norms of all the resulting terms by £9, DIy

The first exceptional terms are ones involving either VN*lq in Q or V2V on ¥ when
estimating HVA‘NGLQH(Q) , HV‘LN—lGZHE , HV;‘N_lG&le/Z and HVi‘N_lG‘lHi/Q. But we can argue
as Theorem 3.2 of [8] to estimate ||17||421N+1 S HnHiNH/Q < Fan to bound these terms by
ERryaF2N-
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The second exceptional terms result from the ¢G3? term when estimating HV&N -1G3
2

and HViNigatGg’HU?
o factor to estimate

2
172
The highest derivative appearing in cG>? is 0V?27. We make use of this

2

AN-1w2, |2 2 2 g : 2 2
|oVs Vm||1/2 < 0" Inllinyse = Wmln{LU Hinllangs e
o2
< — DIy <K o])D3y, (3.37
and, similarly,
_ 2 o
oV =220y S 0% 10N -1/2 S K (0, [B) D3y (3.38)
Using these, we may estimate
IVIN1oG?2|[} , < K (o, [0]) €SN D (3.:39)
The last exceptional term is the term o2 HV;‘N +117Hf /2 that appear when we estimate the term

o? HVi‘NGA‘Hi/T Again, the factor o2 leads to the estimate o2 HViN“an/Z S Ko, [p]) D3y
Hence, in light of the above analysis, we may deduce (3.36). The proof of (3.35) proceeds
similarly. We remark that the term £}, 7oy in (3.35) does not appear in Theorem 3.2 of [8];

it appears here because we want to control HV;‘N _1G4Hf /2 O

We then present the estimates of G* at the N + 2 level.
Lemma 3.4. It holds that

H@2(N+2)72G1Hj i H@2(N+2)72G2Hz 4 H@z(NH)%G:&HQ

i Ay

< K(0, [P))EnER 42, (3.40)

1/2

and

2 2

O L P e

S Ko, [[ﬁ]])ggNDS)V—&-? (3.41)

1/2

Proof. The estimates (3.40)—(3.41) follow from arguments similar to those used in the proof of
Proposition 3.3. In this case they are easier because when we estimate the terms appearing from
the Leibniz rule expansions we do not have exceptional terms as in the proof of Proposition 3.3.
Indeed, we may write each term in the form XY, where X involves fewer temporal derivatives
than Y; then we simply bound the various norms of Y by K (o, [p])£3y and bound the various
norms of X by &3 ,, for (3.40) or DY, for (3.41). Note here that we use €5y and absorb all
appearances of ¢ into K (o, [p]) rather than employ £5y;. O

Next we present some variants of these estimate involving integrals. First we consider prod-
ucts with derivatives of G*.

Lemma 3.5. Let a € N? so that |o| = 4N. Then

/2 Ono*G*| < \/EINDIN + \/ DINEX o Fan (3.42)
< K(o, 1))/ E3nDanD3y + K (o, [2])\/ DI ER 4o 2N - (3.43)

and

/ oA, 0%nd*G*
b
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Proof. We first use the Leibniz rule to expand that

—0°G* = 0%(Van-u) = V.00 -u+ Y CEV.0* P n-0u (3.44)
0<B<La

For the second part, we estimate for |3| > 1, similarly as in Lemma 3.3,
2
Hv*aa—ﬁn - aﬂuHm < ENDIy + EY o Fon. (3.45)

Hence, we have

/Z 0% < 0%y | V07 85“H1/2 < /D fEN DY + E% s Fon (3.46)
and

/ZUA*aanv*aa—ﬂn Pu<o ||A*8a77|]_1/2 Hv*aa—ﬂn : 8BUH1/2

= it oy Vi o il saye [ 920" 0% | (34)

min{1,

< K(o, [p]) DgN \/53ND8N + 5N+2]:2N'

For the first term, we use integration by parts to see that, by Lemma A.2,

/a‘*nv M -u=— /V*|8a cu = /|8°‘n| div, u
(3.48)

<100y 2 100l o vl ragsy < /D3y Fan€les

and
2
/ oA 0NV,0%) - u = — Z/ 00;0°n0;(V.0%n - u)
) = J=
1 2
= —0'/ YV, V0% 0 — Z/ 00;0%n(V.0%n - O;u)
2 Js =17 (3.49)
1 2
= 0/ IV,.8%n|? div, u — Z/ 00;0°n(V.0%n - Oju)
2 Js i=17%
S o Va0l o 109V anll _y o IV stull o sy S K (0, [0])\/ DInFanERryo-
The estimates (3.42)—(3.43) then follow by summing the estimates. O
Next we consider products with derivatives of G11.
Lemma 3.6. Let o € N3 so that |a| = 4N. Let f(p) denote either 1 or h'(p). Then
/ f(p)0“qo*G" Y < \/DgN ENDIy + EY o Fan- (3.50)
Q

Proof. We first use the Leibniz rule to expand that

0°GM! = K010030%q — uj Ajr0pd®q + Y Ch (aﬁ (K810)930° Pq — 0 (ujAjk)akaa—ﬁq) .
0<f<La
(3.51)
For the second term, we estimate for |3| > 1, similarly as Lemma 3.3,

2
Haﬂ (K8,0)0:0° P — 0° (ujAjk)akaa—ﬂqHO < EWNDYy + EY o Fon. (3.52)
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Hence, we have

S 0%l [0 (016)050°~Pq = 0% (us Ak (359

S \/DgN 5SND(2)N + 51?{+2JT2N'

For the first term, we observe that

‘ / £(5)0*q(K9,0050%q — ujAjkakaaq)'

(3.54)
‘ / F(p)K0,60510%q|> — f(p)u;

We then use the integration by parts to have

f( p) K 0,0050%q]* — f(p)u;

[ o010 — ) o9l - /Z F(p) (K0 — uj Aj3)| 0%
. )

_/Q (03(f(p)K0:0) — O (f(p)ujAjx)) (3.55)

— /Q (03(f(p)KDO) — Ok(f(P)ujAjk))

< 103(f(5) Ki8) — Or(ujAjn) || oo 10413 S \/ESNDIN

and

f( p) K 01005]0%q|* — f(p)u; A

(o) (K0 — uj Ags) 0% 2 — /Q (Os(F(P)K00) — Oh(uj Asy)) |02

P3N
— /Q(@3(f(ﬁ)K8t9) ak(“j ]k))

SN05(f(P)KD0) — Ok Aji) | e 107115 S \/EINDIN

Here we have used the facts that ujA;3 = KujN; = Koy = Kdf on X, and § =0 and u— =0
on Zb'
Then the estimate (3.50) follows from (3.53) and (3.55). O

(3.56)

Next we consider a similar estimate involving weights and derivatives of G1:!.

Lemma 3.7. Let o € N'*3 with |a| < 4N and ag < 2N — 1. Then

/Q (1 + W) (1 (9)0)0” (W (P)G™)| S K (@, [7]) /Dy /E35 D3 + S&Hfz(z;-m)

Proof. We split to cases. For the case 1 < ag < 2N —1 or the case that oy = 0 and |a] < 4N -1,
we use the estimates (3.36) of Lemma 3.3 to bound

4u/3 +
[ (1+ B oo (et
SVl (V260 + [V o)

< K(0. [01) /Dy /K (0. [)EQ Dy + Ex o Fon. (3.58)
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For the remaining case in which a9 = 0 and |o| = 4N, we rewrite
W(p)G"! = K0,005(1 (p)a) — ujAjudk(h' (p)a) — K005(h' (p))a + u;jAjs0s(h (p))g.  (3.59)

Write Z; for the sum of the first two terms on the right of (3.59) and Zs for the second two.
We may argue as in the proof of Lemma 3.3 to estimate

A/3 4 1N aariri— e
/Q (1+“/”>a (W (P)a)0" (22)| S /D \JEnDEx + ExcyaFon (3.60)

W ()7
For the Z; term we must utilize the total derivative structure
9° (' (p)q) (K 2,0050%(W (p)q) — u; Ajx0k0“(R'(p)q)
|0%(K (p)g)|*
2

(L= 2
o, Lalunid

— UjAjkak (3.61)

This allows us to argue as in the proof of Lemma 3.6 to bound

(14 ) o0t pa)or (20)| $ Ko TV DRy e, P + &R oo (362

Combining the Z; and Z5 estimates then gives the desired estimate when ap = 0 and |a| = 4N.
O

We next present the estimates of the nonlinear terms F*/, defined by (3.11)-(3.15), at the
2N level.

Lemma 3.8. Let F™ be defined by (3.11)—(3.15) for 0 < j <2N. Then
JFSIE + E29 2 + 992 + 49, S Ko, DERN D 3.6

Proof. Note that all terms in the definitions of F*J are at least quadratic; each term can be
written in the form XY, where X involves fewer temporal derivatives than Y. We may use the
usual Sobolev embeddings, trace theory and Lemma A.1 along with the definitions of £, and

. 2 2 _ 2 2 2
Dgy to estimate || X[ S &y and ||Vl S K(o, [])D3y. Then [ XYy < [IX]L= Y5 <
K (o, [p])EdxDSy, and the estimate (3.63) follows by summing. O

Next, we present the estimates of FJ at the N + 2 level.
Lemma 3.9. Let F™ be defined by (3.11)~(3.15) for 0 < j < N + 2, we have
1E llo + 1F2 g + 1 F59 g + 1747l S K (0, [P DRe12 (3.64)

Proof. The proof proceeds similarly as Lemma 3.8 with the easy replacement of HYH% < &
and || X||2 < Dny20. As in Lemma 3.4 we absorb any appearances of o into K (o, []) so that
we can use both ESN and D9V+2' (]

Finally, we present an estimate of an auxiliary nonlinearity that will be useful later. Define
D1 = (q+ + 93p+0)030. (3.65)
Lemma 3.10. Let &4 be as in (3.65). Then for n =2N or N + 2 we have

n 2
3 Hagcbu < €2 min{£0, DY) (3.66)
i=0 ’
Proof. The proof is straightforward, so we omit it for the sake of brevity. O

4. HORIZONTAL ENERGY EVOLUTION

In this section we derive estimates for temporal and horizontal spatial derivatives. We assume
throughout this section that the solutions obey the estimate GS5 (T") < §, where § € (0,1) is
given in Lemma A.3.
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4.1. Energy evolution in geometric form. We now estimate the energy evolution of the
pure temporal derivatives at the 2N level.

Proposition 4.1. For 0 < j < 2N, we have
d j , 2 L
pr (p+q+<93p9 ‘3 ‘ + 1 (p ‘GJQ‘ mg(aim‘ +oy ‘V*@m‘

aivoful < Ko, o) v/Ew Dl
(4.1)

+/ —[[ﬁ]]g‘a;fn-‘QJra_ V.00 | )+/ %\D‘)@Zu\zw’
>_ Q

Proof. Applying & to (2.10) leads to (3.10), which is of the same form as (3.16) with v = & u,
Q=08/q, ¢ =0]n, and F¥ = F¥J for k = 1,2,3. Then Proposition 3.1 yields the equation

1d . ' C2 Co2
ST (p+q+83p9 ‘8%’ +h'(p ‘atq‘ plg‘aimr) +U+’V*8§n+’

. 2 . .12 .12
+/ —[[ﬁ]}g’(?gn_‘ +g_)v*agn_‘ >+/ gJ‘Dgagu‘ Ty divAagu‘
Y- Q

1 ) .2 . . ) )
- / O (p+ a+ Dspt)) |0ful + ()T |0fd| + / ()9 qF™ 1 O 29
Q Q

+ / —du - F39 4 / p1gdln F7 — / [7] g0in_F*7 — / oA FY . (4.2)
by b ¥ by

We now estimate the right hand side of (4.2) for 0 < j < 2N. For the first two terms, we
may bound as usual [|0;J || e S 1/E9y and [|0:(J(p + g+ 0300)) |10 S +/EFN to have

;Aat(J(p+q+agp9))(agu]2+h’(p)atj\agq\2
< a5 (]« o) < v

By Lemma 3.8, we may bound the F'7 and F?J terms as

(4.3)

| 10 @otart+ ofu- 2 < ot 7], + o] 17291

K (0, 7))/ Doy /E5nDey- (4.4)

For the F3J and F*J terms, by Lemma 3.8 and trace theory, we have

/—5fu-F3’j+/ mga{mFi’“r/ —[[p]]gain—Ff’j—/UA*(dfn)F“’j
) s 5 b

S o] 17+ ], 1 a3
< (||oful], + |2in],) K. 1)) VENDEN S Ko [2D)v/DEy v/ E3DE
Finally, we may argue similarly as in Proposition 4.3 of [8], utilizing Lemma A.3, to get
/Q‘z‘J‘D&ag’uf il divAag'u)Q > /Q L ‘Doag'uf o divaguf — C\/E DIy, (4.6)

We may then combine (4.3)—(4.6) to deduce (4.1) from (4.2). O

We then record a similar result at the N + 2 level.
Proposition 4.2. For 0 < j < N + 2, we have

d . 2 . 2
dt(/(ﬂJqura?)P@ ‘3] ‘ + ' (p ‘8](1‘ / mg(@im’ +U+‘V*3§U+‘
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o ag P i |2 N N N I b
+ —[[p]]g‘@tn,‘ +U,)V*8t77,‘ + §)ID) (9tu‘ + 1 d1v8tu‘
il Q
S K(o, [PV ENDRr4a- (47)

Proof. The proof proceeds along similar lines as the proof of Proposition 4.1, using instead
Lemma 3.9 and replacing Dy by Dg, , accordingly in the estimates (4.3) and (4.6). O

4.2. Energy evolution in the linear form. To derive the energy evolution of the mixed
horizontal space-time derivatives of the solution we will use the linear formulation (3.24).

