HOMOGENIZATION OF INTEGRAL ENERGIES UNDER
PERIODICALLY OSCILLATING DIFFERENTIAL CONSTRAINTS

ELISA DAVOLI AND IRENE FONSECA

ABsTRACT. A homogenization result for a family of integral energies

u5»—>/f(u€(z))d1:, a€—>()+7
Q

is presented, where the fields u. are subjected to periodic first order
oscillating differential constraints in divergence form. The work is based
on the theory of &7-quasiconvexity with variable coefficients and on two-
scale convergence techniques.

1. INTRODUCTION

This paper is the first step toward a complete understanding of homogeniza-
tion problems for oscillating energies subjected to oscillating linear differential con-
straints, in the framework of &/ —quasiconvexity with variable coefficients. To be
precise, we initiate the study of integral representations for limits of oscillating

integral energies
x
Ue /Qf(nm E—a,ug(x)) dz,

where  C RY is an open bounded domain, ¢ — 07, and the fields u. € LP(£; R?)
are subjected to periodically oscillating differential constraints such as

N
o i @) Oue(x) : -1,p(0). R
e = ;A (E—B) oz, — 0 strongly in W™ -P((; R"), (1.1)

or in divergence form

N
AWy, = ; aiatl (AZ(€%>U5(IE)) — 0 strongly in WP (Q;RY), (1.2)
with 1 < p < 400, Ai(x) € Lin (R4 R = MY for every . € RV, i =1,--- | N,
d,l > 1, and where «, 8 are two nonnegative parameters. Here, and in what follows,
M!*4 stands for the linear space of matrices with ! rows and d columns.

Oscillating divergence-type constraints as in appear in the homogenization
theory of systems of second order elliptic partial differential equations. Indeed, if
ue = Ve, with v. € WHP(Q) for every ¢ > 0, and A¥(z) = A(z) € MMV for
i = 1,---,N, then considering reduces to the homogenization problem of
finding the effective behavior of (weak) limits of v., where

. z . —
div (A(f)va) — 0 strongly in W=1P(Q), 1 < p < +o0.
9
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2 E. DAVOLI AND I. FONSECA

These problems have been extensively studied in the literature (see e.g. [2], [5l
Chapter 1, Section 6], [9], and the references therein).

Different regimes are expected to arise depending on the relation between « and
5. Here we will consider 8 > 0, and we will assume that the energy density f is
constant in the first two variables but the differential constraint in divergence form
oscillates periodically. The limit scenario a > 0,8 = 0 and (treated in
[12] for constant coefficients), i.e., the energy density is oscillating but the differ-
ential constraint is fixed, and the situation in which « > 0 and 8 > 0, will be the
subject of forthcoming papers.

The key tool for our analysis is the notion of o7 —quasiconvexity. Fori =1--- /N,
consider matrix-valued maps A* € C°(Q;M'*?) and define & as the differential
operator such that

N
Fv(x) = ZAZ(x) 6;9(5), x €,

=1

for v € LL _(Q;R?), where % is to be interpreted in the sense of distributions. We
require that the operator &7 satisfies a uniform constant-rank assumption (see [18])

i.e., there exists r € N such that
N
rank (Z A’(x)wi> =r for every w € "1, (1.3)
i=1

uniformly with respect to x, where SV~ is the unit sphere in RY. The properties
of &/-quasiconvexity in the case of constant coefficients were first investigated by
Dacorogna in [I0], and then studied by Fonseca and Miiller in [I4] (see also [I1]).
In [20] Santos extended the analysis of [I4] to the case in which the coefficients of
the differential operator &7 depend on the space variable.

Definition 1.1. Let f : R — R be a continuous function, let @ be the unit cube
in RN centered at the origin,
1 1\N
Q=(-573)

R
and denote by O (RY;R9) the set of smooth maps which are Q-periodic in RY.

per
Consider the set

Cy = {w € Cpof;r(RN;Rd) : /Qw(y) dy =0, ZAZ(IE) oy 0}.

For a.e. x € Q, the &/ —quasiconvex envelope of f in x € ) is defined as
€ Qufe) =int{ | feru)dy: wec}

f is said to be o -quasiconver if f(¢) = Q. f(x,€) for a.e. x € Q and all £ € RY.
We remark that when o7 := curl, i.e., when v = V¢ for some ¢ € WLI(Q;R’"),

loc
then d = m x N, then &/-quasiconvexity reduces to Morrey’s notion of quasicon-
vexity (see [1I, @, 6], 17]).
The following theorem was proved in [20] in the more general case when f is
a Carathéodory function, generalizing the corresponding results [14, Theorems 3.6
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and 3.7] in the case of constant coefficients (i.e. A‘(z) = A" € M*? for every
i=1,---,N).

Theorem 1.2. Let Q be an open bounded domain in RN, let A® € C>(Q;M*9) N
Whee(;M>4) j=1,--- ,N,d>1,1<p< +oo, and assume that the operator
o satisfies the constant rank condition . Let f : R? — [0, +00) be a continuous
function satisfying

(i) 0= f(v)<C(1+][vP),

(i) [f(v1) = f(v2)] < O+ Jor[P7 + [va P ) o — vg
for all v,vy,vy € RY, and for some C > 0. Then o/ —quasiconvexity is a necessary
and sufficient condition for lower semicontinuity of the functional

v»—)/gf(v(x))dx

for sequences v. — v weakly in LP(;RY) and such that &/v. — 0 strongly in
W-Lr(Q;RY).

In the case of constant coefficients, in [6] Braides, Fonseca and Leoni provided
an integral representation formula for relaxation problems in the context of .o7-
quasiconvexity and presented (via I'-convergence) homogenization results for peri-
odic integrands evaluated along .7 —free fields. Their homogenization results were
later generalized in [I2], where Fonseca and Kromer worked still in the framework
of constant coefficients but under weaker assumptions on the energy density f.

This paper is devoted to extending the previous homogenization results to the
case in which & is a differential operator with nonconstant L°°-coefficients, the
energies under consideration are of the type

us / F(ue()) da,

where u. — u weakly in LP(Q;R?), and

N
~ 0 (T
Ay = <A1<—> ) 50 strongly in W~ 19(Q; R!
Ve ; oz, € ue(x) rongly in ( )
for all 1 < g < p. We point out that the result in Theorem [20] covers the case
q = p. Our analysis includes the case when ¢ = p if the operator &/ has smooth
coefficients. However, in the general situation when < has bounded coefficients,
the assumption 1 < ¢ < p is required, in order to satisfy some truncation and
p-equiintegrability arguments (see the proofs of Theorems and [5.1)).

Our starting point is a characterization of the set C of limits of /Y —vanishing
fields u.. We show in Propositionthat a function u € LP(Q;RY) belongs to C< if
and only if there exists a map w € LP(Q; L2, (RY;R?)) such that fQ w(z,y)dy =0
for a.e. x € (),

u S+ w
strongly two-scale in LP(Q x Q;R?) (see Definition [2.1)), and u + w satisfies the
differential constraints

ﬁ: 8?31- (/QAi(y)(U(w) +w(x>y))dy) =0 (1.4)
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in W=LP(Q;RY), and

N o A
D 5, AW)@) +w@,y) =0 (1.5)
i=1 7"

in W=LP(Q;RY) for a.e. x € Q. This generalizes the classical characterization of 2-
scale limits of solutions to linear elliptic partial differential equations in divergence
form in [2| Theorem 2.3] to the case of first order linear systems.

For every u € C¥, we denote by Cf the class of maps w as above. We then
prove that the homogenized energy is given by the functional

inf,~ ¢ inf { liminf, 4 7;(,1,)(11”) D up — u  weakly in LP(€; Rd)}
Fa(u) = QifueC?,
+oo  otherwise in LP(Q;R?),

where

inf { fo S(0(@) + wa(w,9) dydo s w € 7, Jwll oo <7
s
Ferny() = Sifv e ¢Z™),

+o0o  otherwise in LP(Q;R?),

the classes Cy ) are defined analogously to C7 by replacing the operators A(:)
with A%(n-) in (1.4) and (1.5, and

¢/ = v e LP(RY) : Fw e 7™ with lwllLr@xgray <7} 7> 0.
Our main result is the following.

Theorem 1.3. Let 1 < p < +oco. Let A € L®(Q;M*9), i = 1,--- | N, and let
f:RY— [0,4+00) be a continuous map satisfying the growth condition

0< f(v) <CA+|wP)  for everyv € R, and some C > 0.
Then, for every u € C¥ there holds

inf { liminf [ f(uc(x))de: ue —u weakly in LP(Q;RY)

e—0 Q

and FNu. — 0 strongly in WHU(Q;RY) for every 1 < g < p}

= inf { lim sup/ flue(z))de : ue —u  weakly in LP(;R?)
Q

e—0

and Zu, — 0 strongly in WH(Q;RY) for every 1 < g < p} = Foy(u).

Remark 1.4. (i) As a consequence of Theorem 1.2} we expected the homog-
enized energy to be related to the effective energy for an “<7-quasiconvex”
envelope of the function f, with the role of the differential constraint </ to
be replaced by the limit constraints and . We stress the fact that
here the oscillatory behavior of the differential constraint as ¢ — 0 forces
the relaxation with respect to and and the homogenization in
the differential constraint to happen somewhat simultaneously. Indeed, for
every n the functional 7;(n,) is obtained as a truncated version of a relax-
ation with respect to the limit differential constraints dilated by a factor n,
and is evaluated on a fixed element of a sequence of maps approaching u,



HOMOGENIZATION FOR & (2)—QUASICONVEXITY 5

whereas the limit functional %, (u) is deduced by a “diagonal” procedure,
as n tends to +o0.

(ii) The truncation in the definition of the functionals ?;(n,) plays a key role
in the proof of the limsup inequality

inf { lim sup/ fluc(x))de : ue —u weakly in LP(€; R?)
Q

e—0

and Y Vu, — 0 strongly in W12 RY) for every 1 < ¢ < p} < Fo(u),

because it provides boundedness of the “recovery sequences” and thus al-
lows us to apply a diagonalization argument (see Step 3 in the proof of
Proposition .

(iii) We remark that, as opposed to the case in which the operators A’ are
constant, we cannot expect the homogenized energy to be local, i.e., that
there exists fhom : © x R? — [0, +-00) such that

fm(u):/gfhom(x,u(x)) dz. (1.6)

We show in Example that locality in the sense of (1.6)) may fail even
when the function f is convex in its second variable.

As in [12], the proof of this result is based on the so-called unfolding operator,
introduced in [, [7] (see also [21], 22] and Subsection [2.2)). A first difference with
[12, Theorem 1.1] (i.e., with the case in which the operators A’ are constant) is the
fact that we are unable to work with exact solutions of the system /4y, = 0,
but instead we consider sequences of asymptotically /3 —vanishing fields. As
pointed out in [20], in the case of variable coefficients the natural framework is
pseudo-differential operators. In this setting, we do not project directly onto the
kernel of a differential constraint 2/, but rather we construct an “approximate”
projection operator P such that for every field v € LP, the W~YP norm of & Pv
is controlled by the W =1 norm of v itself (we refer to [20, Subsection 2.1] for a
detailed explanation of this issue, and to the references therein for a treatment of
the main properties of pseudo-differential operators).

The crucial difference with respect to the case of constant coefficients is the
structure of the set C*. In the case in which the condition &/4Vu, — 0 is replaced
by @/u. = 0, with & being independent of the space variable, and
decouple (see [12, Theorem 1.2]) becoming separate requirements on w and u.
However, in our situation they can not be dealt with separately, and this forces the
structure of the homogenized energy to be much more involved.

The oscillatory behavior of the differential constraint and its e-dependent struc-
ture render this problem quite technical due to the difficulty in obtaining a suitable
projection operator on the limit differential constraint. Moreover, due to the cou-
pling between and and the dependence of the operators on ¢, the pseudo-
differential operators method cannot be applied directly here. In order to solve this
problem, in Lemma [3.2] we are led to impose a uniform invertibility requirement
on the differential operator. To be precise, we require [ x N = d and we assume
that there exists a positive constant « such that the operator A(y) € Lin (R¢;R?),
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defined as

(A' )T
A(y)€ = . e MV* ~R?  for every € € R?,

(AN ()"
satisfies
(H) Ay)A-A> A2 for every A € RY and y € RV,

We remark that assumption (H) is quite natural, as it represents a higher-
dimensional version of the classical uniform ellipticity assumption (see e.g. [2
(2.2).