We now estimate the energy evolution of the mixed horizontal space-time derivatives at the
2N level.

Proposition 4.3. Let a € N'*2 50 that agp < 2N — 1 and |a| < 4N. Then

d

d ( [ ploul + 1) 0% + [ g o+ oy 19200,
dt Q 2+

+/ —[alglo“n_|* 4o \V*aan_|2> +/ % ID00%u|? + 1/ |diva*ul? (4.8)
_ Q

S K(o, [p)) v END3N + K0, [p]) 1/ DINERr T 2N -

Proof. Since all the three boundaries of €2 are horizontally flat we are free to take the horizontal
space-time differential operator in the system (3.24). Applying 9 to (3.24), we arrive at an
equation of the form (3.33) with v = 0%, Q = 9%, ( = 0%n, &% = 9°G* for k = 1,2,3. Then
Proposition 3.2 provides us with the equality
1d
s ([ W@ +piom + [ pglotne+ o V.00
2dt \ Jo 5,
# [ =Dlglotn-P o (9.0 ) 4 [ B ool 4 laivorul?
. 0 2
(4.9)
= / K (p)0%q0*G" + 0“u - 0“G* + / —0%u - 9°G?
Q P

+ [ mgrnorcts [ —ploor-o°6t - [ oa.@rmonct
o s b

We now estimate the right hand side of (4.9). We first estimate the G2, G3,G* terms. We
assume initially that |a| < 4N — 1. Then by the estimates (3.36) of Lemma 3.3, we have

/Q@Oéu . 94G2 < ||80éu||0 H@OCGQHO < 4 /DgN\/K(O', [[ﬁ]])SQONDgN + 5]%4_2./_"2]\[. (4.10)
Similarly, by the estimates (3.36) of Lemma 3.3 along with trace theory, we have
[0 6] < N0l 10°6%], 5 ol Jor,
b2 (4.11)
< VD5 K 0, [PDESN DSy + EFc oo
and
/ p1g0°n O°GY + / — o] g9*n-0°G* — / oA (070G
2+ 2 = (4.12)

< (lo°nlly + o l0°lly) [|0°GH|, < K (o, [[ﬁ]])\/DgN\/Eé’NDE’N + &Rl

Now we assume that |a| = 4N. We first estimate the G2, G® terms. Since ag < 2N — 1, then
0% involves at least two spatial derivatives, we may write @ = 3+ (o — 8) for some 3 € N? with
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|6 = 1. We then integrate by parts and use the estimates (3.36) of Lemma 3.3 to have

/ 8- 9°G?| = / 9o+8u . 9o BGR| < ] aa+ﬁuH ] aa—ﬁGQH
Q Q 0 0 (4.13)
S 10%ull, [V G|y S /Dy K (0, [D)E3N Dy + E5ryaFon
Similarly, by using additionally trace theory, we have
forwoa]| L] sl o],
b b -
S 0%l gz s, vaN_ngHl/g S [10%ully Wi‘N_ngHl/z (4.14)

S VDK (0, [A)ESNDEy + ERcsa P

We then estimate the G* term, splitting to two cases: o > 1 and ag = 0. If ap > 1, then 0%
involves at least one temporal derivative so that [[0°n|l5/0 < (1070l 4x—20+3/2 < DYy This

together with the estimates (3.36) of Lemma 3.3 implies

/ p1g0°n 0°GY + / —[pl 90°n-0"GL — / oA (070G
oy o b

(4.15)
< (10%nllg + 0 190l ) 109G, K (0 2D\ Doy /€55 D5y + E5pn o
If g = 0, we must resort to the special estimates (3.42)—(3.43) of Lemma 3.5 to have
/ p190°n10°GY + / — [p] go“n_0°G* — / oA, NG
=4 = = (4.16)

S K(0, 19D v/ D/ K (0. [P EZy Dy + E5 o Fon-

We now turn back to estimate the G! term, and we recall G! = GU! + G12. For the G2
part, it follows directly from the estimates (3.36) of Lemma 3.3 that

/th<ﬁ)aaq8aGl,2 S/HaaqHOH(?aGLQHOS /DgN\/ SND5N+5X/+2}—2N' (417)

Now for the G1'!' term we must split to two cases: o > 1 and ag = 0. If ag > 1, then by the
estimates (3.36) of Lemma 3.3, we have

/Qh’(p)(?aq(‘)aGl’l 5“8aqH0HaaGLlHOS /’DgN\/ gNDgN—i-gX[Jrz}—gN. (4.18)

If ap = 0, we must resort to the special estimates (3.50) with f(p) = h/(p) of Lemma 3.6 to
have

/Q W (p)o*qo*Gh | < \/DgN\/ggNDgN + E oy FaN- (4.19)
Hence, in light of (4.10)—(4.19), we deduce from (4.9) that

1d o \ aa o a
([ ploru s« n@loral + [ pglorni+ o, 900,

2t -
+ [ —[Alglo“n-|? + o V.0~ _2>+/“ DO%ul* + 1’ |divo®ul?
[ TAglotn P o 19 )+ [ Eiporal sl ot
< K (0, [1) /Dy /€5y Dl + ExryaFon
S K (o, [p]) v END3Nn + K (o, [p])/ DINER 122N,
which is (4.8). O

We then record a similar result at the N + 2 level.
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Proposition 4.4. Let o € N**2 50 that ap < N + 1 and |a| < 2(N +2). Then
d = (63 = (0% (6% e}
— (/ plo*ul® +1'(p) |0 (JI2+/ P19 |00 + oy (V.0 |
dt \ Jo SN
+ [ ~llglon P+ o |v*a“nl2> + [ o o (2
D Q

S K(o, [PV EINDR 12

Proof. The proof is the same as that of Proposition 4.3 except that we instead use the estimates
(3.41) of Lemma 3.4. O

4.3. Energy positivity. We will now verify the key issue that the energy expressions in the
previous two subsections are positive.
We first prove the following lemma that provides the value of the critical surface tension value

0. defined by (2.19).

Lemma 4.5. Suppose that [p] > 0, which means that o., defined by (2.19), is non-negative. If
o_ > 0., then the following hold for all ¢ satisfying [ ¢ = 0.

(1) We have the estimate

(0- =) [T S o IVClls = [P0 9 1115 - (4.22)
(2) If ¢ satisfies
—0_ A~ [pl 9¢ = ¢ on T?, (4.23)
then we have for r > 2,
(0 —oe) <ll, S llell— - (4.24)
Proof. Note first that
1
. 2 =2 72
min n|” = min{L7 ", L = . 4.25
ne<Lflz>x<Lglz>\{0}| | i b7 max{L7, L3} (4.25)

Then since fTQC =0, ie C (0) = 0, we may use the Parseval theorem to prove Poincaré’s
inequality with the precise constant:

V¢l = > [n[*[¢(n)]?
ne(L7'Z)x(Ly ' Z)\{0}
' ’ . (4.26)

1 2 2
> > IC(n)P = —5—=57 <5 -
2 12 2 12 0
max{L{, L3} ne(L'Z)x (L3 ' Z)\{0} max{L{, L3}

This inequality is clearly sharp.
From (4.26) we see that

o_ IVl 121 g Il = (o — [A) gmax{L3, L3} | V<[5
= (o- —0o) [Vl

Combining (4.26) with (4.27) then yields (4.22).
To prove (4.24), we note that (4.23) implies that the Fourier coefficients of ¢ and ¢ satisfy

(4.27)

(o [nf2 = [ 9)(n) = $(n) for all n € (L71Z) x (L;1Z), (4.28)
which in particular implies that ¢(0) = 0. Again (4.25) implies that
2 — 2 Oc 2
o_|n|"=[plg=0-|n| —mz(a——ad [n]” = 0. (4.29)
Then
21 14| R R VN LT
(o- = oo Inl* [Cm)| < |- In” = [T 9)Cm)| = ()P (4.30)

and hence
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(0- =) ICI7 S (o= —oe)? > (L+ [n*)" ()

ne(Ly'Z)x (Ly 'Z)\{0}
1+ |n[?)r R r—9 1 A
v WD s Y @ B e

ne(Ly'2)x(Ly ' Z)\{0} In ne (LT Z)x(Ly ' 2)\{0}

F

IN

< llelly—y - (431)
O
We now show the following positivity:
Proposition 4.6. Let a € N'*2 5o that || < 2n withn = 2N orn= N +2. If [p] <0, then
[r@ea?+ [ mglon 4o V.0t [ [lglotn oo V.0
+

> 110%q[l3 + 10°nl2 + o | V.0%n||3 -
(4.32)

If [p] = O then
/Q W (p) 10%g]? + /E g 0%, P+ oy [0, 2 + /E A 910 + o [V.0%n_?
+

> 0|2+ min{1, 0 } 0% 2 + min{1, 0 — o} [|9°n_ |12 — /&5 min{eg, DY}
(4.33)

Proof. In the case [p] < 0 the result (4.32) is trivial, so we assume in what follows that [p] > 0
and focus on (4.33).

For a with a; + aa # 0, we can easily get (4.33) by (4.22) since in this case ¢ = 9*n_ has
the zero average over > _, and so Lemma 4.5 is applicable. Now for a; = ag = 0, that is, the
pure temporal derivative case, and the problem is that they do not have the zero average.

We first deal with the case ag = 0. We will make use of the conservation of mass:

/ p+J =/ (P+ + g+ + 03p+0)(1 4 030) = / - (4.34)
Q4 Q4 Q4

This implies

/ g+ + | 03(px0) +/ Py =0, (4.35)
Qi Q4 Q4

where we have denoted @4 = (g4 + 93p+0)030 as in (3.65). On the other hand, we have

/Q+ 93(p+0) = p1 /E+ Ny — p*/ - (4.36)

and

a0 =0 [ 0 (4.37)

/ Q++/ <I>+=—p1/ 77++,0+/ - (4.38)
/ q_+/ o :_p/ - (4.39)
_ _ pI
We rewrite

2
|V @+ 19 In4 1 = 121 9 In-1F + o IVan- ] + o IV

2
= [Vrenas | + prg el - A g1 T2161)? (4.40)
2
o Ve l§ = [ g lin- = )N + /B da |+ o 195

Then we obtain

and
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where we use “(n+)” to denote the average of n+ over T2?. We first estimate the second line of
(4.40). We deduce from (4.38), Cauchy’s inequality, and Lemma 3.10 that for any x > 0,

LT = o (2 + [ e [ o)

[2] 9(p1)?T?| < 1> o, [Plg(1+ k) </ )2
g KAV AT
()2 o) T e\, o
+C\/EImin{&], Dy}, (4.41)
By Holder’s inequality, we have

(o) = (o) ([, @)

5 \TQ (4.42)
o A e AT 8
H )+ )4 0
Now we choose the value of k via
(14 1) (" — p1) o
=1 k= . 4.43
pt Pt —p1 (4.43)
Then we obtain
[pl (1 + &) </ ) [[p]](1+f€ = p1) ,
e U e) S [\t e
p _
= E}J H\/ h'+(ﬂ+)¢1+ 0
and by Holder’s inequality,
[2] g(p1)?T?| 1 [2] 9p1|T?| 1Al 9p:
T 14— (n4)? = T(m) < 4115 - (4.45)

We deduce from (4.41), (4.44) and (4.45) that

|/ [+ oralincl? - ol 0
- (1 M) <HWQ+H +mg\ln+llo> C+/E3 min{&J, D7} (4.46)

2 llaxllg + lnllo — /&7 min{€7, D7}

Next we use the estimate (4.27) to obtain a bound for the first two terms on the third line
of (4.40):

2 = 2 2
o |[Van-llg = [l glln- — (n-)llg = (o = 0¢) [Van-Ifg- (4.47)
From (4.39), Holder’s inequality, and Lemma 3.10 to obtain

Il = - = )3+ 1T21(7-)2 < IV |13 + ( / q_) + /&g min{£7, D7)
S [yro-a- H + (V- [|§ + /& min{€7, D7}

Then we may combine (4.47) and (4.48) to estimate the full third line of (4.40):

VI3 =Dl — )+ R+ o I

> o4 [V |2+ minfL,o- — oo} n- |2 — /&7 min{€], D]} (4.49)

(4.48)
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We may then conclude from (4.40), (4.46), and (4.49) that

2
= 2 2 — 2 2
VR @d|| + prg s + 0 I 1 = Dol g 113 + V-]
2 Nl +min{1, 4}l |2 4+ min{1, 0 — o} - — /&7 min{eg, D7},

This is (4.33) when a = 0.
To derive (4.33) for a; = e = 0, ap > 0 we first take the time derivatives in (4.38)—(4.39).
Then we may argue as above to derive the desired estimate. U

(4.50)

5. THE EVOLUTION OF ENERGIES CONTROLLING 83q

In this section we identify a dissipative structure for d3q and derive some energy-dissipation
estimates. We again assume throughout this section that the solutions obey the estimate
GIn(T) <0, where § € (0,1) is given in Lemma A.3.