The strategy of our argument consists in first proving Theorem [[.3] in the case
in which the operators A’ are smooth. The general case is then deduced by means
of an approximation argument of bounded operators by smooth ones, and by an
application of Severini-Egoroff’s theorem and p—equiintegrability (see Section .

Our main theorem is consistent with the relaxation results obtained in [6] in the
case of constant coefficients. When the linear operators A’ are constant, we prove
in Subsection [5.1] that the homogenized energy .%,, and Theorem reduce to the
o/ —quasiconvex envelope of f and [6, Theorem 1.1], respectively.

This article is organized as follows. In Section [2| we introduce notation and recall
some preliminary results on two-scale convergence and on the unfolding operator.
In Section We provide a characterization of the limits of &/4V-vanishing fields (see
Proposition . Section [4]is devoted to the proof of our main result, Theorem
for smooth operators Z9". The argument is extended to the case in which /v
are only bounded in Section

2. PRELIMINARY RESULTS

Throughout this paper 2 C RY is an open bounded domain and O() is the
set of open subsets of . @ is the unit cube in RY centered at the origin and with
normals to its faces parallel to the vectors in the standard orthonormal basis of RY,

{61, s 76]\7}'7 i.e.,
1 1\N
o=(-1H)"
272
Given 1 < p < 400, we denote by p’ its conjugate exponent, that is
1 1
p P
Whenever a map v € LP,C, .-, is QQ—periodic, that is

vix+e)=v(x) i=1,--- N

for a.e. =z € RV, we write v € LB, Cpers - -+, respectively. We will implicitly

identify the spaces LP(Q) and L5, (RY). We designate the Lebesgue measure of a
measurable set A C RY by |A|. We adopt the convention that C will stand for a
generic positive constant, whose value may change from expression to expression in

the same formula.
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2.1. Two-scale convergence. We recall the definition and some properties of
two-scale convergence which apply to our framework. For a detailed treatment of
the topic we refer to, e.g., |2 15, 19]. Throughout this subsection 1 < p < 4o0.

Definition 2.1. If v € LP(Q; L2, (RV;R?)) and {u.} € LP(Q;RY), we say that

per

{u.} weakly two-scale converge to v in LP(Q x Q;RY), u. 2 v, if

[ veta) (. 2)do— [ /Q v(@,y) - (@) dy da

for every ¢ € LP (; Cper(RY; RY)).
We say that {u.} strongly two-scale converge to v in LP(Q x Q;RY), u. 2 v, if
Ug 22y and
Eh_% ”usHLP(Q;Rd) = ”U”LP(QXQ;Rd)'
Bounded sequences in LP(2; R?) are pre-compact with respect to weak two-scale
convergence. To be precise (see [2, Theorem 1.2]),

Proposition 2.2. Let {u.} C LP(Q;R?) be bounded. Then there exists v €

LP(Q;Lger(RN;Rd)) such that, up to a subsequence, u. =y weakly two-scale,

and, in particular,
U — U = / v(z,y)dy weakly in LP(Q;RY).
Q

The following result will play a key role throughout the paper in the proofs of
limsup inequalities (see [2, Lemma 1.3], [22] Lemma 2.1], and [12], Proposition 2.4,
Lemma 2.5 and Remark 2.6]).

Proposition 2.3. Let v € LP(; Cper(RY;RY)) or v € Lp (RN C(Q; R%)). Then
the sequence {u.}, defined as

is p—equitntegrable, and
u. o strongly two-scale in LP(Q; RY).

2.2. The unfolding operator. We collect here the definition and some properties
of the unfolding operator (see e.g. [8 [7, 2] 22]).

Definition 2.4. Let u € LP(Q;R?%). For every ¢ > 0 the unfolding operator
T. : LP(;RY) — LP(RN; L2 (RV;RY)) is defined componentwise as

per
To(u)(x,y) := u(e {EJ +e(y— Lyj)) for a.e. z € Q and y € RY, (2.1)
where u is extended by zero outside 2 and |-] denotes the least integer part.

Proposition 2.5. T. is a nonsurjective linear isometry from LP(Q; R?) to LP(RYN x
Q;RY).

The next theorem relates the notion of two-scale convergence to LP convergence
of the unfolding operator (see [22, Proposition 2.5 and Proposition 2.7],[15, Theorem
10]).



8 E. DAVOLI AND I. FONSECA

Theorem 2.6. Let Q) be an open bounded domain and let v € LP(Q; L2, (RY;R9)).

per
Assume that v is extended to be 0 outside Q). Then the following conditions are

equivalent:

(i) u® =y weakly two scale in LP(Q x Q;R?),

(ii) Toue — v weakly in LP(RY x Q;R?).
Moreover,

u Sy strongly two scale in LP(Q x Q; RY)
if and only if
T.u. — v strongly in LP(RY x Q;R%).
The following proposition is proved in [12], Proposition A.1].
Proposition 2.7. If u € LP(2;R?) (extended by 0 outside ) then
||'LL — Teu”LP(RNxQ;Rd) —0

ase — 0.

3. CHARACTERIZATION OF LIMITS OF &/ 4V-VANISHING FIELDS

Let 1 < p < +o0o, and for every ¢ > 0 denote by &4V : LP((Q;RY) —
W=LP(Q; RY) the first order differential operator

AV y ::i 0 (Al(f)u(x» (3.1)
: — Ox; €

i=1

for u € LP(£2;RY). In this section we focus on the case in which the operators A°
are smooth and Q—periodic, A* € C (RY; M%), for all i = 1,--- , N. We will

per
also require that N x| = d, and for every y € R the operator A(y) € Lin (R%; R%),
defined as

(AN (y)O)"
A(y)€ := e MV = R?  for every € € R?,
(AN (»)O)"
satisfies the uniform ellipticity condition
A()A- X >4\ for every A € R? and y € RY (3.2)

where v > 0 is a positive constant.
We first prove a corollary of [I4] Lemma 2.14].

Lemma 3.1. Let 1 < p < 400 and consider the differential operator
div: LP(Q;RY) - W=1P(Q)
defined as

N
divR := Z 6];‘;3/) for every R € LP(Q;RY).
i=1 i

Then, there exists an operator
T: LP(Q;R™) — LP(Q;RY)
such that

(P1) T is linear and bounded, and vanishes on constant maps,

(P2) ToTR=TR and div(TR) =0 for every R € LP(Q; RY),
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(P3) there exists a constant C = C(p) > 0 such that
R — TR r(@r~y) < ClldivR|lw-15(q).

for all R € LP(Q;RYN) with fQ R(y) dy =0,

(P4) if {v"} is bounded in LP(Q x Q;RN) and p—equiintegrable in Q x Q,
then setting w™(z,-) = Tv™(z,-) for a.e. = € Q, the sequence {w™} is
p—equiintegrable in ) x @,

(P5) if v € CHQOL (RY;RY)) N W22(Q; WEZ(RY;RY)) then setting

o(z,") := To(z,-) for every x € RY | there holds ¢ € C1(Q; CL,, (RY;RY)).

per

Proof. We first notice that we can rewrite the operator div as

= OR(y)
divR:=Y D22 for every R € LP(Q;RY),
; o y (Q;R™)
where D' € Lin (RY;R), D! :=§! for every i,m =1,--- N.
For every A € RY \ {0}, we associate to div the linear operator

N
D(A) := Y D'); € Lin (RV;R).

i=1
By [14, Remark 3.3 (iv)] the operator div satisfies the constant rank condition (L.3).
Properties (P1), (P2) and (P3) follow directly by [14, Lemma 2.14]. The proof of
(P4) is a straightforward adaptation of the proof of [I4, Lemma 2.14 (iv)]. For
convenience of the reader, we sketch the proof of (P5).

Fix ¢ € C1(Q; CL,.(RY; RN)NW22(Q; W22 (RY; RY)). For every A € RV\ {0},

let Pp(\) : RY — RY be the linear projection onto Ker D()\). Writing the operator
T explicitly (see [I4, Lemma 2.14]), we have

Ty(z,y) = > Pp(\d(z, N>
AEZM\{0}

where
O(x,\) = / Y(x,2)e N dz, for A€ ZN\ {0} and z € Q,
Q
are the Fourier coefficients associated to ¥(z,-).

By the regularity of ¥ and by Plancherel’s theorem for Fourier series, we obtain
that

1
(w > |Ai|2|¢<x,x>|2>2=\\%?\

AezZN\{0}

< C, forevery x €,
L2(Q;RY)

for i = 1,---,N. Therefore, by [14, Proposition 2.7] and by Cauchy-Schwartz’s
inequality, for every n € N there holds

)R IOV i ET D S (Y]

AEZN\{0}, [A|Zn AEZN\{0}, [A|Zn

<o > wenrr) (Y )

AEZN\{0} AEZN\{0}, [A|>n
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< )
- C( AGZN\%’ [AI>n AP
The previous inequality implies that for every n the tail of the series of functions
> Po(W)d(x, A (3.3)
AEZN\{0}
is uniformly bounded by the tail of a convergent series. This yields the uniform

convergence of the series in (3.3) and hence the continuity of the map Ty(z,y).
The differentiability of T (x,y) follows by an analogous argument. O

Using the previous result we can prove the following projection lemma.

Lemma 3.2. Let 1 < p < +oo, let A* € L®(Q;M*4), i = 1,--- N, with A
satisfying the invertibility requirement in (3.2). Let {v"},v C LP(Q x Q;RY) be
such that

o™ = v weakly in LP(Q x Q;RY), (3.4)

HMZ

(/ Ai(y)v"(x,y) dy) — 0 strongly in VV_LI’(Q;}RZ)7 (3.5)
i 1 Q

0
< Dy

HMZ

(Ai(y)v”(a:,y)) — 0 strongly in LP(Q; W P(Q;RY).  (3.6)

Then there exists a subsequence {v™*} and a sequence {w*} C LP(2 x Q;R?) such
that

V™ —wh =0 strongly in LP(Q x Q;RY), (3.7)
AN

> g ([ At dn) =0 in W@, (3.8)
= 0ri N g

N
> %(Ai(y)wk(x,y)) =0 in W 'P(QR') for ae z€Q.  (3.9)
i=1 7t

Proof. We first notice that (| E, imply that

z _ : —Lpro. mw!
8:& /A v(z,y dy)—O in W=HP(; RY),

Z aay‘ (Al( Jo(z,y )) =0 in W HP(Q;R) for a.e. € Q.
i=1 7"

By linearity, it is enough to consider the case in which v = 0. Moreover, up to a
translation and a dilation, we can assume that €2 is compactly contained in Q.

By the compact embedding of LP(;R?) into W~1P(Q; R?), and by and
- for every ¢ € C°(€;[0,1]) there holds

8331 / Ay (z,9) dy)

- ; #(@) ail- (/QAi(y)“n(x’y) dy) + i 8;;@ (/QAi(y)v"(fvvy) dy) >0
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strongly in W~1P(Q; R?). On the other hand, by (3.6),

N
O ( i\ mn .
H ; o0, (A (y)v™(z, y)) HW*LP(Q;]RZ) — 0 strongly in LP(Q).

Therefore, we may consider a sequence {p;} C C°(€;[0,1]) with ¢x 1 and such
that, setting 0f := @xv" and extending o} by zero to @ \ © and then periodically,
there holds

o — 0 weakly in LP(Q x Q;R?),

N
Z 0 (/ A ()0 (z,y) dy) — 0 strongly in W~1P(Q; R,
= 0mi o

H iv: 83 (Al(y)f);?(m,y)) HW*lvP(QRl) — 0 strongly in L?(Q),
i=1 v ;

asn — +o0o, k — +oo.
By a diagonal argument we extract a subsequence 0% := fzz(k) such that

o —~ 0 weakly in LP(Q x Q;R%), (3.10)
N
0 (/ Al (y)o* (z,y) dy) — 0 strongly in W~1P(Q;RY), (3.11)
= Ori Mg
Y9
i(\ak . o
H ; o9 (A (y)o (x,y)) HW*LP(Q;RL) — 0 strongly in LP(Q). (3.12)

Define the maps
RF(z,y) == Al(y)t*(z,y) forae z€Qandyc@Q, i=1,---,N,
and let RF € LP(Q x Q;R?) be given by
RE = (R});, foralli=1,--- ,N,j=1--1.