5.1. Identifying the dissipative structure. Note that the energy evolution results presented
in Sections 4.1-4.2 are not enough for us to get full energy estimates by applying Stokes regu-
larity estimates as in the incompressible case [32, 33]. The problem is that we do not yet have
control of divu. To control divu we appeal to a structure first exploited by Matsumura and
Nishida [18] in the case in which p is a positive constant. We consider the following quantity,
which is the material derivative of ¢ in our coordinates:

Q := 0iq — K01003q + ujAjr0kq = 0, — GV' = — div(pu) + G'2. (5.1)
From (3.24) we find that Q obeys the equations
D3Q + po3(divu) = &GY? — div(dspu) — d3p03us,
pOuz + po3 (P (p)a) — pluz — (/3 + p')ds(divu) = G3. 2

We then eliminate J33ug from the equations (5.2) to obtain

4/3 Ap )3+ ! 1, 4u/3+
W1, 0(5)Q) + s () = L gy L M )
g ! P Mo (5.3)
Ap)3 +
— dus — “/p“(dw(agpu) + 05505u3) + %(611U3 + Onous — B31u1 — Dsouz).

By the definition (5.1) of Q, we may view (5.3) as an evolution equation for ds3q. This equation
resembles the ODE 0,f + f = g, up to some errors, and this ODE displays natural decay
structure. We will extract this kind of structure for the more complicated equation (5.3).

5.2. Estimates. We now estimate the energy evolution of 03¢ at the 2N level.

Proposition 5.1. Fiz 0 < j <2N —1 and 0 < k < 4N — 25 — 1. Then there exist universal
constants A ; for 0 < k' <k so that

Ap/3 + W CAN—2j k1 Ak 14 (1
\/1 ()2 Vi ok 1ol (1 (p)q)

2

d
di 2 W

Kk <k 0
I w5 [
K <k
< H83+1 H I Hv*4N72jfkflat]QH 4 Z Hv*4N72jfk/8iu 2
AN—-2j—1 0 L= K41

K(o, [pD) v ENDan + K (o, [p])\/ DInER o Fon + K (o, [P])ER 2 Fon- (5:4)
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Proof. We first fix 0 < j < 2N — 1 and then take 0 < k < 4N —2j —1 and 0 < k' < k. Let
a € N?so that o] <4AN —25—1 - k. Applying 80‘85/8,{ to (5.3) and multiplying the resulting
by 8a8§/+18g (W(p)g) + 8a(‘9§/+18§(h’(ﬁ) Q) and then integrating over €2, we obtain

I+1I4+11I=1V, (5.5)
where
l 4 3 / y
1= [ ool (Mo 10(Q) ) 000 00 o), (56)
! ¥ 4 / y
I = /Q 9ok o7 (W@ (W' (p )Q)) 0ok 197 (1 (5)Q) , (5.7)
I = / 0ol ol ()| + / O (W (D))o 05 (W(P)Q), (58
Q Q
and

v = [ {oro 10 + oo o (W) 9)}

) ’
x 90k & {‘Wi_;”‘agcm + ;Gg Wa 1 (5)Q — dyus

4 3
M/ + M (dlv(aspu) + 35,033%) %(alll% + Ogoug — O31u1 — 832u2)} . (5.9)

We will now estimate I,11,I11,IV. First, using the Cauchy-Schwarz inequality, we may
easily estimate

Ivg{

ook 19 (1 (5 H 2(

i),

R R RS o)

k:// k:/
141
+o a2
AN—-2j—1
K<k

For the last term in 11 we recall the definition of Q from (5.1) in order to rewrite

ot

aaag”v*vagu|0}. (5.10)

[ ook ot 900l 1] (1 ()Q)

— [oeai <h’<ﬁ>q>6aa§’“a£ (W(5)(0ua — GM) (5.11)
Q
= %% 0°9% 1ol (W (p)q / 0“0 o] (W (p)q)0~0% ™o (W (p)G™).
For IT we estimate by expanding with Leibniz:
Ap/3 + 1 | oo o107 (1 agk!'+1 ( agk” 57
> _ _
”—/Q o |l (00 19)|" -~ cfjoak ol (w)Q)|| Z\aagaQH
(5.12)

For I, we have
IZ/QZL'U/?)_'_Maaak’+18j (h/( )Q) aaa§’+1ag(hl(ﬁ)q)

h(p)p?
ook 1] (0)| T |

k./l k./

¢

ratf,
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I3 g k130 1 (7)) |
th 0 W 1270 o/ (7))
/ Wﬁa@ Lo (W (p)a)o™ o5 o] (W (p)GM)
Q
—c‘aaa“laf (W7 H Z ‘aaag”agQHO. (5.13)

Combining the estimates (5.10)—(5.13) with (5.5) and applying Cauchy s inequality in order
8“8?“85 (n (ﬁ)q)HO onto the left, we arrive at the inequality
2

4#/3_}—” o 0k’ / 1
,/1+Wa o181 (W (p)q) 0+2\

1 / ; 2
+5 ek ol ) < 3 |
K<k
4 / ! y ! y
[ (1 B ora 0t ppral 3] (1 ()G

Wip)r
1 i IS L

to absorb the term ‘

d

, . - 2
- 99 1] (h’<p>q)H0

L2
oo} ol Q||

+

2
+H8]G12H +Hv*4N*21*’faguH . (5.14)

AN—2j AN—2j—1 K41

Owing to the Leibniz rule and the properties of p, we may estimate

o oraf], = [

B ( )a“laanQH Ha’f“aaaf(h’ H Z H83 GO‘GJQH
(5.15)

Combining this with (5.14) and summing over all a with |a| < 4N —2j — 1 — K/, we deduce
that there exist universal constants 3/ ;, v ; > 0 so that

2

[1+47L//(3;_/'L V4N 2j—k'— lak'-‘rla](h/( )q)
0

.y , . 2 - "o 2
+ B HvilN—2j—k ‘16§ +13§QH0 < Z Hviuv—zy—k ‘18§ agQHo
k<K'
4,[,6 3+ ,U,/ o ak’ ; _ o ak! : _
pwg 5| [ (1 ) o i phayoeel 1 ()6
| <AN—2j—1—k' 179

W(p)p?
e (e, + ok r..,)
(5.16)

d

VA ’ ; _ 2
7 +ka,jHVi‘N*2J’k toy 1o (h/(P)Q)HO

o o

AN—2j—1 H4N72j71

for every 0 < k' < k. We may then use Lemma A.9 to deduce that there exist constants
A ja > 0 (depending on B ;o and Y j o as in (A.55)) and

Akj = Z A (v + 1) (5.17)
K<k
so that
d / ’
[+, 4p 3+M AN=2j—K'—1 gh'+1 /

= . 14 2t j—

K<k 0

1 Z HV4N 2j—k'— lak’+1a] h’ H i Z Hv4N 25—k — 18k’+1agQH

k'<k



32 JUHI JANG, IAN TICE, AND YANJIN WANG

< Ak Z

|o| AN —2j—1—FK'

/ ) , .
[ (14 ) oral 0 praporal 3] (WG
Q W (p)p

K<k
_ o2 TP 1|12
g (olet?] o, + 6%y, + 100
AN-2j AN—2j—1 4N-2j-1
_ A C2 2
e (Jeatoll o 5 e ran ). s
K<k

Finally, we will estimate the nonlinear terms in the right hand side of (5.18). We use the
estimates (3.36) of Lemma 3.3 to estimate, for 0 < j < 2N —1,

2

loie?|| o, o], ) S Ko IDENDEY + R aFon. (5.19)

Then we use Lemma 3.7 to bound

Ak j >

|o| AN —2j—1—FK'

A /3 4 1\ ao ok 1 i 0t s N ey b _
/ <1+“/2“> 020K 10 (W (p)q)0* 0k 1! (K (p)GMY)
Q h(P)P

k' <k
< K(0,[7)v/ Dy \ /€8x Dy + ExyaFor (5:20)
Plugging the nonlinear estimates (5.19) and (5.20) into (5.18) then yields (5.4). O

We then record a similar result at the N + 2 level.

Proposition 5.2. Fiz 0 <j < N+1and0 <k <2(N+2)—2j—1. Then there ezist universal
constants A ; for 0 < k' <k so that

2
d Ap)3 + 1 2N+2)—=2i— 1=k A4 mj 17/~
_ )\ ;. 1 - Vi a a] h,
K<k 0
VIV 2 e 112
b3 [OOSR g )+ 3[R o aj|
K<k K<k
2 . 2
i, e
AN-2j-1 0
2AN+2)—2j—K 4j ||? ~ —
+ 3 [ Y|+ Ko, [P VEN DR (5:21)
K<k

Proof. The proof proceeds along the same lines as that of Proposition 5.1 except that we instead
use the estimates (3.41) of Lemma 3.4. O

Remark 5.3. Propositions 5.1 and 5.2 provide two important bits of control: energy estimates
of 03q and dissipation estimates for 039. These are crucial for improving the horizontal energy
and dissipation estimates derived in the previous section into the full ones in later sections,
respectively.

6. COMBINED ENERGY EVOLUTION ESTIMATES

Now we combine our previous estimates with the elliptic regularity theory of a particular
Stokes problem in order to derive an intermediate energy-dissipation estimate. We again assume
throughout this section that the solutions obey the estimate G5 (T") < §, where § € (0,1) is
given in Lemma A.3.
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6.1. The Stokes problem. We first derive elliptic estimates. We deduce from (3.24) that
div(pu) = GY? - Q,

' 1 6.1
- %Au - M/?);—MV divu+ V (k' (p)q) = EGQ — Oyu. (6.1)
Direct calculations give the form of the Stokes problem we shall use:
( 1 1 1
—pA ( ) +V (W(p)g) = =G* — O —p (233 <_> O3u + 033 <_> U)
p p P p p
H H 1,2 ~ ;
+——V (_ G — Q — 03pu ) in Q
1 P F ( 3P 3) + (6.2)
div (Z) = (G*? — Q — 203pus) in Q4
u=u on 0.