R —~ 0 weakly in LP(Q x Q;R%), (3.13)
N

(/ RF(x,y) dy) — 0 strongly in W=1P(Q;RY), (3.14)
= 9ri Mg

N
0 i .
H ; a—yl(RZ (z, y))HWin(Q;RZ) — 0 strongly in LP(Q). (3.15)

Using Lemma we consider the projection operators T, and T, onto the kernel of
the divergence operator with respect to  and the divergence operator with respect
to y in the set Q. We have

I ( /Q R*(z,y) dy — /Q /Q R¥ (. ) dy dw) (3.16)
- (/QR'“(wvy)dy—/Q/QR'“(w,y)dydw)‘

N
= CH ; 81— </<,3Rf(x’y) dy) HW*LP(Q;RZ),

Lr(Q;RY)
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and

H']I‘y<Rk(9:,y) /QRk(:E,z) dz) — (Rk(x,y) /QRk(x,z) dz)

Lr(QxQRY)
(3.17)
S
< )|
_ngﬁyi B @] im0 o)
which in turn yields
T k _ k 1
| [ n(ren - [ Read)a], . (318)

= H/Q [Ty(Rk(x,y)—/QRk(x,z)dz> — (Rk(%y)—/QRk(x,z)dz)}dy

N5 .
Set

S*(z,y) = Ty(Rk(x,y) —/QRk(m,z) dz) —/Q (Ty(Rk(x,z) —/QRk(x,§) df)) dz

+’]I‘z</QRk(z,z)dz/Q/QRk(w,z)dzdw>Jr/Q/QRk(w,z)dzdw

for a.e. (z,y) € @ x Q. Combining ([3.13)—(3.16), we deduce the inequality
IR" — S* || Lo (ox e (3.19)

< H']I‘y (Rk(x,y) /QRk(z,z) dz) — (Rk(x,y) /QRk(x,z) dz)

’]I‘x</QRk(x,z)dz—/Q/QRk(mz)dzdw)
— (/QRk(x,z)dz—/Q/QRk(w,z)dzdw) (@)
+H/QTy(Rk(ir,Z)—/Q)Rk(w,f)df) dz /Q/QR’“(%y)dydx,

whose right-hand-side converges to zero as k — +00. On the other hand, by Lemma
[3.1] there holds

Lr(Q:R)

w1 (QRY 1 Lr(Q)

LP(QxQiR?)

+

_|_
Lr(Q;R4))

N

Z &g%(;’w =0 in W hP(Q) forae. z€Q, (3.20)
i=1 ¢
iv: 0 (/ S (x,y) dy) =0 in W H?(Q) (3.21)
i=1 Oxi\Jg " ’

for every k, forall r =1,--- L.

Finally, define
St (x,y)
w®(z,y) = A(y) : for a.e. z € Q and y € RY

Sk (z,y)
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(where the components S¥ are defined analogously to the maps RY). Properties

(3.8) and (3.9) follow directly from (3.20)) and (3.21). Condition (3.7)) is a conse-
quence of the boundedness of A~! (due to (3.2))) and (3.19). O

Remark 3.3. By property (P4) in Lemma the boundedness of the operators
A' i =1,---,N, and the uniform invertibility condition , it follows that if
{v"} is p-equiintegrable, then {w"} is p-equiintegrable as well.

In view of property (P5) in Lemma if A’ € ngr(RN;Mle), i=1---,N,

and {v"} C O (Q; O (RN ;R?)), then the sequence {w"} constructed in the proof

per
of Lemma [3.1] inherits the same regularity.

In order to characterize the limit differential constraint, for u € L?(€;R) and
n € N we introduce the classes

per

com) = {w € LP( LR, (RY;R)) : / w(z,y)dy=0 forae z€Q, (3.22)
Q

N

Z: ai </QAZ<ny)(u(x) +w(z,y)) dy) —0 in W LP(QRY),
i azi (Ai(ny)(u(x) + w(:c,y))) —0 in W UP(QRY) for ae. o € Q},

and

C7M) .= [y e LP(Q;RY) : ¢Z™) £ (). (3.23)
For simplicity we will also adopt the notation C := C{f{(l') and C7 = Cc7(1),
Lemma allows us to provide a first characterization of the set C in the case in
which A% € C9 (RV;M!*4) §=1--- N.

per

Proposition 3.4. Let 1 < p < 4+o00. Let A' € C(RV;M*4), i =1,--- | N, with

per

A satisfying the invertibility requirement in ([3.2)). Let C¥ be the class introduced
in (3.23) and let I be the operator defined in (3.1). Then
c¥ = {u € LP(Q;RY) : there exists a sequence {u.} C LP(Q;R?) such that

(3.24)

ue —u  weakly in LP (4 RY) and /W u. — 0 strongly in W™1P(Q; Rl)}.

Moreover, for every u € C¥ and w € C there exists a sequence {u.} C LP(€;R?)
such that
Ue u+w strongly two-scale in LP(Q x Q; R?),
and
AWy, — 0 strongly in WHP(Q; RY).

Proof. Denote by D the set in the right-hand side of (3.24]). We divide the proof
into two steps.
Step 1: We first show the inclusion

Dcc.
Let u € D, and let {u.} C LP(2;R?) be such that
u. —u  weakly in LP(Q; R?) (3.25)
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and
AWy, — 0 strongly in WLP(Q;RY). (3.26)
Consider a test function ¢ € C(Q;R!). We have
(Mg, ) =0, (3.27)

where (-, -) denotes the duality product between W~1P(Q;R!) and Wol,p,(Q;Rl).
By definition of the operators 2741,

<%divu ¥y = _/ iN(x)u (v) - 0v(x) dx for every € > 0.
€ €9 o P c € 8$Z

By Proposition there exists a map w € LP(; L2, (RY;R?)) with

per

/. o w(x,y) dy = 0 such that, up to the extraction of a (not relabeled) subsequence

u. = v weakly two-scale (3.28)

where
v(z,y) = u(z) + wlz,y). (3:29)

for a.e. € Q, y € RY. Hence, by the definition of two-scale convergence,

. GIED)
PR — Al . dyd
(e, ) — /Q/Q;_1 (y)v(z,y) oz, T,
and by (3.27) we have that

N

0 )
A'(y)(u(z) + w(z,y)) dy ) = in WP (Q;RY). .
> om ([ AW +up)dr) =0 W), 630

ox;
i=1 v

Let now ¢ € CL,(RV;RY), ¢ € C1(Q), and consider the sequence of test func-
tions

we(x) == ap(g)w(x) for z € RY.
The sequence {p.} is uniformly bounded in W,"? / (€ RY), therefore by ([3.26)
<%divu57 @e) — 0, (3.31)
with

N
(A, o) = _/Q;Ai(j)ue(x) : (gi (f)“m) + w(;) 8gif)>dx

for every €. Passing to the subsequence of {u.} extracted in (3.28)), and applying
the definition of two-scale convergence, we obtain

4 ()
/Q/QZAZ(Z/)”(‘”’Z/)'g; (z)dydx =0

for every p € CI (RV:R!) and ¢ € CL(Q). By density, this equality still holds for

per

an arbitrary ¢ € Wol’p/(Q; R!), and so

N
Z 8?11- (Az(y)(u(l‘) + W(x,y))) =0 in W HP(Q;R!) forae. z€Q. (3.32)

=1
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Combining (3.30)) and (3.32), we deduce that u € C.
Step 2: We claim that C¥ C D. Let u € C7, let w € C, and set

v(z,y) = u(r) + w(z,y) foraeczecQandyecRY.
Let {vs} C C°(;C2,(RY;RY)) be such that

per
vs — v strongly in LP( x Q;RY). (3.33)

The sequence {vs} satisfies both (3.5)) and ( . hence by Lemma and Remark
we can construct a sequence {95} C C™(Q; O (RY;R?)) such that

per

05 — v strongly in LP(Q x Q;RY), (3.34)
Y9
% ~ _ : -1pr0. !
> g ([ A @it m) =0 mwriem, s
and
)
o, (Al (y)os(z,y)) =0 in W HP(Q;R!) for a.e. z € Q. (3.36)
i=1 v

Consider now the maps
. . x
us(x) = 05 (m, E)
for every x € Q. By Proposition [2.3] we have
ug 255 b strongly two-scale in LP(Q2 x Q;R?)
as € — 0, and hence, by Theorem [2.6]

T.u§ — 05 strongly in LP(RY x Q;R%) (3.37)
(where T is the unfolding operator defined in ([2.1))). We observe that by (3.36)),
N .
0A" x ‘ 00s [«
Zayl< )U‘S( >+A( )8yz<x’g)_0 (3.38)

for all z € Q, for every ¢ and §. Moreover, by Propositions [2.2] and 23]

iv:A( )8”5 x Z/ 8”5 ,y) dy (3.39)
—Zaxz(/ Wis(a y)dy):o

as ¢ — 0, weakly in LP(Q;R?), where the last equality follows by (3.35). Finally,
since

N

) =55 2 (1 (i)
[0 (2 2) ¢ (2 e )]
E)(-2)

1
€4

+

'Mz M= 3

©
Il
-
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by (3.38), (3.39)), and the compact embedding of LP into W =P, we conclude that
Ay — 0 strongly in W=P(Q;RY), (3.40)
as € — 0. Collecting (3.34)), (3.37)), and (3.40]), we deduce that

hm hm (||Tsu§ — (u + w)||Lp(Q><Q) —+ HJZ/Edivugnwap(Q;Rz)) = 0

6—0e—0

By Attouch’s diagonalization lemma [3, Lemma 1.15 and Corollary 1.16], there
exists a subsequence {0(g)} such that
lim (||Ts’u§(s) — (u+w)|zraxqg) + ”%divug(s)”W*LP(Q;]Rl)) =0.
Setting u® := uf_, we finally obtain
AWy, — 0 strongly in W—1P(Q;RY)
and
w2 utw strongly two-scale in LP(Q x Q;R?),
and hence, by Proposition [2.2
u® —u weakly in LP(Q;R?).
This yields that v € D and completes the proof of the proposition. O

Remark 3.5. The regularity of the operators A’ played a key role in Step 2. In
the case in which A" € L (RN;M!*4) i = 1,--- N, but we have no further

per
smoothness assumptions on the operators, the argument in Step 1 still guarantees

that
{u € LP(Q;RY) : there exists a sequence {u.} C LP(Q;R?) such that (3.41)

ue —u weakly in LP(€; R?)

and ;zfsdivue — 0 strongly in W_l’q(Q;RZ) for every 1 < ¢ < p} cc”.
Indeed, arguing as in Step 1 we obtain that there exists w € LP(Q; L2 (RY;R?))
with fQ w(z,y) dy = 0, such that

we Pt w weakly two-scale in LP(Q x Q;R?),

and

0

€T
1 K2

,512

(/QAl(y)(u(x) + w(z,y)) dy) =0 in W (R (3.42)

s
Il

Z 5?/‘ (A (y) (u(z) +w(z,y)) =0 in W H(Q;R') for a.e. z € Q,
i=1 7t

for all 1 < ¢ < p. Since u+w € LP(; L’gcr(RN;Rd)), it follows that holds

also for ¢ = p. Therefore we deduce the inclusion .

The proof of the opposite inclusion, on the other hand, is not a straightforward
consequence of Proposition In fact, in the case in which the operators A* are
only bounded, the second conclusion in Remark does not hold anymore, and
we are not able to guarantee that the projection operator provided by Lemma [3:2]
preserves the regularity of smooth functions. Therefore, the measurability of the
maps u§ is questionable (see [2 discussion below Definition 1.4]). This difficulty
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will be overcome in Lemma by means of an approximation of the operators A’
with C'*° operators.
4. HOMOGENIZATION FOR SMOOTH OPERATORS
We recall that
F o (ny(u lnf // f(u(z) +w(z,y))dyde : we o™, wll Le (2 x0ir) <r}
(4.1)
for every u € Cf{(n') and r > 0, where
C7) = {ve LP(RY) : Jwe /™) with |wLeaxqire <7
_ F () ifuwe ™)
F ot (ny (1) := . 4
~+o00 otherwise in LP(€);R?),

for every r > 0, and

(4.2)

inf,~ ¢ inf { liminf, 4 7,;(”)(11”) Sup = u  weakly in LP (€ Rd)}
T (u) = QifueC?,
+oo  otherwise in LP(Q;R?).
(4.3)

Remark 4.1. We observe that for every u € C¥ there holds
S = {{Un} up, —u weakly in LP(Q; RY), u, € C¥™)  for every n € N} #0

and F(u) < +oo. Indeed, let u € C¥ and w € C. Then a change of variables
and the periodicity of w yield immediately that

/ w(z,ny)dy =0 for a.e. x € Q
Q

and

> 38 (/Q(Ai(ny)(u(a:) +w(x,ny)))dy) —0 in WP R,

. T

i=1
Proving that
n 8

o0 (A'(ny)(u(z) + w(z,ny))) =0 in W IP(Q;R!) for a.e. z € Q
i=1 4

is equivalent to showing that

Z 3yl (A (y)(u(z) + w(z,y))) =0 in W P(nQ;RY) for ae. z € Q. (4.4)

To this purpose, arguing as in Step 2 of the proof of Proposition construct
{09} € C°(Q; C2(RY;RY)) such that

per

2 = u+w strongly in LP( x Q;RY), (4.5)

Z aiz (/Q(Al(ny)@‘s(q;,y))dy) =0 in W_l’p(Q;Rl)7 (4.6)
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Z 3(?/' (Al(y)0 (x,y)) =0 in WLP(Q;RY) for ae. x € Q. (4.7)
i=1 7"

By the smoothness and the periodicity of {#°} there holds

Z aay (A ()0°(z,y)) =0 in WP (nQ;R!) for ae. z € Q
i=1 0Jt

and (4.4)) follows in view of (4.5). By the previous argument, w(z,ny) € Cﬁ{(n'),
therefore the set S contains always the sequence u,, := u for every n.

Theorem 4.2. Let 1 < p < +oo. Let A* € CX (RY; M), i =1,--- N, assume

per
that the operator A satisfies the invertibility requirement in (3.2), and let o4V

be the operator defined in (3.1]). Let f : R? — [0,4+00) be a continuous function
satisfying the growth condition

0< f(v) <C(LH+vP)  for every v € RY, (4.8)
where C' > 0. Then, for every u € LP(Q;R%) there holds

e—0

inf { liminf [ f(uc(x))de: ue —u weakly in LP(Q;RY)
Q
and A u, — 0 strongly in W~ 1P (Q; Rl)}
= inf { lim Sup/ fluc(z))dz : ue — u  weakly in LP(Q;R?)
e—0 Q
and A u. — 0 strongly in W_l’p(Q;Rl)} = Fo(u).
Before starting the proof of Theorem [£:2] we first state without proving a corol-

lary of [I4], Lemma 2.15] and one of [12] Lemma 2.8], and we prove an adaptation
of [I4] Lemma 2.15] to our framework.

Lemma 4.3. Let 1 < p < +o00. Let {u.} be a bounded sequence in LP(;RY) such
that

divu. — 0 strongly in W—1P(Q) (4.9)
and
ue — u  weakly in LP(Q;RY).
Then there exists a p-equiintegrable sequence {u.} such that
diviie =0 in WHP(Q)  for every e,
Ge —ue — 0 strongly in LY(Q;RN)  for every 1 < q < p,
. —u weakly in LP(Q;RY).
Remark 4.4. A direct adaptation of the proof of [14, Lemma 2.15] yields also that
the thesis of Lemma still holds if we replace with the condition
divu. — 0 strongly in W~19(Q)
for every 1 < ¢ < p.
Lemma 4.5. Let 1 < p < 400, and let D C Q. Let {u.} C LP(D;RY) be p-

equiintegrable, with
u. — 0 weakly in LP(D;RYN),
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and
divue — 0 strongly in W~12(D).
Then there exists a p-equiintegrable sequence {ii.} C LP(Q;RY) such that
Ge —u. — 0 strongly in LP(D;RY),
@ — 0 strongly in LP(Q \ D;RY),
divie =0 in W HP(Q),

[@ellr(@mrny < Clltel Lr(prwy,
/ te(x)dx =0 for every e.
Q

More generally, we have

Lemma 4.6. Let 1 < p < +oo, u € LP(;RY) and let {uf} C LP(Q;R?) be such
that

ue — u weakly in LP(Q; RY) (4.10)
AWy, — 0 strongly in W=LP(Q;RY). (4.11)
Then there exists a p-equiintegrable sequence {u.} such that
G — u  weakly in LP(Q; RY),
AW, — 0 strongly in W R for every 1 < q < p,
fe —ue — 0 strongly in LY(Q;RY)  for every 1 < q < p.

Proof. The proof follows by adapting [I4, Lemma 2.15]. We sketch it for conve-
nience of the reader.
Consider the truncation function

z if |z] <k
e(2) = {k(ll) if 2] > k,

and set u¥ := 7 o u.. Then by ,
ub —u  weakly in LP(Q;RY)

as k — +oo and € — 0, in this order. Moreover, by (4.10] m

Hu’;—uquLq(Q;Rd) </| |>k2q|u€( )?da < = q/|u€ YPdr — 0

as k — o0, for every 1 < g < p. Therefore,
A (uF —u.) — 0 strongly in W—19(Q; RY)
as k — +oo, for every 1 < ¢ < p, and by (4.11))

Iy 0 strongly in Wh4(Q; RY)

as k — +o0o and € — 0 in this order, for every 1 < g < p. The thesis follows now
by a diagonal argument. O

The following propositions is a corollary of [12] Proposition 3.5 (ii)].
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Proposition 4.7. Let f : RY — [0,+00) be a continuous map satisfying (4.8)
for some 1 < p < +oo. Let {u.} C LP(4;RY) be a bounded sequence and let
{a.} € LP(Q;RY) be p-equiintegrable and such that

us — e — 0 in measure.
Then
hm mf/ flue(x))de > hm mf/ fla

Moreover, if g : RN x R? — [0, +00) satisfies

(i) g(-, &) is measurable and Q-periodic for every & € R?,
(ii) g(y,-) is continuous for a.e. y € RV,
(iii) there exists a constant C such that

0<g(y,&) <COA+|EP) forae. ycRYand € € RY,
then

T T
z > lim i :
11?36&/(; (E,ug(a:)) dx_llgélf/glg(g,ug(x)) dzx

The next proposition is another corollary of [I2, Proposition 3.5 (ii)]. We sketch
its proof for the convenience of the reader.

Proposition 4.8. Let 1 < p < +oc and A € (0,1]. Let g : RN x R? — [0, +00) be
such that

(i) g(-,€) is measurable and Q-periodic for every & € R?,
(ii) g(y,-) is continuous for a.e. y € RV,
(i1i) there exists a constant C such that

0<g(y,&) <COA+|EP) forae. yc RN and € € RY,

and let V be a p-equiintegrable subset of LP(Qx Q;RY). Then there exists a constant
C such that

Hg(%,vl(%y)) _9(%702(3«" y))’

for every vi,v € V.

<C —
L) lv1 — vallLr(ax Qir)

Proof. Fix € > 0. By the p-equiintegrability of V' and (iii) there exists é; > 0 such
that for every E C Q X @ measurable with |E| < 1, and for all v € V, there holds

/ ’g(g,v(x,y))‘dzdy < £ (4.12)
517\ 7
In view of the p-equiintegrability of V', there exists also R > 0 such that
o
sup {jv| > R} < i (4.13)

Without loss of generality, up to a translation and a dilation, we can assume that
2 C Q. By Scorza-Dragoni Theorem (see e.g. [12] Proposition B.1]) there exists a
compact set K C @ such that

Q\ K| <37V (4.14)

9
jo
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and g is uniformly continuous on K x Br(0). Hence, by the periodicity of g with
respect to its first variable, there exists do > 0 such that

l9(n,&) — 9(n,&2)| < (4.15)

&
710 x Q|

for every &1, & € Bgr(0) such that |&; — &| < d; and n € K 4 Z~. We observe that
by Chebyshev’s inequality there exists d > 0 such that if

lv1 — v2lLrxQiray <6, (4.16)
then
|{|U1—U2| ZdQ}' < 01. (417)
Let v1,v3 € V be such that (4.16)) holds true. Decompose the set 2 x @ as
Q x Q = {|U1 — U2| < 62} U {|’U1 — U2| > 62}

By (4.12) and (4.17)), we have

/{'v sy TG 0@) = 9(Srvaen) | dydo < =3

We perform a decomposition of the set {|v; — va| < d2} as
{|v1 — vo| < b2} = {|v1 — 2| < d2, |v1| < R and |vs| < R}
U {Jv1 = v2| < &2, max{[v1, [v2]} = R}
In view of ,
{1 — val < 83, max{fonl, [oa]} > BY| < [{Jor] > Y|+ [{]va] > R} < b1,

hence by (4.12)

2¢e
/ ‘9(%,01(96,31)) _9<%,Uz(x,y)> ’ dyde < =
{|v1 —v2|<d2, max{|vi|,|v2|} >R}

Defining my := |35 | + 1, by (4.14) and since A < 1 there holds

Zm,\)\:2>\(1+ [%D <oA+1<3,

and

[QAAME +ZN)| < AV |[=ma, mp] ¥\ (K +ZY)| < AV (2ma)V|Q\ K] < (S|~ (4.18)

Setting Er := {Jv1 — v2| < d2, |v1| < R and |v2| < R}, a further decomposition
yields

Er={Ern[Qx (Q\ MK +Z" )} U{ErN[Q x (QNAK +Z™))]}.
By (4.12)) and (4.18]) we obtain the estimate
Y Y ’ 2e
gl =, vi(z,y)) — gl =, va(x,y) )| dyde < — 4.19
[ERO[QX(Q\A(KMN))] ‘ <)\ i )> ()\ 2( )) 7 (4.19)
and by (4.15),
(4.20)

~| o™

g( T vi(z,y) ) — gl Trvelw,y) ) | dyde| <
/ERO[QX(QO/\(K+ZN))]‘ ()\ i )> ()\ 2( )) |

The thesis follows combining (4.16))—(4.20). O
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We now start the proof of Theorem [{.2] First we prove the liminf inequality.
The argument relies on the use of the unfolding operator (see Subsection and
[12, Appendix A] and the references therein).

Proposition 4.9. Under the assumptions of Theoremfor every u € LP(Q;R?)
there holds

inf { lim inf/ fue(z))de = ue — u weakly in LP(Q;RY)
Q

e—0
and A u, — 0 strongly in W_l’p(Q;Rl)} > Fo(u). (4.21)

Proof. Let C* be the class introduced in ([3.23). We first notice that, by Proposition
if ue LP(Q;RY) \ C¥ then

{{ug} C LP(;RY) ¢ u. — u weakly in LP(Q; R?)
and &Y Vu, — 0 strongly in Wﬁl’p(Q;Rl)}} =0,
hence (4.21)) follows trivially.
Define g : RN x R — [0, +00) as
9(y.€) = f(A(y)¢) for every y € R, and € € R,

By the continuity of f, ¢g is measurable with respect to the first variable (it is the
composition of a continuous function with a measurable one), and continuous with
respect to the second variable. By (4.8)), there holds

0<g(y,€) < COA+]AWY)TEP) < CA+[EP), (4.22)

where the last inequality follows by the uniform invertibility assumption (3.2)). We
divide the proof of the proposition into five steps.
Step 1: We first show that for every u € C¥ there holds

inf{ liminf [ f(ue(x))dz: ue —u weakly in LP(Q; R?) (4.23)

e—0 Q

and ;zfgdivug — 0 strongly in W_l’p(Q;Rl)}

> wiencfgf inf { légigof/gg(é,vsn (x)) dz :
vy = [ AW(u(e) + wlz)dy weakly in LR,
Q

divw., — 0 strongly in W=1P(Q; R,

-1
and A(£> Ve, — u weakly in LP(Q;Rd)}.