We now prove the Stokes estimates at the 2NV level.
Lemma 6.1. Fiz 0 < j <2N — 1. Then for any 1 < k < 4N — 27,

. 2 . 2
JAN=2j—k g H H AN=2j-kad (15 H
|v oful  +|vv oW,
. 2 . . 2 _
o as +|| vkl o| 4 [Vl + K (o, [ADENDS + ERyaFon.
(6.3)

Proof. We first fix 0 < j < 2N — 1 and then take 1 < k < 4N —2j. Let a € N? so that
|o| < 4N —2j — k. Applying 9°9? to the equations (6.2) in {24 respectively, and then applying
the elliptic estimates of Lemma A.11 with » = ¥/ +1 > 2 for any 1 < k¥’ < k, by the trace
theory, we obtain

4N—-2j—1

oratall,  + [worat ], < oo (4)] o+ vorar o]
. 2 . . 2 i
< ( aanG2H n ‘ aaaﬁluH n ‘ 80‘8JuH
\a“ﬁjG”H +|orata], +!W [

soraiere| + Joraic],  + oo, + Jorare], + Jooara, @9
T .
S H@iG I o I A 1)
T2l + ooagal

A simple induction based on the above yields that

2
ot ool <t = o
k41 k— AN—-2j AN-2j—1 (6.5)
: 2 2 _ :
+ |0 + [N | VAN
AN-2j—1 k
Finally, we use the estimates (3.36) of Lemma 3.3 to have

aJG“H (o H ENDIy + EFr o T 6.6
H AN 23"‘ AN—2j— 1 K (o, [P)ENDsN + ERXr 2 Fan (6.6)
We then sum over such |a| < 4N —2j — k to conclude (6.3). O

We then record a similar result at the N + 2 level.
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Lemma 6.2. Fiz 0 <j < N+ 1. Then for any 1 <k < 2(N + 2) — 27,

2
Hv (N42)—2j— kaj ‘ 1+va*2(N+2)f2jfkatquk_l

‘ 2N+2)+
o . 2 — (N2 2 . - -
+HV*2(N+2) 2 'fagQHk+Hv*( + >uH1+K(a, [P1)ESND 1o
(6.7)

<flor|
~ At 2(N+2)—2j—1

Proof. The proof proceeds similarly as Proposition 6.1 by using instead the estimates (3.41) of
Lemma 3.4. U

6.2. Synthesis. We will now chain the energy evolution estimates of Section 4 with the 03¢
estimate of Section 5 and the estimates of Lemmas 6.1-6.2. The full dissipation estimates of u
will be obtained, and also some estimates of ¢ will be improved along the way. To do so, we
first introduce some notation. For n = 2N or n = N + 2 we write

& = [ oIV 1) [+ [ g |V 0y |99
Q il

+ / — [ g| V20" + o |V V2|
P

+ /Q (p(J = DK + g+ d3p0)J 0] ul* + b (p)(J — 1) |0q*  (6.8)
and
o _ Hnoe2n, |2 I 3: e2n, |2
o7 —/ 5 ’]D AV u| + |d1VV* u’ (6.9)
Q

for the various terms appearing in Propositions 4.1 and 4.3. Similarly, for n = 2N or n = N 42
and integers 0 < j <n-—1and 0 <k <2n—2j — 1 we write

k
/ ap/3 /
_ Z )\k’,j 1+ /;//( )‘f’ﬂ v2n 25— k—lak +1aj(h/( ) )

with the constants Aj/ ; the same as in Proposition 5.1 in the case n = 2N and as in Proposition
5.2 in the case n = N + 2. We also write

2

, (6.10)
0

Z va 2j— k’—lak’ﬂaj h' H n Z vam 2j— k’aj(h/( 5)q)

k/_ k/_

’2

k'—1

k
v Y v ek gl
k'=0

where Q is as defined in (5.1). In addition, we introduce the following intermediate energies:

—Hvz"unZHajq oy 17D ;Hazn ;_2j+mm{1,o}§](azn +
M) min{Loro o)y |t + (6.12)

§=0
D, ._ZHaﬂu . 2]+1+ZHV8] (W (5 HQn . (6.13)

The rest of the section is devoted to the derivation of the energy bounds for £7 and D,, based on

the energy evolutions for €7, 09, Ql%’k, BIF. First we present the main energy evolution result
at the 2N level with the improved dissipation energy Doy .
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Proposition 6.3. Let (’EQN,QlJQ"ﬁ,, %%]If, be defined as above and let Doy be as defined by (6.13).
There exist universal constants yon > 0 and Bon.j > 0 for j =0,...,2N -1, k=0,...,4N —
27 — 1 so that

IN—14N—2j—1
d

o j,k =
i Eon + Z% kZO Ban:i k2w | + vanDan
j= =

K(U7 [[ﬁ]]) V 5§N175N + K(Uv [[ﬁ]]) \/ ,D(27N€X7+2F2N + K(U7 [[ﬁ]])€g[+2f2]v, (6'14)

Proof. First, we sum the result of Proposition 4.1, with j = 2N, with the result of Proposition
4.3, for all o € N'*2 with ap < 2N — 1 and |a| < 4N; this yields the estimate

d _
dté N+ D3y S K(o, [p])v/ESNDIN + K(0, [p])\/ DINERr 9T 2N (6.15)

where €7, and D, are as defined in (6.8) and (6.9). Note that, owing to the Korn inequality
of Proposition A.8, we may bound

VN2 < DGy (6.16)

Next, we recall the notation Q in (5.1). We may use the estimates (3.36) of Lemma 3.3 to
obtain the bound

|93 QI2 < 194 div(u) [2+[ VAN G212 < |94l 4K o [P EG Dy +E72Fov (617)

Then for 0 < j <2N —1and 0 <k <4N — 2j — 1, we may combine the results of Proposition
5.1 and Lemma 6.1 (summed over 1 < k' < k) with (6.17) to see that

k
d 95! 2 — 2
ra R ] LA IR W Al & e N

dt
K(o,[7]) [ /€S D3N + \/DINES o Fon + EX +2f2N} . (6.18)

where we have written 27 ]lf, and %2 v asin (6.10) and (6.11) and employed Lemma 6.1 to control
the term HV*4N %= kl@guH in the right hand side of (5.4). Notice that if we write

2N — HV4NQHO+ Hv4N 2j—k— 18]QH1§+1 (6.19)

then we particularly have
Sk <[Vl + Z oo top o] < mit. (6:20)
Let 0 < j<2N —-1land 0 <k < 4N —2j — 1. We sum the estimates (6.15) and (6.18);

employing (6.20) in the resulting estimate, we deduce that there exists a universal constant
C1 > 0 such that

d ; /
7 (@ +A) + DIy + Croy S Z (S

oo
AN —-25—1

— 2 = g o o (on
+ || ViNull} + K (o, [p]) [\/ EINDan + 1/ DInER o FanN + 5N+2~7:2N} (6.21)
for all such j, k.
Now, for fixed 0 < j < 2N — 1, owing to the definition (6.19) of Y)QN, we may view (6.21) as

a sequence of estimates indexed by 0 <k <4N —2j—1, of the form considered in Lemma A.9.
Applying the lemma, we deduce that there exist universal constants Co.;x > 0 so that

4N 2j—1 AN—2j—1

dt Z Cajik( (’321\{4—?[]2"]@)—0— Z (@gN+Clﬁ%’]]f]> H@Hl H

AN—2j—1
k=0 a
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+ Hv;*N*Qjag‘ QHE + ([ V3Vul|} + K (o, [2]) [ VENDEN + \/DINER o T + EReynFon]
< Ham H4N o F D5+ Ko [7]) [VENDSy + [ DenERoFon + ERnTan| . (6.22)

where the second estimate follows from (6.17) and (6. 16)
It is easy to see, using the definitions of D9, and Y)Q 'y that

4N—2j—1
AN AN o K
V4> + |74 Q) ? + Haﬁg”w . kzo (05w + a5} (6.23)
Adding H@ﬁ H4N + K (o, [p])ESNDS N + EF o Fan to both sides, and using Lemma 6.1
(with k = 4N — 2j), We then have that
A 2
/ ¥
HatuH4N—2j+1 + HV{?Z( (P)a) AN—2j—1
AN—2j—1
o K 1 — o o o
S kzo ( 2N+0153%N) + Haﬁ H4N 21 + K(o, [p]) €58 D3N + ERroFan. (6.24)

Hence there is a universal constant C3,; > 0 so that

d AN-2j-1 ’ )
Z i (E2n +2[2N) + O <H8 UH4N 2j+1 + ”V&g(h’(ﬁ)q)”4N2jl>
k=0
S H@f“uHiN_Qj . + D3y + K (o, []) [\/7@ + 1/ DInERsaFon +5N+2f2N} (6.25)

forall 0 <j <2N —1.

Counting backward from 2N — 1 to 0, we may view (6.25) as a sequence of inequalities of
the form considered in Lemma A.9. Applying the lemma, we find that there exist universal
constants Cy;; > 0 so that

2N—1 4AN—-2j—1

i O 3 CaanlEin ) Z e (ot + Vi@, )

k=0

< [[92Nully + D3y + Ko [2]) [\/%’ND&V + /DENER o Fon + ERpaFan |
< D5 + K0, [7]) | VENDEN + \/DenERisaFon + ERpaFan . (6.26)

where the last inequality follows from (6.16).

Let C5 > 0 denote the universal constant appearing on the right side of the last inequality
n (6.26). We multiply (6.15) by 2C5 and add the resulting inequality to (6.26). This results in
the bound

d

d IN—14N—2j—1
"
7 | CoCan + Z Z C;iCoyj 1Ay

2N—-1

+ C599y + Z Cs;j (Ha H T Hva’{(h/(p)q)HzN—%—l)

AN—2j+1
S K(0,10]) | VEN DS + /D3N € Fon + EfaFon |, (6:27)

ON—14N—2j—1
Co=2C5+ > > CuyCojp. (6.28)

where
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Finally, we estimate

ZHW g Z [vaiewal,.,.,

< CsDy + Z Cs,j (Ha H + HV@f(h’(ﬁ)q)Hszjl>. (6.29)

AN—-2j+1

This and (6.27) imply (6.14) upon d1v1d1ng by Cgs and renaming the universal constants. O
Next we record a similar result at the N + 2 level.

Proposition 6.4. There exist universal constants yny2 > 0 and Byyo.5k > 0 forj =0,..., N+
1,k=0,...,2(N+2)—2j —1 so that

N+12(N+2)—25—1

d ; _ _ -
N o+ E E B2 02K | +An12Dnt2 S K (0, [p])/ESNDrra-  (6.30)
Jj=

dt

Proof. The proof proceeds as Proposition 6.3 using instead Propositions 4.2, 4.4, 5.2, Lemma
6.2 and the estimates (3.41) of Lemma 3.4. O

Next, we show that, up to some error terms, €2 is comparable to £ for both n = 2N and
n=N+2.

Lemma 6.5. Let £ be defined by (6.12), €7 be defined by (6.8), and A" be defined by (6.10).
Further let Bon,jr and Bnyo.jx be the constants appearing in Propositions 6.3 and 6.4, respec-
tively, for appropriate integers j, k. Then

IN—14N—-2j—1

o o . o o o i,k
EIn — VE Ny min{&Ty, DIy} S €y + Z Z Bonj Ay
i=0 k=0
< K(o, [p)ESy + /€5y min{&5y, Din}  (6.31)

and
N+12(N+2)—2j—-1

_ ‘ "
ERvo — VEIN MIn{ER 0, DR} S Eia+ D D By2gsdh iy

< K (0, [)EF 1 + v/EGy min{EF 5, DFeyo}. (6.32)

Proof. We will only prove (6.31); the proof of (6.32) follows from a similar argument. Let us

compactly write
2N—14N—2j—1

=y Z Bonj k2. (6.33)
0 k=0
First note that "
IN—14N—-2j-1 ON-14N—2j—1 k o
z Z Z 52N,Jk%NA Z Z Z HV4N 2K =19 190 (1/ (5)q )H
=0 k=0 k'=
~14N—2j—1
Z Z HV4N I0:0/ (0 (p H Z H@g@J (0o H4N 2j—1" (6:34)
J—
Since ‘ ) ‘ '
050ta = 375 | 0501 (W (P)a) — O5('(p))0}a (6.35)

)
and h/(p) is smooth on [—b,0] and [0, ¢] and bounded below, we may estimate

L Y P Y S
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and similarly

Josota] < ook @[]+ odal < 2 + w20l + vl
_ 2
SZ+ HV:{N’quO%— |sia| (6.37)
i
fori=1,...,4N — 25 — 1. This constitutes a sequence of estimates of the form considered in

Lemma A.9 (setting X; = 0 there to remove the time derivative terms). Applying the lemma,
we find that

2 AN—2j-1 2 AN 112
Hag@qule—2j—1 = Z,Z; H(‘)g(‘)fg”i SZ+|v qHO' (6.38)
On the other hand,
AN
Hajquw 2j = <|ve qH0~I—H838tqH4N 2j-1’ (6.39)

so summing (6.38) yields the estimate
T -
; HaquZlNﬂj SZ+|viNg2. (6.40)
Next we note that Proposition 4.6 implies that
In 2 [VEVallg + 195ullo + 2= [2) [| V¥ 0llo + o [ 9.9 9] 5]
+H(AD) min{1or 0 = oc} [V}~ /EFy min{egy, Diy)|
+ /Q(ﬁ(J — 1)K + g+ 85p0) |0Nul” + W (p)(J — 1) |02Vq[” . (6.41)

We may easily estimate

2 : o g
S VESymin{&5y, Doy}, (6.42)

/Q(p(J DK 4 g+ 85p0)T |02V u]* + W (p)(J — 1) |92

HV4N77H0 g HV V4N77H0 > Z H@Jn s, + min{1, J}Z Hé?gn o241’ (6.43)
and
etk ZZH%] . (6.44)
Plugging (6.42)—(6.44) into (6.41) then yields the improved bound
g 2 98 all2 + Va2 + (- 1D Z Jora,,, +mint1 U}Z [ —

. 2
H([o]) min{1, 04,0 —UC}ZH&?U sy~ VESN WIn{ESy DI (6.45)
j=0

To conclude the proof of the first inequality in (6.31), we sum (6.40) and (6.45) and employ
(6.33). The second inequality in (6.31) follows easily from (6.34), (6.42), and the definition of
€7 in (6.8) and £Jy in (6.12).

(]
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7. COMPARISON ESTIMATES

In this section, we shall show that £7 is comparable to £7 and that DJ is comparable to D,
for both n = 2N and n = N + 2. This will be achieved by deriving further elliptic estimates.