En
Indeed let u € C¥ and let {u.} be as in ([#.23). Up to the extraction of a
subsequence {e, },

liminf [ f(ue(z))der = lim /Qf(usn (z)) de,

e—0 Q n—-+o00

and by Proposition there exists w € C such that

u., = u+w weakly two-scale in LP(Q x Q;RY). (4.24)

n
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By the definition of g it is straightforward to see that

x x
I Ndr = i (—,A(—) )d .
n~l>IjIL100/ f Uen r= n~1>IJIrloo Qg En En Uen (:L') v
Setting v., = .A( )ua , in view of the assumptions on {u.} in , it follows
that

N

divo,, = Z [“)i- (Al(; )ugn( )) — 0 strongly in W—1P(Q;RY),
i=1 " "

and

—1
A(;) Ve, — u weakly in LP(Q;Rd). (4.25)
Finally, by ([#.24) for every ¢ € L (Q;R?) there holds

lim vsn (z) - p(z)dzr = lim Ue, (T) - A(—)Tga(x) dx

n—-+oo n—-+4oo Q

// ) +w(z,y)) - Aly) " p(z) dy da.

This completes the proof of ( -
Step 2: We claim that

P x

wlencfﬂ inf { lﬁg}&f) ; (a, Ve, (x)) dx : (4.26)
- / Aly ) +w(z,y))dy weakly in LP(Q;R?),

divv., — 0 strongly in W=1P(Q;RY),

~1
and A(;) Ve, — u weakly in L”(Q;}Rd)}

Y

wlencfg inf { Eﬂﬂf/ - / Ay )+ w(z,y)) dy + Te, (x)) dz :
{¥e, } is p-equiintegrable,
¥, — 0 weakly in LP(;R?),

divi., =0 in W LP(Q;R!), and
-1
A(Z) e = o) = ([ A az) / Aly) (u(z) + w(z,y)) dy
Q

En
weakly in LP(; Rd)}.

Let {v., } be as in (4.26]). By Lemma we construct a p-equiintegrable sequence
{¥e,, } such that

divo., =0 in W LP(Q;RY), (4.27)

— 0., — 0 strongly in LY(Q;R?) for every 1 < ¢ < p, (4.28)

/ Aly ) +w(x,y))dy weakly in LP(€;RY). (4.29)
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Moreover, by Proposition [£.7}

lim Qg<£ ve, (T )) dz > liminf Qg(;; ven(x)> dz.

n—-+oo En n—-+4oo

By (4.29)) and by the uniform invertibility assumption ([3.2) , there exists a constant

C such that
-1
[a(Z)
€n Lr(Q;RY)

Therefore, there exists a map ¢ € LP(€;R?) such that, up to the extraction of a
(not relabeled) subsequence,

< C for every n.

-1
A(Z) o, =6 weakly in LP(QR). (4.30)

En

By the properties of {ve,} in (4.26) and (4.28)), the convergence in (4.30) holds for

the entire sequence {7, } and
¢ = u.
Claim (4.26) follows by setting

e, () := Ve, — / Ay ) +w(x,y))dy for a.e. x €.
Indeed, by (4.29| - we have
De, — 0 weakly in LP(€; R?),

and since w € CZ, by (4.27)
divi., =0 in W-HP(Q;RY).

Finally,
x\ 1. z\ 1
AZ) @ =A(2) @ - AD) T | A e ) dy
for a.e. x € Q, therefore by (4.30) and Riemann-Lebesgue lemma (see e.g. [13]),
—1
A(i) Ve, — u(x) — (/ A(z) dz / A(y) (u(z) + w(z,y)) dy
En Q

weakly in LP(Q; R9).
Step 3: We show that for every w € C and every p-equiintegrable sequence {o. }
satisfying

D, — 0 weakly in LP(;R?), (4.31)

divie, =0 in W HP(Q; R, (4.32)
T\ 1

A(Z) e, = ule) - (/ Az dz) /A D)+ woy))dy (4.33)
En Q

weakly in LP(€;R?), there exists a p-equiintegrable family {v,., : v € N, n € N}
such that
divu,, =0 in W HP(Q;RY, (4.34)
Uy — 0 weakly in LP(Q;R?)  as n — +oo, (4.35)
1 —1
A(V{—Jx) vy () = u— (/ A(z) dz / A(y)(u(z) + w(z,y)) dy (4.36)
Q

VEp
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weakly in LP($); Rd) as n — +oo and

tminf | % / Aly) (u(@) + w(z, y)) dy + e, (x)) dz (4.37)
> .
ilég Eﬂﬂf/ ysn / Aly ) +w(x,y))dy + vl,,n(x)> dx

To prove the claim we argue as in [I2], Proposition 3.8]. Fix v € N, let

Oy = vey, L%J € [0,1]

and set
91/ n
ku,n = y
VEn,
We notice that
Opn—1 asn— 4oo. (4.38)

Without loss of generality, we can assume that 2 CC . By Lemma we extend
every map 9., to a map ., € LP(Q;R?) such that {v., } is p-equiintegrable, and
satisfies the following properties

w =, =0 strongly in LV (% R), (4.39)
0, — 0 strongly in LP(Q \ Q;R%),
divo., =0 in W HP(Q;RY).

In particular, by and it follows that

A<£>_155n(x)4u(x)— (/QA( Ldz /A z)+w(z,y))dy (4.40)

En

Ve

weakly in LP(Q;R?). By Proposition and the definition of 0, ,, and &, ,,,

liglinf/ . / Ay)(u(z) + w(z,y)) dy + o, (x)) dx (4.41)
> nglinf/ / Al) () + w(. ) dy + e, (z) ) d.

For ' cc Q fixed, there holds 9V7nQ’ C Q for n large enough. Since g is nonnegative

(see ([4.22)), by (4.41)) we have

tminf | % / Aly) (u(@) + w(z, y)) dy + e, (m)) dz (4.42)
> . . =
> lnlgf;of ” / Aly )+ w(z,y)) dy + e, (x)) dx
= lim+inf(9,,’n)N/ g z/kl,ynx,/ AW) (w(bynz) + w0y nz,y)) dy + ve, (nynx)) dx
n—+oo Q
> Tim -
> ngj_gf /Q/ uk:l, nTs / Aly )+ w(x,y)) dy + v, (Ol,mac)) dx

where the last inequality follows by (4.38 , and since
u(lyne) + w(b, nx,y) —u(r) —w(z,y) - 0 strongly in LP(Q Q:R%).
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Letting Q' tend to Q, by the p-equiintegrability of {2, }, there holds

léﬁlféf/ - / Ay )+ w(z,y)) dy + Ve, (x)) dx (4.43)
> lﬁgl}rgg/ z/k:, ni, / Aly )+ w(z,y)) dy + e, (Hy,nx)) dz.

Set

Vyn(2) := 0., (O,nx) forae. x€Q, veNandn>ny(v),
where ng(v) is big enough so that 6,,Q C @ for n > ng(v). Inequality (4.37) is a
direct consequence of (4.43). The p-equiintegrability of {v, .}, , and (4.35)

follow in view of (4.38)) and (4.39).

To conclude the proof of the claim it remains to establish . We first re-
mark that, by and , the sequence {.A(Z/ Léjx)_lvy,n(x)} is uniformly
bounded in LP(2;R?). Therefore, there exists a map L € LP(Q;R?) such that, up
to the extraction of a (not relabeled) subsequence, there holds

A(V[%Jx) _lvuyn(z) — L(z) weakly in LP(; R%). (4.44)

Let p € C°(Q;R%). Then,

/QA(VL%JQJ)_ Uy () dx—)/ . (4.45)

For n big enough, 6, ,, supp ¢ C Q. Hence,
/Q A(V {éJ x) _1vy’n(x) - p(x) dx (4.46)
1
T A 00
= ((gui)N /QA<é)_155n (y) - (@(ein) - @(y)) dy
+ (Gui)N /Q A(%)ilﬁsn () - #(y) dy.
By the first term in the right-hand side of is bounded by

‘ﬁ/ﬂfl(%)_lﬁen(y% (w(ain) - w(y)) dy’

vin)

-y

9

~ Y
< C||ve, | e @y V@] Lo (naax vy SUD 7
yeQ'Vun

which is infinitesimal as n — +o00 due to (4.38). By (4.38]) and (4.40), the second
term in the right-hand side of (4.46) satisfies

lim #)N /| A(g)‘léen@)-w(y) dy

n—-+oo (OV n

/ /A dz/ Alw)(u() +w(z.y)) dy] - p(a) da.

Arguing by density, we conclude that

L(z) = u(z) — (/Q.A(z)1 dz) /QA(y)(u(x) +w(z,y))dy for a.e. x € )
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and holds for the entire sequence. This completes the proof of (4.36).

Step 4: We claim that for every w € ij{ , and every p-equiintegrable family {v, , :
v € N, n € N} satisfying 7, there exists a p-equiintegrable family {w, , :
v € N, n € N} such that

owy p

N
divy wyp(z,y) == (,9) =0 in W LP(Q;RY) for ae. x € Q, (4.47)

Wy, — 0 weakly in LP(Q x Q;R?), asn — +oo, (4.48)
/ Wy (z,y)dy =0 forae zeQ, (4.49)
Q
A(\‘iﬁo—lwyn(x Y) / A(z dz / Ay ) +w(z,y))dy
VeEn
(4.50)
weakly in LP(Q;Rd) as n — +oo and v — 400, in this order,
and
Egligg /Q - / Aly ) +w(x,y))dy + vy,n(x)) dx (4.51)
> T
> ngf;f/ﬂ/@g . y,/ A(z )+ w(z,2))dz + wy,n(gmy)) dydx + o,

where 0, — 0 as v — 4o00. Let {v,,} be as above. We argue similarly to [12]
Proof of Proposition 3.9]. We extend u, w, and {v, ,} to 0 outside £, and define

Qu.=tavlq zenV,
14 14
Z, ::{zEZN' Q,,ZQQ;A(Z)}
I, = / I/En / Ay ) +w(x,y))dy + v,,,n(x)) dx.

By a change of variables, since g(-,0) = 0 by m, and by the periodicity of ¢ in
its first variable, we obtain the following chain of equalities

2 R A D
+UVn(Z ))dn
Zg/ / Vann,/QA(y)(u(LVVa:j +g)+w(LVVxJ +g,y))dy

+ ,,n(LVxJ ))dndw
= Z/ / /A w(x ,y))dy+T%vy7n(a:,n)) dndx + o,

where T'1 is the unfolding operator defined in (2.1)), and

S AL RCICC D RC )L
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+ Tyun(em) — 9| o |n /Q Aly) (u(@) + w(z,y)) dy + Ty vyn(a.7)) } dn da.
By Proposition [2.7]

At o7

LP (X QiRY)

as v — +00. Moreover, by Proposition [2.7] the sequence
/ A(y) (u(z) + w(z,y)) dy — / Ay T1 u(z,n) + Trw((z,n), )) dy}
is p-equiintegrable and

H/ Aly) (u(z) + w(z,y)) dy
—/ Al(y) T%u(x,n)—FT%w((xaﬂ)vy))
Q

—0
1 ((enunie) xams)

as v — +oo. Hence, by Proposition o, =0,(Q) — 0as v — +oc.
We set

z
Oy on(y) = T%vl,,n(;, y) for a.e. y € Q, for every z € Z,,.

For fixed v and z € Z,,, the sequence {0, .} is p-equiintegrable. Moreover,
divy 9y, =0 in W1P(Q;RY)
and
dym — 0 weakly in LP(Q;RY), as n — +oo.

Setting wy »n = Dy zn — fQ dy.» n(y) dy, the sequence {w, ..} C LP(Q;R?) is
p-equiintegrable and such that

divy w, ., =0 in W HP(Q;RY),

Wy zm — 0 weakly in LP(Q;RY), as n — 400
/ Wy,zn(y) dy =0,
Q

and
Wy om — Vyam — 0 strongly in LP(Q;RY), as n — +oc. (4.52)
By applying again Proposition [£.§ we obtain

z
/,,.’z/Qg l/En ya/ A +’UJ($ g)) dg"’_T%’Uu,n(;,y))dydx
Z / / 9 y’/ A + ’U_)(ZL' E)) d& + wu,z,n(y)) dy dx —+ Tzun
vz JQ VEn

with
Town — 0 asn — +oo.
Therefore, by (4.22)) and since

QC UzGZNQU,za
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we deduce (4.51)) with

wy (T, y) Z XQ,..ne(@)wy - n(y) forae ze, yecq.
2ELy

We observe that for v fixed only a finite number of terms in the sum above are
different from zero, hence properties (4.47), (4.48]) and (4.49) follow immediately.