We again assume throughout this section that the solutions obey the estimate G5 (T') < 4,
where ¢ € (0,1) is given in Lemma A.3.

7.1. Energy comparison. We begin with our comparison result for the energy.

Theorem 7.1. Let £ and £9 be as defined in (2.15) and (6.12), respectively. It holds that

& S K0, [7]) (En + (E83) + ERyaFon + (En)*?) (7.1)
and
Efrra S K (0, 10]) (Efrsa + EonERira + (ERi2)™?) . (7.2)
Proof. We let n denote either 2N or N + 2 throughout the proof, and we compactly write
_ ||2n—2 112 =2n—2 ~2 |2 =2n—2 3|2 =2n—1 ~4||2
Wa = [V 2@+ [V + VG + IV G (7:3)
Note that by the definitions of £7 in (6.12), we have
Y I n ) - n i ) n I
& = opuld+>_ b, +r-TaD | o], | +min{1,0} Y o]
=0 2n—2j =0 2n—2j =0 2n—2j5+1

(ENDY2] (1.4)

FH(AD [min{Los,0- — 0} S oy
j=0

2
2n—2j+1

We first estimate 612 u for 5 =0,...,n — 1. The key is to use the elliptic regularity theory of
the following two-phase Lamé system derived from (3.24):

(—pAu— (u/3 4 1)V divu = G% — pdyu — pV (K (p)q) in Q
—S(u)es = (=P'(p)g + prgns — o+ Auny)es + G on X
8] es = (P (D)al + [ gn- +0-Dan Yes — G2 on 5 (75)
[u] =0 on ¥_

(U = 0 on .

Welet j =0,...,n—1 and then apply 8;57 to the problem (7.5) and use the elliptic estimates of
Lemma A.10 with » = 2n — 25 > 2, by (7.3)—(7.4) and trace theory to obtain

2 2 2 2 2

J
H@tu

<Jo

+ Hﬁtjﬂu

o]

2

| | + |[#da
2n—2j 2n—25—-2

2

2n—2j—2
2

2n—2j5—1 H?2n=2j-3/2(%)

e

+ o2 Hag’n

o7
+ H el 2n—2j—3/2

< oi

2n—2j41/2

+ K (o, []) (&5 + Wa+ (£1)%2) . (76)

2n—2j—3/2
2

2n—2(j+1)

Using a simple induction based on the estimate (7.6), utilizing the ||j'u/| estimate in (7.4) for

the base case, we easily deduce that for j =0,...,n,
2 _
|l S K@ 10D (& + W+ (ED*?). (7.7)
n—2j
We then estimate 8,{ q and 8g nfor j =1,...,n to get an improvement. By the first equation

of (3.24), using the estimates (7.7) and (7.3), we have that for j =1,...,n,
2 , 2 2
< H(?]_lu

8jq
H Hlop i1 ~ 1T

+ Hag‘lGl

2n—254-2 2n—2j5+1
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2

i—1
= H(‘)g U

+ Hag‘l

K(o,[7]) (& +Wa+ (£)%2) . (78)

2n—2(j—1) 2n—2(j—1)— 1

Now by the kinematic boundary condition
on=uz+G*on X, (7.9)
we have that for j = 1,...,n, by the trace theory, (7.7) and (7.3),

R R T R T
s ot HQn_z(j_l) e zn syty1j2 S (0 [2D) (& +Wn+ (&) (7.10)

Consequently, summing the estimates (7.4), (7.7), (7.8) and (7.10), we conclude
& S Ko, [7]) (&5 + Wa + (€1)72). (7.11)

Setting n = 2N in (7.11), and using (3.35) of Lemma 3.3 to bound Wan < K (o, [p])[(E9y)? +
Er1oFan], we obtain (7.1); setting n = N +2 in (7.11), and using (3.40) of Lemma 3.4 to bound
Whii2 S K(o, [p])ENER o5 We obtain (7.2). O

7.2. Dissipation comparison. Next we consider a similar result for the dissipation. To begin
we prove a lemma involving norms of q.

Lemma 7.2. Let D,, be as defined in (6.13). Then

lgll5, < D+ llallg - (7.12)
Proof. We compute
1 _ _
Vg = W) [V(W (p)a) — V(N (p))a] - (7.13)
Since h/(p) is smooth on [—b,0] and [0, ¢] and bounded below, we may estimate
IValls £ IV @)l + llally £ Du + llall (7.14)
and similarly
IVal S IVH @) + llall} S Do+ lalls + 1Vl (7.15)
fori=1,...,2n—1. This constitutes a sequence of estimates of the form considered in Lemma

A.9 (setting X; = 0 there to remove the time derivative terms). Applying the lemma, we find
that

2n—1
2 2 & A 2
IVal3,-1 < > IVall? S Do+ llallg (7.16)
which yields the desired estimate upon adding Hq||(2) to both sides. O

Now we can record the dissipation comparison results.

Theorem 7.3. Let DS and D,, be as defined in (2.16) and (6.13), respectively. It holds that

Dfy < K(0, [7]) (Dan + ESnDy + VBN Diy + ERsaFan ) (7.17)

and
D12 S Ko, [p]) (ﬁN+2 + EINDFo + 1/ E% DX +2) : (7.18)
Proof. We again let n denote either 2NV or N + 2 throughout the proof, and we compactly write

Vo =[G+ (VP20 g+ [V

7 2n— 2 —2n— 2 n 2
+[|v.2 1GA:H1/2 + ||V 28tG4H1/2 +0? V2 G

(7.19)
(s

We now estimate the remaining parts of D, not contained in D, that is, to estimate n and
improve the estimates of g. We divide the proof into several steps.
Step 1 — g estimates
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We first notice that by the first equation of (3.24),

2 2 2 A
19rallzn -1 < llullz + (|G 5—y S Dt Yo, (7.20)
andf0r2§j<n+1
. 2

Y e I ek

n—2j5+ n—2j+ n—2j+
e - (7.21)

< |0 " +[|o <Dy + Vo
2n—25+3 2n—25+2

We may sum these estimates with the estimate of Lemma 7.2 to see that

<D+ Y+ gl (7.22)

lgll5,, + l19:qll5, - 1+ZH tq on—2j+2 ~

Step 2 — 6,? 71 estimates ‘
We now derive estimates for time derivatives of 1. For the term &/n for j > 2 we use the
kinematic boundary condition

om=u3z+G*on X, (7.23)
Indeed, for j = 2,...,n+ 1, by the trace theory and (7.19), we have
2 G
ot L) e
2n—2j+5/2 H2n—2j+5/2(% 2n72j+5/2 (7.24)
L2 1 all? _ :
o +Hag G S Do+ Ve
2n—2(j—1)+1 2n—2(j—1)+1/2 ~

For the term d;n, we again use (7.23), the trace theory and (7.19) to find

2 2 2 2 2
o’ 10|55 11 /2 + 10210 S (1 + o?) l[usllgrzns1/2(sy + o’ HG4H2n+1/2 + HG4H2n71/2
< (14 max{o?, 02}) [ular + Vn S K (0, [91)Do + V. (7.25)
Hence

n+1

o 00m|341/2+ 1905, 1/2+ZH o, .. S K@ IA)D, + Y0 (7.26)

Step 3 — V.n estimates
For the remaining 7 term without temporal derivatives we use the dynamic boundary condi-
tion
—o 4 Ay + prgny = Pi(p1)ay — 24 Osus 4 — gy divuy — G5 on (7.27)
and
—o_An- = [plgn- = — [P'(p)q] + 2 [pOsus] + [1' divu] — G3 on ¥_. (7.28)

Notice that at this point we do not have any bound of ¢ on the boundary X, but we have
bounded V(h/(p)g) in Q. As such, we first apply V., to (7.27) and (7.28). We use Lemma A.12

n (7.27); when [p] < 0 we also use Lemma A.12 on (7.28), but when [p] > 0 we instead use
(4.24) of Lemma 4.5. This, trace theory, and (7.19) then provide the estimate

H([p]) minfo?, (o — ac>2} IV anl30s1/2 + H(= 12D (02 V312 + 91130 )
S HV (n'(p HH2n 3/2(2 + V- V“HH2n 3/2(% + HV G3H2n 3/2
< Hv h/ Hzn 1 + HuH2n+1 + HG3H2n 1/2 ~ D + y”’ <7 29)

where H = X9 ) denotes the Heaviside function.
Step 4 — Recovering ||g||2 and [|7]|3
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Next we seek to control Hqu and Han To this end, we recall the conservations of mass
(4.38)—(4.39) and the definition of ® in (3.65). Standard arguments allow us to find w = w4, a
solution to the following problems:

divwy = ¢y + @4 in Qp, wzy = —piny on Xy, wz 4 = —pT - on X (7.30)
and
divw_=¢q-+®_inQ_, w3_=—-p n-_ond_, w_=0 on . (7.31)

Note that the equalities (4.38) and (4.39) provide the necessary compatibility conditions for
the solvability of the problems (7.30) and (7.31), respectively. Moreover, we have the following
estimates

lwlly S Nlallo + 121lg + il /2 - (7.32)
Now we take the dot product of the second equation of (3.24) with () 'w, we obtain
[ 9@ w - divsw) - (9w = [ ()76 - o, (7.33)
Q Q

Using the equations for w = w4, we have

[0 p)as) w0y = divSew)- 5) = [ )7 (PG =S -

- / (4)  (PL(p)ar T — Sy (uy))es - wy — / Wy (pr)gy divewy — Sy (uy) s V((p4) 'wy)

_ Q

== [ e (PPt = Si(wdes] e = (o)™ 3 Glus)iowns
n i=1,2

b [ [(PLp)asT = Sfusea] - ea = (p)7! 3 (Be(us )i

_ i=1,2

— [ G0+ ) = S V() )
" (7.34)

and similarly,

|90 e e —divS- () () e == [ o [P )aT =5 (e -

— U_))i3W; — — W (p_)qg—(q— +®_)—S_(u_): V((p_) tw_).
Z/ Diswie = [ (-G + @) =5 () V(o) )
(7.35)
Collecting (7.33)—(7.35), and the boundary conditions of (3.24), we get
(@716 =~ dww = - [ W(@ala+ ®) - 5(): V() w)
Q Q
= [ (P T =S - = 3 (o) G
+ i=1,2
[ [P - sw)es] -es— 3 [(9) Sw)iau]
X i=1,2
(7.36)

W (p)a(g + @) = S(u) : V((p) " w)

+ i=1,2

n-([Pl gn- +o-Awn- — = > [ (S(w))iswi] -
- i=1,2

/.

= [ nsorgm = o n + G = 3 (o) Gl
+
2
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We then further deduce from the above that

/ W ()l + / prglna | — / 1A gln_I* + / oIVl
0 oy il b

—— [()'6* o~ [ W(a® -8 V() w) - [ 063 (ram
- Z/z p1)” S+ uy) 13w1+* Z/ [[ 13w1]]'

i=1,2 i=1,2

Using Proposition 4.6, trace theory, and Cauchy’s inequality, we deduce from the above that
for every € > 0

ol + H(IAD) min{L o o = o2} [l + (= [2) [Inll + & [V2nl]
S NG lg Ihollg + 0eully llwllg + llallg 1@lo + llell; llwlly
1l [1G* [ + 1Vl o s 1l o sy + H(LD) v/ €7 mind €7, DR}
C
< = (100l + 3 + 1G22 + 163 12 + 113) + = (el + lall3 + HnHz)
+H([F])/E3D2, (7.38)

where again H = X (0,00)-

Step 5 — Handling (7.38) with cases

To proceed we must break to cases depending on the sign of [p]. If [p] > 0 then we employ
(7.32) and Lemma 3.10 to successively estimate

e (Il + 1lgl3 + 1nl2) < (gl + Il + 1212) < Ce(llgl + Inllf + VETD).  (7.39)
We then choose € > 0 according to

1
Ce = B min{l,04,(c_ —o.)}, (7.40)

so that we may absorb Hqu + ||7]|3 onto the left in (7.38). This yields the estimate (again
estimating ® with Lemma 3.10)

lal3 + min{1, 00—~ oc} )l
< Ko [7D) (l0nlly + el + |65 + |62 [ls + V&)

K (o, [p]) (ﬁn + Y + \/ST{DZ) . (7.41)

where the constant K (o, [p]) is as in (2.40) when [p] > 0.
On the other hand, if [p] < 0, then we use (7.32) and Lemma 3.10 (to estimate ®) to bound

 (Iholl} + llglls + Imlig) < C= (llally + 113 + lnl + 19nlf) (7.42)
2 2 2 '
SCe(HfJHoJanHoJrHV*nHo+ E7D7)-

In this case we choose € > 0 so that Ce = 2, which allows us to absorb ||g||2 4 [|7]|2 onto the
left of (7.38). From this we deduce (again using Lemma 3.10) that

2 2 2
lallg + lInlls + o Vsl
2 2
S N0wullg + [lull3 + |G|l + [|GP]lg + I Vanllg + VETDS,
<Dy + Vo +/ESDT, (7.43)

where in the last estimate we have used (7.29) to estimate HV*an.
Combining (7.41) and (7.43) with (7.29), we find that

lqllg + #([p]) min{1,04,0- — 0c, 0%, (0- = 0c)*} [11l13045/
/
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+ H(=[7D) (Inl13-12 +min{L, 0%} 3,152

S K(0.[7]) (Du+ Yo+ VETDE) . (T44)

Step 6 — Completion

Now we sum (7.22) and (7.26) and add to the resulting inequality a positive multiple of
(7.44), where the multiplier is chosen large enough to absorb onto the left the term ||qH(2) on the
right side of the sum of (7.22). This results in the estimate

n+2

.12

2 2 _ . 2

lall3,+ 0113, + > [0, , ,+ M@ min{lor.0- —oe0?. (0= =00} B0
j=2

FH D) (Il + min{L 0%} [licsys) + 100101+ 02 (900l
n+1 ]
+> Hﬁi U
j=2
When n = 2N we use (3.36) of Lemma 3.3 to estimate Yoy S K (o, [p])E9nDIN + ERr o Fan-
Then we obtain (7.17) from (7.45) by adding Day to both sides and recalling that by definition,
(6.13), Dan controls all of the u terms in DJy. When n = N + 2 we use (3.41) of Lemma 3.4

to estimate Yo S K(0, [p])E5y DSy 1o- Then we obtain (7.18) from (7.45) by adding D42 to
both sides.