-1
To prove (4.50), we notice that the sequence {A(Lui Jy) wl,,n(x,y)} is uni-

formly bounded in LP (2 x Q; R?) by (3.2)) and (4.48)), therefore it is enough to work
with a convergent subsequence and check that the limit is uniquely determined.
Fix ¢ € C°(Q; 02, (Q;RY)) and set

per

v =)~ ([ 4G dz) [ A i) + o)y
for a.e. x € 1, ¥ := 0 outside (2, and

Vi={z€ZN: (Qu:x Q)N suppyp # 0}.

/Q/QA(L;J?/)_lwwn(%y) - o(z,y) dy da

-1
B Z /(Qu,sz)n supp ¢ A( {éJ y) Wy,2,n(y) - p(z,y) dy dz

Then

z€ZY,
-1
B Z / / 1/5 ) (o2 (Y) = Buzn(y)) - o(x,y) dy d
zZ€LY, n
-1
" Z // l/€ y) b,z (y) - oz, y) dy da.
ZGZ“ ,z n

By , we have
b / / o [8) ) = 12 0) - (o) dyd

z2€LY,

<C Z 1wy, 2,0 (y) — ﬁwzm(y)”LP(Q;RN)||90||L°°(Q><Q;]Rd)>
zEZ;

which by (4.52) converges to zero as n — +oo (here we used the fact that the
previous series is actually a finite sum for every v € N fixed). On the other hand,

gZ: / / Z,én )_1ﬁu,z,n(y)~so(ﬂc,y) dy dx (4.53)
-X / o) Tyna(Gon) - 10 (Bn)] vl dyds

GZV

+ Z// Tm/} w(x,y)dydm.

zEZV
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By the periodicity of A, the first term in the right-hand side of (4.53)) satisfies

i 5[ D) T -1 o)) s
L ()'S /Q I LéJy)“vm(%%)—w(S%)}-w(i%y)dydn
i 5 [ AR )t~ to] o+ o) v

= nEIJIrloo . [.AQ%J Vx)ilvym(x) - 7,/1(3:)} . </Q @(% lve| + %n,mj) dn) dz.

By (4.30), and recalling that ¢ and {v,,} have been extended to 0 outside €, we
conclude that

-1
i v,n\+L, : ) dyd
Jim [ Aoz ]) et ety

=Y / / T1¢) w(m,y) dz dy,

2€ZLy
and so ) .

- z
J4({;22Jy> 1Uun z y 2;; XQUZHQ 7#( y)
weakly in LP(Q x Q;R?), as n — +oo. Finally, we claim that
z
> Xaune@Tw(2y) » () (4.54)

2€7Ly

strongly in LP(Q; R?) as v — +oo.
Indeed, let p € LP' (Q x Q; R%). Then by Holder’s inequality

‘/Q/ ( Z XQV‘ZmQ(x)Tiib(S,y) — 1/;(33)) oz, y) dydx’

i Zg/ oy @) @) ptrn v
g /Qyzrm/ (v(C+2) —v@) - el@y) dyda|
DY ACCTES )—wx))-@(m,ymydx]
- /Q/Q@w(w,y) — () - play) dydal

IA

[T29(z,y) — (@) o @xqira) |0l v (@x @ira)-
Property (4.54), and thus (4.50)), follow in view of Proposition
Step 5: by Steps 1-4 it follows that

inf { liminf [ f(uc(x))de: uc —u weakly in LP(£;RY) (4.55)

e—0 Q
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and &My, — 0 strongly in W_l’p(Q' ]Rl)}

> inf inf hmlnfhmlnf// . / A(2)(u(x) + w(z, z))dz—&-wl,)n(x,y)) dydzx :

wely, v—+00 n—+0o0
divy, wyn(z,y) =0 in W HP(Q;RY) for ae. z € Q,

Wy, — 0 weakly in LP(Q x Q; R%) as n — +oo,

A({éJy)_lwyn(:c y) /A dz /A z) +w(z,y))dy

weakly in LP(Q; R?) as n — 400 and v — 400, and

/wa,n(%y) dy = 0}-

By a diagonalization argument, given {w, ,, } as above we can construct {n(v)} such
that, setting
Ev = En(v) wv(xa y) = Wyn(v)s

we obtain the following inequality

inf { lim inf/ f(uc(z))dz : ue —u weakly in LP(€; R?) (4.56)
Q

e—0
and /3y, — 0 strongly in W_l’p(Q' Rl)}
S inf :
> wléléu inf IV@E;E// 1/61, y,/ A(2)(u(x) + w(z, z))dz—&-w,,(x,y)) dy dx

divy w, (z,y) =0 in W P(Q;RY) for ae. z € Q,
w, — 0 weakly in LP(Q x Q;R?) as v — +o0,

A({V;J@ilwy(x Y) /.A dz /A x) + w(z,y))dy

weakly in LP(Q;R?) as v — 400, and / wy(z,y)dy = O}.
Q

Associating to every sequence {w, } as in (4.56) the maps

(z,9) / A(z)(u(z) + w(z, 2)) dz + wy(z,y) for a.e. x € Qand y € Q,
inequality (4.56] - can be rewritten as
inf { lim iélf f(uec(z))de - ue — u  weakly in LP(Q; R?) (4.57)
e— Q
and sz/sdivus — 0 strongly in Wﬁl’p(Q; Rl)}
-1
>‘f'f1 £ )V,)dd:
2 inf in Vlgﬁg@// VSV y) ¢u(z,y))dyde

divy ¢y (z,y) =0 in W~ ’p(Q,Rl) for a.e. x € Q,

— / Az ) +w(z,2))dz  weakly in LP(Q x Q;R?) as v — 400,

— h TP(Q: R
A([V&,Jy) ¢v(x,y) = u(x) weakly in LP(Q;R?) as v — 400, and
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/¢u5€2’ dZ—/A z) + w(z, z))dz}

Finally, for {¢,} as above, considering the maps

1 -1
vy (z,y) == ,A(L/8 Jy) oo (x,y) forae ze€Qandyeq,
n
we deduce that
inf { lim mf/ fuc(z))dx : ue —u  weakly in LP(€; R?) (4.58)

and &My, — 0 strongly in W~1P(Q; Rl)}

> inf inf hmlnf//fvyxy dydz :
Q

wecs s to0
div, (A([Vi
A(L ! J vy (z,y) 4/ A(2)(u(z) + w(z, 2))dz  weakly in LP(Q x Q;R?) as v — +o0,
v, (x,y) = u(z) weakly in LP(Q x Q;R?) as v — 400, and

/QA(L/@J (x,2) dz-/ A(2)(u(x) + w(z, z))dz}

Zinf hmlnf//f )+ wy,(z,y)) dy dx :

v——+400

Jy)vu(x y)) =0 in W*L”(Q;Rl) for a.e. x € Q,

div, (A({V;Jy) (u(z) + wy(x,y))> =0 in W P(Q;R!) forae. z€Q,
diVI/Q (A({V;Jy) (u(z) + wy(x,y)) dy=0 in W™ IP(Q;RY), and

wy(x,y) = 0 weakly in LP() x Q;Rd)}.
By (4.58) it follows, in particular, that

inf{hmlnf/ fluc(z))dr : ue —u  weakly in LP(;R?) (4.59)

and &My, — 0 strongly in Wﬁl’p(Q'Rl)}

Zinf hmmf/ / fluy(x) + wy(x,y)) dy dx :

v——+oo

u, —u  weakly in LP(Q;RY), w, € CjQ";VJ -),
wy(x,y) =0 weakly in LP(Q x Q;Rd)}.
Fix {u,} and {w,} as in (£.59). Then there exists a constant r such that
sup lwo |l Lo xqmray < 7- (4.60)

\‘ : J
n, = ,
VE,

Therefore, setting
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and

u, ifn=mn,,
Uy := )
u  otherwise,

we have

lim inf fluy () + wy(x,y)) dy dx > hmlnf]: (uy) (4.61)
b DI )

v——+oo v——+oo of

vey

= IJET;E?;Q ) J) (uy) = liminf?;(ny,)(uny) > hmmf}"d(n (tn)

v——+o0 n—-+oo

vey

> inf { hmlnf]:%(n (Un) : up = u  weakly in LP(Q;Rd)}.

n—4oo

The thesis follows by taking the infimum with respect to r in the right-hand side
of (4.61)) and by invoking (4.59). O

Remark 4.10. We point out that the truncation by r in and will
be used in a fundamental way. Infact it guarantees that the bequenceb conbtructed
in the proof of the limsup inequality (see Proposition are uniformly bounded
in L?, and hence it allows us to apply Attouch’s diagonalization lemma (see [3|
Lemma 1.15 and Corollary 1.16]) in Step 3 of the proof of Proposition

Remark 4.11. In the case in which A% € L= (RN;M'*9) i =1,--- | N, the previ-
ous proof yields the inequality

inf { hmmf/ flue(z))dr : ue = u  weakly in LP(Q;R?)

and &/ u, — 0 strongly in W19(Q;RY)  for every 1 < ¢ < p}
> Fog(u).

To see that, arguing as in Step 1 we get

inf{ liminf [ f(ue(z))dz: ue —u weakly in LP(Q;R%)

e—0 Q

and ZYVu, — 0 strongly in W1 RY)  for every 1 < ¢ < p}

> inf inf { lim 1nf/ ( v ) Ve, (x)) dzx :
weCs n—+oo [ En )
- / A(y)(u(z) + w(z,y)) dy weakly in LP(; R?),

divo., — 0 strongly in W=19(Q;RY)  for every 1 < ¢ < p,
x\ 1 . d

and A(;) Ve, — u weakly in LP(2;R?) 5.
n

By Lemma and Remark inequality (4.26)) is replaced by
wler}:fof inf { ng}rgg/ﬂg(a, Ve, (x)) dx :

A/ / A)(u(z) + w(z,y))dy weakly in LP(Q; R?),
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divo., — 0 strongly in W=19(Q;R")  for every 1 < ¢ < p,

~1
and A(;) ve, — u weakly in L”(Q;Rd)}

Y

wlencff inf { Eg II;E/ - / Aly )+ w(x,y))dy + v, (x)) dx :

{®., } is p-equiintegrable, 5., — 0 weakly in LP(Q;R%),
divd., = 0in W HP(Q;R!), and

A(ﬁ)fla@” () — (/QA( dz) /A )+ w(z,y)) dy

En
weakly in LP(€Q; R?) }

The result now follows by arguing exactly as in the proof of Proposition [£.9]
We finally prove the limsup inequality in Theorem

Proposition 4.12. Under the assumptions of Theorem@ for everyu € C7 there
exists a sequence {u.} C LP(;R?) such that

ue —u  weakly in LP(Q;R?), (4.62)

AWy, — 0 strongly in WHP(Q; R, (4.63)

lim sup/ flue(z)) de < Fo(u). (4.64)
e—0 Q

Proof. We subdivide the proof into three steps.
Step 1: Fix n € N. We first show that for every u € C“() N CY(Q;RY) and

weced ™ n CHQ; CL, (RY;RY)) there exists a sequence {u.} C LP(;R?) and a

per
constant C independent of n and ¢ such that

u. = u+w strongly two-scale in LP(Q x Q;RY), (4.65)
AWy, — 0 strongly in WP(Q;RY), (4.66)
Qf ue(x)) de — / / flu(z) + w(z,y)) dy dz, (4.67)
as e — 0, and
ilirg lucllLeray < Cllull rire) + [0l Le@x Qira))- (4.68)

Define
ue(z) = u(x) + w(x, nis) for a.e. z € Q.

By Proposition [2.3] we have
- / )+ w(z,y))dy = u(z) weakly in LP(Q;RY),

Ue a4 w strongly two-scale in LP(Q x Q;R%),

Flus) = /Q f(u(@) +w(z,y))dy weakly in L'(),
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ase — 0. In particular we obtain immediately ([4.65) and (4.67] Property (1.68)
follows by (4.65)), Proposition [2.5|and Theorem [2.6| To prove , we notice that
; ou(r) Ow x
e = 324 (Z)( ( *)) s
= e Z oz, + Bz " e (4.69)

e (G () (e ) w2 () 5 0)
N i x\Ou(zr) Ow x
- ;A (HE)< ox; + oz; (a:, 775))

where in the last equality we used the fact that w € Cy’ N CH ;O (RN R9)).
Applying Proposition [2.3] we obtain

8 0
Ay, — / ZAz ux ) GZ (x,y)) dy weakly in LP(;RY),  (4.70)
and hence strongly in W 1P (Q Rd) by the compact embedding LP < W~1?. On
the other hand, since w € C , there holds

[ 3 o (2 2 ) ay =3

Combining with we deduce .