(@, [1) (Du + Y+ VEDS) . (7.45)

2
<K
2n—2j45/2

O

8. A PRIORI ESTIMATES

We are now ready to derive the global-in-time bounds and decay of high order energy &9
and £F; 5 based on the previous estimates on various energies.
Recall that Gy is defined by (2.24).

8.1. Boundedness at the 2N level. In this subsection, we shall show the boundedness at
the 2N level. We first recall Fon defined in (2.17). We will make use of the following transport
estimates for Fon.

Proposition 8.1. There ezists a universal constant 0 < dp < 1 so that if G5 (t) < 6 < do, then

Fon(r) < Fan(0) 47 / DIy (8.1)
0
for 0 <r<t.

Proof. The estimate is recorded in Proposition 7.2 of [8]. The proof is based on the transport
theory of the kinematic boundary condition. O

We now present the a priori energy bounds for £5,, DSy, and Faop.

Proposition 8.2. There exists a constant K (o, [p]) of the form (2.40) and a universal constant
do > 0 so0 that if 0 < 6 < 0o/ K (0, [p]]) and Gy (t) <9, then

sup &9, (T)—}—/tDU (r)dr + sup Fan(r)
o<r<t o N o<r<t (1+7)

< K(o, [p])€3n(0) + Fan(0). (8.2)

Proof. Throughout this proof let us denote by ggN the quantity appearing in the time derivative
in (6.14) of Proposition 6.3. By assumption we have that supy<,<; EJy (1) < 0. In what follows
we will restrict the size of § in order to prove (8.2). We assume initially that § < 1 so that
(ESn)PL < (E9N)P2 if p1 > po. This allows us to simplify many of the subsequent estimates by
retaining only the lowest power of £J, appearing in inequalities. We also assume that 0 is as
small as in Lemma A.3.
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We may integrate the estimates (6.14) of Proposition 6.3 to see that

t
En (1) / Doy < Ev(0) + Ko [7D) | [VEDEw + /Do RaFon + ERciaFn] - (53)

According to the first inequality of (6.31) in Lemma 6.5, combined with estimate (7.1) of
Theorem 7.1 we have that

& S K(0,[7]) | & + (E0)* + ER s Fon | (8.4)
Estimate (7.17) of Theorem 7.3 yields the bound
Diy S K0, [7]) Doy + VENDIn + ERaFan (8.5)

Additionally, the second inequality of (6.31) in Lemma 6.5, together with the trivial bound
v < EFy, implies that
En S K(o, [P)ESN- (8.6)
We may assume, by taking the maximum, that the constants K (o, [p]) > 1 appearing in (8.3)—
(8.6) are identical.

Let us assume that /0K (o, [p]) is sufficiently small to absorb the second terms on the right
sides of (8.4) and (8.5) onto the left with a factor of 1/2. Then (8.4) and (8.5) improve to

En S K0, [7]) [Ex + ExeyaFon| (8.7)

and
Diy S K (o, [p]) [Din + EXqaFon] - (8.8)
We then plug (8.6)—(8.8) into (8.3) to see that

En (1) / Doy S K (o, [p])E3n(0) + K (0, [p1)ERr12(t) Fan (t)

K(o, [p]) / [\/77)21\1 +/DInER o Fan + 5N+2]:2N} (8.9)

For any € > 0 we may apply Cauchy’s inequality to bound
2 [* ' [[P]]
(o, [n]) / DINER o Fon < € / DIy 4 Bl lpl) / ES TN (8.10)
0 0

Taking e sufficiently small, we may absorb the fg DJ, term onto the left in (8.9), resulting in
the bound

£ (1) / Don < K (0, [A)E (0) + K (0, [7])EG12(t) Fan (1)

w07 [ [VERDIN + (4 Ko [AD)ER e on] - (811

The decay of £ ,(t) guaranteed by the bound on G§y(t), combined with the bound of
Proposition 8.1, easily imply that

t
EX o) Fan(t) S 6(1+ 1) N Fyn(t) < 6Fon(0) + 6 / DY (r)dr

< ViFan(0) +\f/7> rydr (8.12)

and

/ %o (1) Fan (r)dr < 6Fan(0) + 6 / DY () < VEFan(0) + V3 / "D (r)dr. (8.13)
0 0 0
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We plug (8.12) and (8.13) into (8.11) and then further assume that v/¢(K (o, [p]) + K (o, [p])% +
K (o, [p])?*) is sufficiently small to absorb all of the resulting fg DY, terms on the right. This
results in the estimate

E5n (1) / DY (r)dr < K (o, [2])E5 (0) + Fan (0). (8.14)
Then the estimate (8.2) follows from (8.14) and (8.1). O

8.2. Decay at the N + 2 level. We next show the decay at the N + 2 level. The first step is
an interpolation argument that allows us to control €%, in terms of DY, , and £

Lemma 8.3. Let £F,, and &y be as defined in (2.15) and DY, be as defined in (2.16), and

let
4N — 8

0= 0,1). 8.15
If [p] >0, o4 >0, and 0 > o, then
min{l,o4,0_ — 0.}
£% . < 1, 7 o 8.16
R S| L ey P (519

If [p] <0 and o4,0- >0, then

£ 1o < max {1, m} %o (8.17)
If [p] <0, then
ERrpr S (DRria)’(E53)' 7 (8.18)
In either case,
Erso S K (o, [PD) (D)’ (E53)' 7. (8.19)

Proof. The estimates (8.16) and (8.17) follow directly from the definitions.
Suppose then that [p] < 0. First note that we may trivially estimate

N+2
sz tuH 2(N+2)—2 +||Q||2 N+2) +ZH tqH 2(N+2)—2j+1 ZH th 2(N+2)—2j+3/2
N+2
<3 Joi], o
Z H 2(N+2)—2j+1 HqHQ N+2) +H tQH2 (N+2)—1

N+3

+ 10312 1/2+2H6JqH < (DF)(E8W)' 7 (8:20)

2(N+2)—2j+2

since all the terms appearing in the middle can be controlled by both DY, and 5. It remains
only to estimate

2 . 2
H77H2(N+2) + min{1, 0} ||77”2(N+2)+1 : (8:21)
To handle these remaining terms we must use Sobolev interpolation. Indeed, we first have that
(1-0 _
342y < Ill5n)-1je Il S (DResa)(E53)' (822)

where 6 is as in (8.15). To handle the second term, we interpolate twice:

. 2 .
min{l, o} ||77”2(N+2)+1 < min{l, 0} HTIH2(N+2)+3/2 HTIHQ(N+2)+1/2
4N—-9
< min{1,0} H77||2 (N+2)+3/2 ||77||§U§VJ:2 ~1/2 ||77||4N !

4N—-9 1

) 1/2 = N7
= (wmin{1,0*} Inlnraprae)  (Inlinrzoae) ™ (i)™
< (Dfyya)(E3) ",

(8.23)
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where the last inequality holds because

1 4N -9 AN —8
2 SN-14 T aN-7 (8.24)
Then (8.18) follows from (8.20), (8.22), and (8.23).
Now when [p] < 0, (8.19) follows from (8.18) since K (o, [p]) = 1 is a constant of the form
(2.40). When [p] > 0 we chain the trivial bound DF,, < (D%+2)9(5§N)1_9 with (8.16) and
note that

K (o, [7]) = max {1, min{l, o, 0- = oc} } (8.25)

min{l,04,0_ — 0,07, (0 — 0¢)?}

is a constant of the form (2.40).
O

Next we deduce algebraic decay of £ 5.

Proposition 8.4. There exists a constant K (o, [p]) of the form (2.40) and a universal constant
do > 0 so that if 0 < 6 < 0o/ K (o, [p]) and G (t) < 0, then

Sup (1+ )N TEER 4o (r) S K (0, [P])E5N (0) + Fan (0). (8.26)

<r<

Proof. First we note that again supg<,<; 55 () < 0, and that we will restrict J to prove the
desired result. Let us initially assume that § is as small as in Proposition 8.2, which in particular
means that § < 1. In this proof we will also need to explicitly keep track of various universal
constants Cj > 0. Throughout the proof we will write &%, , for the term appearing with the
time derivative in (6.30) of Proposition 6.4, and we will write

1
5= .
4N — 8
We begin by enumerating various estimates proved previously. From Proposition 6.4 we have
that

(8.27)

d co No = o o
£5N+2 + C1DF 49 < CoK (0, [p]) v/ ESN D42 (8.28)

By assuming that V0K (o, [p]) is sufficiently small, we may deduce from (7.2) of Theorem 7.1
and (7.18) of Theorem 7.3 that

E% 12 < Cok (o, o)) R (8.29)
and B
Do < Cik (o, [7]) Do (8.30)

Further restricting § in this manner, we may use the first estimate in (6.32) of Lemma 6.5 and
(8.29) to see that

1 co oo o o0 oo
0= 58N12 < EXya = VENEN 12 < C5E 42 (8.31)

Similarly, the second estimate in (6.32) of Lemma 6.5 and the trivial estimate £ 4o S EF s
imply that

gj({f+2 < CeK (0, [p])ERr12- (8.32)
Next, from (8.19) of Lemma 8.3 we know that
4N -8 1
EXry2 < C7K (0, [p]) (DR 42) W=7 (E55) 7. (8.33)
Finally, since ¢ is as small as in Proposition 8.2, we know that
Sup EIn(r) < Cs (K (o, [p])€5n(0) + Fan(0)) := Mo. (8.34)
<r<t

As before, we are free to assume that the constants K (o, [p]) > 1 appearing in (8.28)—(8.30)
and (8.32)—(8.34) are all the same. We may also assume, increasing the stated constants if need
be, that

04 > Cl and 067 C7 > 1. (835)
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Again restricting §, we may guarantee that CoC4K (0, [p])%\/Ey < C1/2, which allows us
to chain together (8.28) and (8.30) to find that

d C

7Sk T 7150N+2 <0, (8.36)
which in turn implies, by way of (8.30), that
d Ch
—&5 ——— D%, <0. 8.37
@V TR (o ] NS (8.37)

Chaining together (8.32)—(8.34) and using the positivity of SJ%H guaranteed by (8.31) shows

that
1

(CoCrK o, TP+ Mg
where 0 < s < 11is as in (8.27). We may then combine (8.37) and (8.38) to see that
d

@é‘m + 2(E5)' T <0, (8.39)

E3ri2)' " < DRy, (8.38)

where we have written
Z .= % (8.40)
T 2C4(CeCr) K (o, [p])3 T2 MG '

Now we view (8.39) as a differential inequality for £ 9> Which is positive by virtue of (8.31).
We may integrate (8.39) to find that for any 0 < r <,

£12(0)
1+ 53(51?/4-2 (0))s7] 1/s

Eria(r) < (8.41)

From (8.32) and (8.34) we know that
ERXr42(0) < C6ER15(0) < CoK (0, [p])E5x (0) < G K (o, [p]) Mo, (8.42)
which implies that

. . sC1(EF,5(0))* sC1(Ce K (o, [p]) Mo)®
s2(ER12(0))" = 204(0607)1+81IV(?‘277 [p])3+2 M = 2C4(CeCr) 5K (o, [p])* T2 MG
sC1 <1. (8.43)

~ 204C4(Cr) K (o, [])PF

Here in the last inequality we have used (8.35) and the fact that K(o,[p]) > 1 and s < 1. A
simple computation reveals that for 0 < M <1

(1+r)l/s 1

A+ Mo T M (844)
From this and (8.41)—(8.43) we then know that
- (1+ r)l/s - 1 -
(L+)" €% yo(r) < = N2(0) < — ==X +2(0)
[+ sZ(E815(0))>r]H/* §°2°ER15(0)
(2C)'*(CoCr) /T K (o, [p]) ¥/ ***
This immediately yields (8.26) upon recalling the definition of My in (8.34).
O

Finally, we deduce exponential decay of £, in the case with surface tension.

Proposition 8.5. Suppose that either [p] < 0 and o4,0_ > 0 or else [p] > 0 and o4 > 0,
o_ > .. Define M(o,[p]) > 0 according to

M(o, [7]) = max {1, min{l, 04,0 = oc} } (8.46)

min{l,04,0_ — 0¢,0%, (0— — 0c)?}
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if [p] > 0 and
_ min{1,0+,a_}
M = l, ————~ 8.47
() = ma {1, AT (8.47)
if [o] < 0.
There ezists a constant K(o,[p]) of the form (2.40) and a universal constant o > 0 so that
if 0 <6 < 6o/K(o,[p]) and G\ (t) < 0, then

oo, P <K<o, [o])M (. [2])

Proof. Assume that § is as small as in Propositions 8.2 and 8.4. Arguing as in Proposition 8.4
(and renaming the constants), we know that

) E542(r) S K(0. [A)ES 12(0). (8.48)

d ~ C1
—E&% o+ ——-—-DX <0 8.49
N Ko o) N (549
and )
0< ———E%.5 < E% o < C3K (0, [p))ES 1o 8.50
> CQK(O', [[/3]]) N+2 S cny2 =03 (o,[p]) N+2 ( )

Also, from (8.16) and (8.17) of Lemma 8.3 we know that
Exr 2 < CaM (o, [p]) DR 12, (8.51)
where M (o, [p]) is as defined above.
Combining (8.49)—(8.51) leads to the differential inequality
et &
dt "2 C3CK (o, [p])? M (o, [5])
Upon integrating and again using (8.50), we then find that for 0 < r < ¢,
EXra(r) & ( rC >
—— " L EX (1) < O3K (0o, [p])EX15(0) ex — — . 8.53
G (o, ) = R S CR @I e om oo ) &%
This immediately yields (8.48).

E%n <0. (8.52)

O

8.3. A priori estimates for GJ,. Now we combine the results of Propositions 8.1, 8.2, and
8.4 into a single a priori estimate involving the functional Gy, as defined in (2.24).

Theorem 8.6. There ezists a constant K(o,[p]) of the form (2.40) and a universal constant
do > 0 so that if 0 < 6 < 0o/ K (0, [p]) and G\ (t) <9, then

Gon (1) S Ko, [p]) €3N (0) + Fon (0). (8.54)
Proof. Let §p > 0 be as small as in Propositions 8.1, 8.2, and 8.4. Then the estimates of each
Proposition hold, and they may be summed to deduce (8.54). O

9. PROOF OF MAIN RESULTS

9.1. Proof of Theorem 2.3. Before presenting the proof of Theorem 2.3, we record a technical
result that we will use to transition from the bounds provided by the local well-posedness result,
Theorem 2.2, to bounds on Gy, as defined by (2.24).

Proposition 9.1. Suppose that N > 3. There exists a universal constant C > 0 with the
following two properties.
First, if 0 < T, then we have the estimate

T
Gin(T) < sup EgN(t)+/ DIn(t)dt + sup ng(t)+C(1+T)4N_S sup E9n(t).  (9.1)
0

0<t<T 0<t<T 0<t<T
Second, if 0 < T1 < T5 then we have the estimate
T

Gon(T2) < CGN(Th) + sup EIn(H) + [ Diy(t)dt
T1<t<T> T1
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1
+ ——— sup Fon(t)+C(To —T))*(1+To)*™8 sup EJn(t). (9.2)
(1+T1) r<e<m, T <I<Ty
Proof. Although the exact form of the energy and dissipation terms is slightly different, the

result follows from the same argument used in the proof of Proposition 9.1 of [8]. As such, we
omit further detail. O

With this result in hand we may now turn to one of our two main results.

Proof of Theorem 2.3. The structure of the estimates in our local well-posedness Theorem 2.2,
our a priori estimates Theorem 8.6, and our Proposition 9.1 are essentially the same as those
found in corresponding results from the study of the incompressible viscous surface wave problem
carried out in [8]. As such, we may argue as in the proof of Theorem 1.3 of [8] to prove (2.28).
Rather than replicate the argument here, we will provide only a sketch; we refer to [8] for a
more detailed version of the argument.

Step 1 — Local theory

Set § > 0 to be the smaller of the g constants appearing in Theorem 8.6 and Proposition 8.5
divided by the larger of the K (o, [p]) constants appearing there. By choosing k < dp, where
09 comes from Theorem 2.2, we may guarantee that Theorem 2.2 provides a unique solution
on an interval [0,T] with 7' < 1, satisfying the estimates (2.18). We then use estimate (9.1) of
Proposition 9.1 and further restrict x to guarantee that G5 (7") < 6. By the choice of J, the
estimates of Theorem 8.6 and Proposition 8.5 hold.

Step 2 — Global existence

We define

T. (k) = sup{T > 0 | for every choice of initial data satisfying the compatibility
conditions and E95(0) + Fan(0) < k there exists a unique solution on [0, 7]
that achieves the data and satisfies G55 (T') < 6}. (9.3)

By Step 1, we know that T, (x) > 0, provided & is small enough. Clearly, T is non-increasing,
and so it suffices to establish that there is a kg > 0 so that T (ko) = +o0.

To prove this we argue by contradiction, showing that T (kg) < +oo leads to a contradiction
if kg > 0 is chosen appropriately. More precisely, we choose a 0 < T} < Ti(ko) and then use
Theorem 8.6 to guarantee that the hypotheses of the local existence theorems are verified by
(¢(Th),u(T1),n(T1)). We then apply the local theory to construct a solution on [T},T5]. By
using estimate (9.2) of Proposition 9.1 and choosing 77 sufficiently close to Ty (kp), we may
guarantee that Ty (ko) < T and G5 (T2) < 6. This contradicts the definition of Ty (kg). So,
T, (ko) = +oo. It’s clear from this analysis that 1/kq is of the form K (o, [p]).

Step 3 — Proof of (2.28)

To deduce the bound (2.28) we simply apply Theorem 8.6 on the interval [0,00). This is
possible since the previous step guarantees that GJ, (+00) < 6.

Step 4 — Proof of (2.29)

Since d was chosen as small as in Proposition 8.5, the hypotheses of this Proposition are
satisfied in the cases (2.26) and (2.27). As such, the estimate (8.48) holds, from which (2.29)
easily follows.

O

9.2. Proof of Theorem 2.9. We can now establish the vanishing surface tension limit.

Proof of Theorem 2.9. For the sake of brevity we will only present a sketch of the proof.

The convergence of the data occurs at sufficiently high regularity to pass to the limit in the
compatibility conditions, which shows that (qo, uo, 7o) satisfy these with o4 = 0. Then the data
convergence and the bound (2.28) show that

limsup G9y(o0) < E9y + Fan(0). (9.4)

(04,0-)—0
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These bounds, when combined with the usual embedding and interpolation results, show that
the solutions (¢7,u?,n?) converge strongly to a triple (¢, u,n) in a regularity class high enough
to pass to the limit in (2.10). The limiting (q,u,n) then solve (2.10) with o1 = 0, and hence
agree with the solution obtained from Theorem 2.3 in this case. O

APPENDIX A. ANALYTIC TOOLS

A.1. Poisson extensions. We will now define the appropriate Poisson integrals that allow us
to extend 74, defined on the surfaces 31, to functions defined on €2, with “good” boundedness.

Suppose that ¥, = T2 x {¢}, where T? := (2L, T) x (27 L2T). We define the Poisson integral
in T2 x (—o0, ) by

eiﬁ-x’ N
Poif(x) = =0 f (), (A1)
fe(L#%@;IZ) 2k
where for £ € (L7'Z) x (Ly'Z) we have written
—i&x’
; n_ ¢ '
= ——dx’. A2
flo)= | 1) gt (A2)

“_»

Here stands for extending downward and “¢” stands for extending at z3 = £, etc. It is
well-known that P_ o : H3(3,) — H*+tY/2(T? x (—o0, £)) is a bounded linear operator for s > 0.
However, if restricted to the domain 2, we can have the following improvements.

Lemma A.1. Let P_,f be the Poisson integral of a function f that is either in HQ(E+) or
HI71V2(2,) for ¢ € N = {0,1,2,...}, where we have written H*(X,) for the homogeneous
Sobolev space of order s. Then

I99P- i Fllg S 15 pamssarey and [P oflly S 1F o, - (A3)
Proof. See Lemma A.3 of [8]. O

We extend 14 to be defined on €2 by
N+ (2, x3) = Pyne (2!, 23) == P_my (2, z3), for z3 < L. (A.4)

Then Lemma A.1 implies in particular that if n, € H*~/2(X,) for s > 0, then 7, € H*(Q).
Similarly, for ¥_ = T? x {0} we define the Poisson integral in T? x (—o0,0) by

i€z’ ~
Pofte)= X ook, (4.5)

¢e(Ly ' 2)x (Ly ')

It is clear that P_ o has the same regularity properties as P_ 4. This allows us to extend 7_ to
be defined on Q2_. However, we do not extend 7n_ to the upper domain €2 by the reflection
since this will result in the discontinuity of the partial derivatives in z3 of the extension. For
our purposes, we instead to do the extension through the following. Let 0 < Mg < Ay < -+ <
Am < oo for m € N and define the (m + 1) x (m + 1) Vandermonde matrix V(Ag, A1, .., Am)
by VX0, Aty- -y Am)ij = (=A;)¢ for 4,5 = 0,...,m. It is well-known that the Vandermonde

matrices are invertible, so we are free to let a = (ag, aq, . .. ,am)T be the solution to
VAo, AMye ooy Am) & = Gy Gm = (1,1,...,1)T. (A.6)
Now we define the specialized Poisson integral in T2 x (0, 00) by
> NS el f
Piof(z) = — aje” ST f (g, (A.7)
’ 27/ L1 L
e myx(zyiz) Y 2 =0

It is easy to check that, due to (A.6), 4P of(2',0) = LP_of(2’,0) for all 0 < I < m and
hence
0Py of(2',0) = 0*P_of(2',0), Va € N? with 0 < |a| < m. (A.8)
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These facts allow us to extend 7_ to be defined on 2 by

— / o ! L P—i-,OT]— (ZE/,JZ'?,), xr3 > 0

1) = P (o) i= { RO (T 02 (A.9)
It is clear now that if n_ € H*"/2(X_) for 0 < s < m, then 77_ € H*(Q). Since we will only
work with s lying in a finite interval, we may assume that m is sufficiently large in (A.6) for
n— € H*(Q) for all s in the interval.

A.2. Estimates of Sobolev norms. We will need some estimates of the product of functions
in Sobolev spaces.

Lemma A.2. Let U denote a domain either of the form Q4 or of the form ¥4.
(1) Let 0 < r < s1 < sg be such that s1 > n/2. Let f € H**(U), g € H*?(U). Then
fge H(U) and
1 9llgr S g gl s - (A.10)
(2) Let 0 < r < s1 < sg be such that so > r+mn/2. Let f € H**(U), g € H*>(U). Then
fge H(U) and

19l gr S g gl gss - (A.11)
Proof. These results are standard and may be derived, for example, by use of the Fourier
characterization of the H® spaces and extensions. O

A.3. Coefficient estimates. Here we are concerned with how the size of n can control the
“geometric” terms that appear in the equations.
Lemma A.3. There ezists a universal 0 < § < 1 so that if ||77H§/2 < 6, then

1
— 1700 Al ;oo Bll;soioy < =,
1T = 1l ooy + 1Al oo o) + 1Bl @) =5

A" = gy + 1K = Uy < 5, and (4.12)
K|y + Ml ey S 1
Also, the map © defined by (2.4) is a diffeomorphism.

Proof. The estimate (A.12) is guaranteed by Lemma 2.4 of [8]. O
A.4. Korn inequality. Consider the following operators acting on functions v : R* 2 U — R™:
Du = Vu + Val and DO = Du — 29V %

or in components
20,

D’U,Z’j = 8Z'Uj + 8jui and ]D)Ouij = (9Z‘Uj + 8ju,' — 7(511
n

Note that tr(D%) = 0. As such, the operator D° is referred to as the “deviatoric part of the
symmetric gradient.”