Step 2: We will now extend the construction in Step 1 to the general case where
uweC?") and w e C”d(“) Extend v and w by setting them equal to zero outside
Q and Q x @, respectively. We claim that we can find sequences {u*} and {w"}
such that uf € C®(Q;R?), wk € C=(Q; O (RV;R?)), and

per

/ At (ny) (u(z)+w(z, y))dy) =0.
(4.71)

uf — u  strongly in LP(Q;R%), (4.72)
w® — w strongly in LP(Q x Q;RY), (4.73)

S
> o (/ A’ (ny) (u* (2 )+w’“(:v7y))dy) — 0 strongly in W™"P(Q;R'),
(4.74)

i=1

and

)
< Dy

M=

(Ai(ny)(uk(x)—i—wk(x,y))) — 0 strongly in LP(Q; W~1P(Q; RY)). (4.75)

Indeed, by first regularizing u and w with respect to the variable z, we
construct two sequences {u*} and {w*} such that v* € C>(Q;R?), @* €
C>(Q; LB (RY; R?)), and

uF — u  strongly in LP(Q;RY),
u?k — w strongly in LP(Q x Q; R%),

(/ Al (ny) (u* (x) + 0% (2, y)) dy) — 0 strongly in WP (Q;RY).
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In addition,
N

Z 8?/4 (Al(mu/)(“k(f) + wk(ffay))) =0 in W EP(Q;R) for ae. z € Q. (4.76)
i=1 7"

Now, by regularizing with respect to y we construct {w*}, such that w® €
C’OO(Q ngr(RN R9)). It is immediate to see that {u*} and {w*} satisfy (4.72)-
, and in particular

@" —w* =0 strongly in LP(Q; L2 (Q; RY)). (4.77)

To prove (4.75]), consider maps ¢ € L”'(Q) and ¢ € Wol’p (€;RY). By the regularity
of the operators A' and by ({4.76) there holds

‘/ ayz (40 (" @) + 0 9)) ). V@)l

—\Z//Al )0 ) + 0t ) o) 2o ay o

; _ 0
=S [ [ At @)+ o)~ 04 0) 4 o)) - ol) 29 ay
1=1 1
S C”wk - QDk”LF’(QXQ;]Rd)||¢||W01=:D'(Q;]Rd)||g0||L:D'(Q)

Property (4.75)) follows now by (4.77)).

Apply Lemma and Remark [3.3[ to the sequence {u* + w*} to construct a
sequence {v*} C Cl(Q C.(RN;R?)) such that

per

P — (uF +wh) = 0 strongly in LP(Q x Q;R?), (4.78)

>

(/ Al (ny)v®(z,y) dy) =0 in W hP(Q;RY) (4.79)

and

Z 83 (Al (ny)vk (z,y)) =0 in W LP(Q;RY) for a.e. x € Q. (4.80)

Consider now the maps
vF(z) =0k (m, i) for a.e. z € Q.
ne
By Proposition arguing as in the proof of (4.68]), we observe that

o¥ 4/ v*(z,y)dy weakly in LP(Q;RY),

vk 7ok strongly two-scale in LP(Q x Q; RY),

/f )dm—)/Q/Qf(vk(m,y))dydx.

as € — 0, and there exists a constant C' independent of € and k such that

o | Loemey < ClIv* I Loaxome
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for every ¢ and k. Hence, by (4.72)), , and (4.78]), there exists a constant C
independent of € and k such that

||U§HLP(Q;Rd) < C(HUHLP(Q;RUZ) + ”w”LP(QxQ;Rd))

for every € and k. In addition, again by Proposition proceeding as in the proof
of we can establish the analogues of (4.69)—(4.71) and we conclude that

div, k 0 i T,k =
e = ; oz, (4(2)@) - ;

strongly in W=1P(; RY), as e — 0. Now, by (@.72), (4.73) and (&.78),
o Sutw strongy two-scale in LP(Q x Q; R?) (4.82)

as € — 0 and k — 400, in this order. Hence, by Theorem (4.8), (4.72), (4.73),

{@.78), (£.81) and (£.82),

ai,» (/CQAi(”y)Uk(x,y) dy) =0 (4.81)

thUthSUP{HT 0F — (u+ )| o ax@ray + 1 0E w10 @m0y

k—too e—0
—I—‘/Qf(v dx—//f +wxy))dyda:‘}:

By Attouch’s diagonalization lemma [3, Lemma 1.15 and Corollary 1.16] we can
extract a sequence {k(e)} such that, setting

v = ke

the sequence {v°} satisfies (4.65)—(4.68)).

Step 3: Let u € C and n > 0. Then %,/ (u) < +oo and there exists r,, > 0 such
that

F oy (u) +n > inf { lim inff;"(n_)(un) D up, —u  weakly in LP(Q;Rd)}.
n—+00

In particular, there exists a sequence {u?} C LP(€;R?) with u,, € C¥ ™) for every
n € N, such that
u’ —u  weakly in LP(Q; R?) (4.83)

as n — +o00, and

Fo(u)+n> lim ]:d(n (up) = lim ]:gf(n (ug))-

n=too n——+o0
By the definition of ]:,;;”(w)’ for every n € N there exists w’ € Cuz("') such that
lwill e (@x@ray < 0, (4.84)
and
Pl < [ /Q (o) e ) dy e < FL, () -
Applying Steps 1 and 2 we construct sequences {v;] .} C LP(Q x Q; R?) such that
sup lvn cllze@xqray < Cllugd + willLr@xqira), (4.85)
vl .=l weakly in LP(Q x Q; RY),
;zfsdivv:’w — 0 strongly in WP (Q;RY),

| retenas— [ /Q F(ull () + wl(w,y)) dy de,



38 E. DAVOLI AND I. FONSECA

as ¢ — 0. In addition, by (4.83)-(4.85), the sequence {v;! .} is uniformly bounded
in LP(Q2 x Q;R?) Therefore, by the metrizability of bounded sets in the weak LP
topology and Attouch’s diagonalization lemma [3| Lemma 1.15 and Corollary 1.16]
there exists a sequence {n(e)} such that, setting

= U:’L(E),E’

properties (4.62)) and (4.63]) are fulfilled, with

limsup/ fwl(x))de < ZFoy(u)+n.
Q

e—0

n
Ug

The thesis follows now by the arbitrariness of 7. O

5. HOMOGENIZATION FOR MEASURABLE OPERATORS

Here we prove the main result of this paper, concerning the case in which A’ €
L (RY; M) i =1,--- | N.

per

Theorem 5.1. Let 1 < p < +00. Let A* € LEZI(RN;MIX”I), 1=1,---,N, assume
that the operator A satisfies the invertibility requirement in (3.2), and let /4
be the operator defined in (3.1]). Let f : R? — [0,+00) be a continuous function

satisfying the growth condition ([.8)). Then, for every u € LP(£;R?) there holds

inf { lim inf/ fuc(z)) dz : ue —u  weakly in LP(Q;R?),
Q

e—0

and AVu. — 0 strongly in W=4(Q;RY) for every 1 < ¢ < p}

= inf { lim sup/ flue(z))de : ue —u  weakly in LP(Q;R?),
Q

e—0

and FNu. — 0 strongly in WHU(Q;RY) for every 1 < g < p} = Fy(u).

The strategy of the proof consists in constructing a sequence of operators <7
with smooth coefficients which approximate the operator «, so that Theorem [4.2
can be applied to each «7;,. Let {pr} be a sequence of mollifiers and consider the
operators

S LP(Q;RY) — W LP(Q; R
defined as

N
dvfa) =Y A 2, (5.1
i=1 ¢

where A% := A’ =« py for every i = 1,---,N, and for every k. Then A €
C2 (RN;MX4), i =1,--- N, for every k,

per
Al — A" strongly in L™(Q; M'*%) (5.2)

for1<m< +4oc0, i=1,---,N,
||AZHL°°(Q;MZX‘1) S HAi”Loo(Q;Mlxd) fOI' Z = 1, cee ,]V7 (53)

and the operators o7, satisty the uniform ellipticity condition
Ap()X- X > al\* for every A € R, for every k. (5.4)

We first prove two preliminary lemmas. The first one will allow us to approximate
every element u € C¥ by sequences {u*} C LP(Q;R?) with u* € C¥ for every k.
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Lemma 5.2. Let 1 < p < +oo. Let &/ be as in Theorem [5.1] and let {<,} be
the sequence of operators with smooth coefficients constructed as above. Let C
be the class introduced in (3.23)) and let u € C¥. Then there exists a sequence
{ukF} € LP(;RY) such that u* € C* for every k, and

uf = u  strongly in LP(;RY).

Moreover, for every w € C there ewists a sequence {w*} C LP(Q x Q;R%) such
that wk € C;’{;"‘ for every k and
w® — w  strongly in LP(Q x Q; RY).
Proof. Let u € C¥ and let w € C7. We first construct a sequence {v"} C LP(2 x
Q;R?), defined as
v (z) = (u(z) + w(z,y))e"(z) forae ze€yeq,

where {p,} € C*(£;]0,1]) with ¢, , 1. Without loss of generality, up to a
dilation and a translation we can assume that 2 C Q. Extending each map v™ by
zero in @ \ 2 and then periodically, and arguing as in the proof of Lemma it is
easy to see that

o™ = u+w strongly in LP(Q x Q;R%), (5.5)

N
Z 0 (/ Al (y)v"™(z,y) dy) — 0 strongly in W~1P(Q; R,
i=1 9z \ Jq

N
0 ‘ " = TP T —LD ().
; ayl (A (y)v (xay)) =0 inL (Q7W (Q,]Rl))

By (5.2), (5.3) and the dominated convergence theorem, we also have
Al (y)o"(w,y) = A'(y)v"(z,y) strongly in LP(Q x Q;R')

as k — 4o0, for every n. Therefore,

/ Al (y)v™(z,y dy) — 0 strongly in W~1P(Q; R,
83@1

N
Z dy; ( (l‘,y)) — 0 strongly in LP(Q;W—LP(Q;RZ))
as k — 400 and n — 400, in this order. In particular,

A {””n — (At w)llzr@xair

N
S (A )], g

N
+ Z 1A% ()" (2, y) — A'(y) (u(@) + w(@,y)llr@xqme)

N a . . B
S s 0wy g} =
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hence by Attouch’s diagonalization lemma [3] Lemma 1.15 and Corollary 1.16], we
can extract a subsequence {n(k)} such that
"% 5w+ w  strongly in LP(Q x Q; RY), (5.6)
A ()" (@, y) = A'(y)(u(@) +w(z,y)) strongly in LP(Q x Q;R'),  (5.7)

0
6$1’

o~

-

(/ A};(y)vn(k)(x,y) dy) — 0 strongly in W_l’p(Q;]Rl),
Q

i=1

=

0
i 13%

as k — +o0. Setting
Ry (x,y) := Ay (y)o" W (z,y) for ae. (z,y) € Q x Q,
and defining the mappings R* € LP(Q; L2, (RV;R%)) as

per

RZ:(R%)]’ foraui:]—v"'7N,j:1"‘,la

(AZ(ZU)U"UC) (x,y)) — 0 strongly in LP(Q;W—LP(Q;RI))

we have that

Ri(z,y) > A'(y)(u(z) + w(z,y)), i=1,--- ,N strongly in L(Q x Q;R?),
N

Z ai(/QR}c(xvy) dy) — 0 strongly in W_l’p(Q;Rl)7
i=1 "
N g .

dy; (Ri(z,y)) — 0 strongly in LP(Q; W 1P(Q; RY)).
i=1 7"

Therefore, using Lemma we argue as in Lemma [3.2] and construct a sequence
Sk e LP(Q; L2, (RN RY)), satisfying

per
S¥ — R¥ -0 strongly in LP(Q x Q;R?), (5.8)
Y9
i _ : =Lp(n. w!
; o2, (/CgSk(x,y) dy) =0 inW (Q; R, (5.9)
AR
> o (Si(z,y)) =0 in W LP(Q;RY), forae. zeQ. (5.10)

=1

Finally, setting
uf(z) = /Q.Ak(y)_lSk(x,y) dy for a.e. x €

and

w®(z,y) = Ap(y)"18%(z,y) — u*(z) forae. z€QandyeQ,
by (5.9) and (5.10)) we deduce that w* € Cf;k, i.e. uf € C¥ for every k. Moreover,
by (3.2), (5.6) and (5.8),

I~ oz = | [ 05+ 9) = (00) + 0t 90)

Lr(;R4)
< Cllu* + w* — (u+w)| Lo @xqire)

< b+ wh - Un(k)HLP(QxQ;]Rd) + o) — (u + W) || e x Qi)
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= [ Ak(y) " (S* (2, y) — R*(2,9)) | zrxoimay + V"% — (u+w)| Lo @xgmray — O.