In what follows we will compute the kernel of D and D° in H*(€). In doing so we will actually
compute the kernel on C3(£2), but the results hold as well in H'() via an approximation
argument.

Lemma A 4.
ker(D) = {u(z) =a+ Az | a € R", A = —AT} (A.13)

Proof. We have that Du = 0 if and only if d;u; = —0;u; for all 4, j. Then
0i0kuj = —0k0ju; = —0;(—0suy) = 0;0;uy, = 0;(—0ku;) = —0;0ku;,
and hence V2u = 0. Then u(x) = a + Az for some a € R” and A € R™". But then
0=Du=A+AT = A=—-AT. (A.14)
So, if u € ker(D) then u(x) = a + Az for A antisymmetric. The converse also clearly holds. O
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We may also compute the kernel of D°.

Lemma A.5. If n =2 then
ker(D%) = {u: C ~R*D Q — R? ~ C | u is holomorphic}. (A.15)
If n > 3 then
ker(DY) = {u(z) = a+ Az + vz + (b-z)z —blz]* /2|y € R,a,b e R", A= —AT}.  (A.16)

Proof. Consider first the case n = 2. Then D% = 0 if and only if
201u1 O1us + Ouq . O1ur + Oaug 0 (A 17)
O1us + Oauq 209u9 B 0 Orug + Ooug, ’
which holds if and only if
81u1 = 6271/2 and 62u1 = *81U2, (A18)
which are the Cauchy-Riemann equations in €. Regarding R? ~ C then shows that u is
holomorphic in €2, which is (A.15).
Now consider the case n > 3. Throughout the rest of the proof we do not employ the
summation convention. Note first that if D% = 0 then

2 di 1
20;u; = Due; - ¢; = lvulei ce; = —divu (A.19)
n n
for each i = 1,...,n. This means that
1
61u1 = 82U2 == 0pUunp = 5 divu := M. (A.20)

This allows us to rewrite D% = 0 in components as
Oju; = —0ju; + 2M 6. (A.21)
Next we compute
0;0ku; = O(—0ju; + 2M ;) = —0;0ku; + 20, M ;j
= —0j(—0jup + 2M ;1) + 20, M ;5
= 0;0juy, + 20, M6;5 — 20; M 03, (A.22)
= 0;(—0Okuj + 2M 1) + 20, Md;; — 20; My,
= —0;0uj + 20, Mé;5 — 20; M 6,5, + 20; M1,

and hence
0;Ouj = O Mo;j — O; Moz, + O; My, (A.23)
Applying 9y to (A.23), we find that
0;0r0puj = 0,0 M 6,5 — 0jO0p M 631, + 0;0p M jy. (A.24)
On the other hand, we can switch the index from £ to £ in (A.23) to see that
0;0puj = OgMéij — Oj My + 0; Mg, (A.25)
which reveals, upon applying Ok, that
0;0r0puj = 0ROy M 65 — 00 M 60 + 0;0, M0 jq. (A.26)
Now we equate (A.24) and (A.26) to see that
OkOp M 6;5 — 0j0, M i1, + 0;0¢ M, = 0,0y M ;5 — 050, My + 0; O, M, (A.27)
which allows us to cancel the 9,0,Md;; terms to deduce that
0;0¢M &1, — 0;0p M 033, = 0;0, M jo — 0;0, M. (A.28)
Multiplying by ¢;, and summing over j, k then reveals that
(n —2)0;0,M = —AM©yp, (A.29)

from which we deduce, by multiplying by §;; and summing over i, £, that
(n—2)AM = —nAM. (A.30)
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Hence AM = 0, and upon replacing in (A.29) and using the fact that n > 3, we find that
V2M =0 = M(x) =~ +b-x for some v € R" b € R". (A.31)
Returning to (A.24), we also find that
Viu = 0. (A.32)
From (A.31) and (A.20) we deduce that

2
ui(x) = gi(Z:) +yai + (b Ty)x; + bi%7 (A.33)

where &; =  — x;¢;, and g; is (by virtue of (A.32)) a quadratic polynomial in Z;, i.e. in all of
the variables except x;.
Since whenever ¢ # j we have 0ju; = —0;u;, we may use (A.33) to compute

8jgi(§:i) + xibj = —8igj(:i"j) — l’jb,; = 8392(.771) + .’L‘jbi = —(&gj(a%j) + xibj) for ¢ # J- (A.34)

Define G : U — R™ by
|2

Gj(l‘) = gj(i‘j) + |lébj forj=1,...,n. (A.35)
Then
=17

which together with (A.34) implies that DG = 0 in . Then by Lemma A.4 we have that
G(z) = a+ Ax for a € R and A = —AT € R™", Then

, 251"
9i(#;) = aj + (Az); = =-b (A.37)
which we may plug into (A.33) to deduce that
2
u(z)=a+ Az +yz+ (b x)x — ﬂb. (A.38)

2

So, every element of ker(D) is of this form. An easy computation reveals that every function
of this form is also in the kernel.
O

Next we record a version of Korn’s inequality involving only the deviatoric part, D°.

Lemma A.6. Let U C R™, n > 3, be bounded and open with Lipschitz boundary. Then there
exists a constant C > 0 such that

el < C(llullza + [[D%lf72) (A.39)
for all w € HY(U).
Proof. See Theorem 1.1 of [6]. O
We now prove a first result on the way to our desired Korn-type inequality.

Lemma A.7. Letn > 3 and
Q= N(L;T) x (a,b) (A.40)

forO< Ly <oo,i=1,....n—1, and —0o < a < b < 00, and define the lower boundary by
Y, = ML T) x {a}. There exists a constant C' > 0 so that

2
Jul? < COID%ul? + fulZoqs, ) (A.41)
for all u € H(Q).
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Proof. Suppose not. Then there exists a sequence u,, € H'

—

Q) so that |lun|l, =1 but

. (A.42)

S|

DO g + llunl3ogs,) <

Employing Lemma A.6, we find that sup, ||un |1 < 0o. So, up to the extraction of a subse-
quence, we have that u, — u weakly in H' and u,, — u strongly in H". By (A.42) we have
that D’u = 0 and v = 0 on X,. Then by Lemma A.5 we know that

w(z) =a+ Az +~yz+ (b-2)x —blz> /2 for y € R,a,b € R", A = —AT € R™". (A.43)

Since u vanishes on ¥, we must have the zeroth, first, and second order parts of the polynomial
all vanish, and hence

a=0
Ae+ve=0 (A.44)
(b-e)e—0/2=0

for all unit vectors e € R"~!. The second equality in (A.44) implies, since A is antisymmetric,
that

y=7leff =ve-e=—Ae-e=0. (A.45)
Then Ae = 0 for all unit vectors e € R" !, which means that A = 0 since otherwise Ae,, =y # 0

implies that y; = y-e; = Aep-e; = —ep - Ae; =0fori=1,...,n—1 so that y = y,e,, but then
Yn = Aey, - €, = 0. Choosing e = e in the third equality in (A.44) implies that

bier = boey + ... bpe, = b=0. (A.46)
Hence v = 0 in 2, which contradicts the fact that |jul/, = 1.
O
Now we extend this to layered domains.
Proposition A.8. Let n > 3,
Q_ =T} (L;T) x (=b,0) and Q := - }(L;T) x (0,0) (A.47)

for0 < Ly < o0, it =1,....n—1, and 0 < b, < oo, and define the bottom boundary by
Yy = ' (L;T) x {~b} and the internal interface by ¥ = T (L;T) x {0}. There exists a
constant C > 0 so that
2 2
I + lu—ff < C(IDOus [} + [DPu_ ) (A48)
for all ux € HY(Q4) with [u] =0 along ¥ and u_ =0 on .
Proof. By Lemmas A.6 and A.7 we have that
2 2 2
< Olu? + [D0u_|[}) < OB u_ 2+ u—lpogs,y) = C [DOu_ 2. (A9)
By trace theory and the jump condition [u] = 0 on X, we may estimate
2 2 2 2
luslzosy = llu-lzos) < C lu-llf < C D u|;. (A.50)
Then to conclude we use Lemmas A.6 and A.7 together with this estimate:
2 2 2 2
a3 < Ol 3+ D% |12) < OB |2+ i o)) < OB |2+ [P [2). (A.51)

O
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A.5. Linear combinations of estimates. We now consider how to reduce a sequence of
related estimates to a single estimate in a more useful form.

Lemma A.9. Let k > 1 be an integer, U C R be an open set, and consider functions X;,Y;, Z; :
U—=R fori=0,....,k, Wi : U — [0,00) fori=0,...,k, and Vi : U — R. Suppose that

d

%Xo + Bo(Yo + Wo) < vVo + Zo (A.52)
and fori=1,...,k
4 i1
%Xi‘i‘ﬁi(y;‘i‘wi) < Vo+jZOYj + Zi, (A.53)

where B;,v; > 0 are constants for i =0,..., k. Then there exist \; > 0 fori=0,...,k so that

k k k k
% DANXi+ Y (ViAW) <V Nivi+ Y NiZi. (A.54)
i=0 i=0 i=0 i=0

Moreover, \, =1/By and for i =0,...,k—1

k

)\i:P’i(ﬁi-l—lw"76k77i+17"'7’yk)H5j_1 (A55)
7=0

where P; is a polynomial with positive integer coefficients.

Proof. Suppose that A\; > 0 for ¢ = 0,..., k. Multiplying (A.53) by Ao, (A.53) by \;, and

summing, we find that

k k k k k i1 k
% DOANXi A NBYi+ D NBWI <o) vidi+ D> A Y Y+ Y NiZs
=0 i=0 i=0 i=1 =1 j=0 i=1

(A.56)
k k—1 k k
= V()Z%)\i + ZYz Z Ajvs + Z)\iZi-
i=1 i=0  j=i+1l i=0
We then seek to choose the \; so that
k
AifBi = Z Ajvi +1 fori=0,...,k—1,
Py (A.57)

Al = 1.

This linear systems admits a unique solution with A; > 0. Indeed, we may set A\, = 1/6; > 0
and then iteratively solve for

k
1
A== 14+ D wx ] >0 (A.58)
6\ A

fori =k —1,...,0. Plugging the equations (A.57) into (A.56) then yields the estimate

k k k k k
%Z&Xi +Y Vit Y NBWi <Y A+ N (A.59)
i=0 i=0 i=0 i=0 i=0

The estimate (A.54) follows from this by observing that by construction X\;3; > 1 and that
W; > 0. The form (A.55) follows easily from (A.58) and elementary calculations.
O
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A.6. Elliptic estimates. Here we consider the two-phase elliptic problem

(*MAU*(/J/?)JF,MI)VCHVU:FQ in
—S(uy)es = F3 on Xy
—[S(u)]es = —F3 on X_ (A.60)
[ul =0 on Y_
u_ =20 on Xp.

We have the following elliptic regularity result.

Lemma A.10. Letr > 2. If F2 € H""%(Q), F3 € H"73/2(X), then the problem (A.60) admits
a unique strong solution u € o H*(Q) N H"(Q). Moreover,

lull, S [ E2[], o + 1F°]] (A.61)

r—3/2"

Proof. We refer to [33, Theorem 3.1] for the case of two-phase Stokes problem, but the proof is
the same here. It follows by making use of the flatness of the boundaries ¥+ and applying the
standard classical one-phase elliptic theory with Dirichlet boundary condition. O

We let G denote a horizontal periodic slab with its boundary G (not necessarily flat) consist-
ing of two smooth pieces. We shall recall the classical regularity theory for the Stokes problem
with Dirichlet boundary conditions on 9G,

—uAu+Vp=f in G
divu=nh in G (A.62)
U= on 0G.

The following records the regularity theory for this problem.

Lemma A.11. Letr > 2. If f € H'%(G),h € H'"Y(G),p € H~Y2(dG) be given such that

/Gh:/BGLp~V, (A.63)

then there exists unique u € H"(G),p € H™1(G) (up to constants) solving (A.62). Moreover,

lull gy + 1Vl ey S I lr—2() + 1Bl ey + Il gr12006) - (A.64)
Proof. See [17, 31]. O
Lemma A.12. Suppose that ¢ >0 and k > 0. If ¢ satisfies [1. ¢ =0 and
—0AC+ k=@ on T2, (A.65)
then forr > 2,
o llcll + 1Kl —2 S llell—o - (A.66)
Proof. We use (A.65) to see that
(o |n> + k)((n) = @(n) for all n € (LT'Z) x (L;'7Z). (A.67)
In particular, this means that ¢(0) = 0. Since x > 0 we may estimate
o nf* [&(n)|| < lp(m)P? (A68)

and then argue as in Lemma 4.5 to deduce the bound

a il < lelly—s - (A.69)

~

2
On the other hand, since o > 0, we may bound > ’C(n)’ < |@(n)|* to get the estimate

rICl—2 < llelly o - (A.70)
O
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