The convergence of w* to w follows in a similar way. O

In view of Lemma [5.2] we can prove the analog of Proposition [3.4] in the case in
which A € L (RN;M!*4) j=1,---  N.

per

Lemma 5.3. Under the assumptions of Theorem[5.1] there holds
c7 = {u € LP(Q;RY) : there exists a sequence {v.} C LP(Q;RY) such that
(5.11)
ve —u  weakly in LP(Q;RY)
and Q/sdivvs — 0 strongly in W™HI(QGRY), for all1 < g < p}.

Proof. Let D be the set in the right-hand side of (5.11f). The inclusion
Dcc?
follows by Remark To prove the opposite inclusion, let u € C and let w € C¥.
By Lemmawe construct sequences {u*} C LP(Q;R?) and {w*} C LP(Qx Q;R?)
such that u* € C¥* for every k, w* € C;’i"' for every k,
uf — u  strongly in LP(Q;RY)
and
w® — w strongly in LP(Q x Q;R%),

where {7} is the sequence of operators with smooth coefficients defined in (5.1]).
By Proposition for every k there exists a sequence {v*} C LP(Q;R?) such that

k 2—s

vF P ukF 4wk strongly 2-scale in LP(Q x Q;RY),

N
Aok = 3 S (AL(2)E@) <0 strongly in W)
i=1 "

as ¢ — 0. Hence, in particular, by Theorem [2.6]

kl}ffoo gl_fg% | To0f = (u+ W)l zr@xQirae) + \|«Q{k(%iavvf||wflm(9;w) =0.

By Attouch’s diagonalization lemma (3] Lemma 1.15 and Corollary 1.16]), we can
extract a subsequence {k(¢)} such that
k(e Pt w strongly 2-scale in LP(Q x Q;R?),
,Q/k(g)’gdivvf(e) — 0 strongly in W~1P(Q;RY)
as € — 0. A truncation argument analogous to [I4], Lemma 2.15] yields a
p—equiintegrable sequence {v.} satisfying
ve —u weakly in LP(Q;R?),
d;c(e),gdivvg — 0 strongly in W—H9(Q; RY), (5.12)

for every 1 < g < p.
To complete the proof, it remains to prove that

sz/sdivvs — 0 strongly in W~19(Q;RY)  for every 1 < ¢ < p. (5.13)
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To this purpose, we first notice that, by (5.2) and by Severini-Egoroff’s theorem,
there exists a sequence of measurable sets {E,} C @ such that |E,| < 1 and

AZ(E) — A uniformly on Q \ E, (5.14)
for every n =1,--- ,400. Let n > 0 and 1 < ¢ < p be fixed, and for z € Z", set
Q.. =ez+eQ and Z.:={2€Z" :Q..NQ#}.

By the p-equiintegrability of {v.} and hence of {T.v.} (see Proposition [2.7), and
by (5.3)), we can assume that

1 Teve | Lo (U ro Qe N x QR < 10, (5.15)

and n is such that

Z// | Aoy () = A ()| Teve (2, )| dyde (5.16)

< CZ ‘A (s)HLoo(Q;Mlxd) + ||Ai||%OO(Q;Ml><d))HTEUE(IB?y)H%q(QxEn;Rd) <n

We first notice that, by (3.1]), there holds

||%d1V,UEHW 1q(Q R’ ||dk(5),edivv€H(II/[/—LG(Q;]RZ)

+ Z/ ‘AZ(E)(§> - Ai(g)‘q|va($)|q dx

div i x i X q
SRR S f AU LS PO e

Therefore, by (5.12)) we deduce

hmsup”;zfdwvguw La(Q:RY) (5.17)
e—0

N
q
glimsupZ/ ‘Ak(s)( ) Al< )’ |ve ()| da.
e—0 i—1 Y Uzez.(Qe,2NQ)

Changing variables, using the periodicity of the operators, and extending v. to zero
outside €2, the right-hand side of (5.17)) can be estimated as

2] e )= C)
<€NZZ/|A’<(E) — Al(y)|9|ve(e2 + ey)|? dy

1=1z€Z,
o (2] ) s

23, Mot - A

[ i) - AT ) dyde.
zEZEQe.z Q

(2)]|? dx (5.18)

.

i=1
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By Proposition (5.15), and by (5.16)), the right-hand side of (5.18)) is bounded

from above as follows

Z / ) / AL ) (y) — AT(y) 9| Teve (z, )| dyde (5.19)
Uzez.Qe,z

sZ / / AL (1) — A¥ )| Tove (2, )| dyd
ZGZEQaz\Q

+Z [, k) = A @I T do
+Z / /Q i) = AT ) s

<+ O3 (Al @utey 1A% i) 1TVl 00 ety
i=1

N
+ Z ”A;c(e) a AZHqO"(Q\En;MlX")HUEH%‘J(Q;R"!)

<Cn+ OZ A% ) = A%l oo (@\ B i< -

=1

Finally, by (5.14) and collecting (5.17)—(5.19)), we obtain
N
lim sup H%d“’vgﬂ LaRt) S Cn+ lim C’Z HA};(E) — AiHLoo(Q\E aixay = O
e—0 W=ha( e—0 P "

for every n > 0. By the arbitrariness of n we conclude (5.13)). O

Proof of Theorem[4.4 We first notice that by Remark [3.5] the thesis is trivial if
u ¢ C. By Proposition and Remark -, 4.11] for every u € C there holds

inf { lim inf/ fue(z))dz : ue —u weakly in LP(€Q; R?),
e—=0 Q
and &y, — 0 strongly in WH9(Q;RY) for every 1 < ¢ < p} > Zo(u).
To complete the proof of the theorem, since
inf { lim sup/ f(uc(z)) de : ue —u  weakly in LP(Q; RY),
e—0 Q
and &My, — 0 strongly in W—19(Q;R) for every 1 < ¢ < p}
< inf { lim sup/ f(uc(z)) dz : ue —u  weakly in LP(Q; R?), {u.} p-equiintegrable,
e—0 Q
and szfsdi"us — 0 strongly in Wh9(€Q; ]Rl) for every 1 < ¢ < p},

it suffices to show that

inf { lim sup/ flue(z))de : ue —u weakly in LP(€;R?), {u.} p-equiintegrable,
Q

e—0
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and &/Mu, — 0 strongly in W~19(Q;R) for every 1 < g < p} < Fog(u).
(5.20)

To prove (5.20), we argue by approximation. Let {7} be the sequence of
operators constructed in (5.1)) and satisfying (5.2)—(5.4]). We first prove that for n,

U, € C7™) and w, € Cffi("') fixed,

inf { llmlnffg‘T;‘;Lp(QXQRd)( Up + dr) : dp — 0 strongly in LP(;RY),  (5.21)
k—+oc0

Uy + P € C () for every k}

< / /Q F(tn () + wa (2, )) dy da.

Indeed, by Lemmathere exist sequences {uk} c LP(;R?) and {wk} C LP(Q x

Q;R%), such that u* € Ce(m) b e C ) for every k,
uf — u, strongly in LP(Q;R%),
and
w® — w, strongly in LP(Q x Q;R%). (5.22)
For k big enough,
f;'tf;'&’“m@“d) (t + (uF — up)) / / flu w*(z,y)) dydz  for every k,

and

limsup]-;{” (;\;u’(nxQ Rd)( Up, + (uk(x) — un(z))) < /Q/Qf(un(x) + wn(z,y)) dy dx,

k—+o00

which in turn implies (5.21)).

Let now u € C¥ and 1 > 0 be fixed. Then, there exist ry > 0 such that
Foz(u) +n > inf { l}glfgff:z?(n)(“n) DUy — u weakly in LP(Q;Rd)},
and sequences {u?} € LP(Q;R?), {w!} € LP(Q x Q;R?) satisfying
u’ —u  weakly in LP(€; R%), (5.23)
w,! € Ci‘z(n') for every n,
||wﬂ||Lp(QXQ;Rd) <r, for every n,

and
Foz(u)+2n > lim / / ful(z) + w!(x,y)) dy dx.
n—-+4o0o Q
In particular, by (5.21)),
F e (u) + 21
> lim sup inf { lim 1nf.7—' ”Lp(m@md)( "4+ dr): dr — 0 strongly in LP(Q; RY),

n—-+o00 k—+o00
u) + ¢ € C¥(™) for every k}

xz{k(n

n+¢) be such that

For every n, k, let w) , € C

Hwn,k”L”(QXQ;Rd) < 2[jwp|lLr(@xQra) (5.24)
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and
2f|w?

Fpre ety v < [ [ jn) + o) + )y (e) dyds
QJQ

<]_.2||wn”Lp(Q><QRd)( Z+¢k)+%

Arguing as in Steps 1 and 2 of Proposition for every n,k we construct a
sequence {v/  ,(z)} C LP(Q; R?) such that

v o illr@rey < Cllud + ¢r +w)) 4 llLe@xirays (5.25)
vl k= U+ ¢ weakly in LP(Q;RY),

A3V 0 strongly in WLP(Q; R,

enk

/ F02, (o) do = [ /Q Sl () + di(x) + w4 (2, )) dy d,

as € — 0, where the constant C' is independent of £, n and k. In particular,
and yield that the sequence {v, ,} is uniformly bounded in LP(; R%). By
the metrizability of bounded sets in the weak LP topology and Attouch’s
diagonalization lemma ([3} Lemma 1.15 and Corollary 1.16]), we can extract sub-
sequences {n(e)} and {k(e)} such that, setting

o
Ue = vs,n(s),k(s)’
there holds
e —u weakly in LP(€; R?),
d‘l(ls")ﬂs — 0 strongly in W~1P(Q;RY),
limsup [ f(te(x))de < Fo(u) + 27.
e—0 Q
In view of Lemma and Proposition we can construct a further sequence
{u.} C LP(Q;R?), p—equiintegrable and satisfying
ue — u weakly in LP(€; R?),
szdla")uE — 0 strongly in W_l’q(Q;Rl) for every 1 < g < p,
limsup/ fue(z)) de < hmsup/ flue(z)) de < Fo(u) + 2n.
e—0 e—0
Property (5.20) follows now by noticing that exactly the same argument as in the
proof of (5.13) yields
,;afedivue — 0 strongly in W_l’q(Q;Rl) for every 1 < ¢ < p,
and by the arbitrariness of 7. O
5.1. The case of constant coefficients. In this subsection we show that the ho-
mogenized energy obtained in Theorem [£.2]reduces to the one identified by Braides,
Fonseca and Leoni in [6], in the case in which the operators A%, i = 1,---, N, are

constant, and the constant rank condition ([1.3)) is satisfied by the differential oper-
ator & : LP(Q; R?) — WLP(Q; R!) defined as

N
du = ZAZ% for every u € LP(Q;RY).
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In this case the classes C¥ and C defined in (3.22)) and (3.23) become, respec-
tively

N
cons zaw
ceomst = {w € L”(Q;Lger(RN;Rd)) : /Qw(x,y) dy =0 and ZA @(z,y) = O}
i=1 '
and
coomst = {u € LP(4RY) : ofu = 0}.
Recall that
o e .. a==T . N . prOy. d
Foy(u) = %I;%mf { B@i&f}—d(un) D up — u  weakly in LP(; R )}

Cconst

By definition of & —quasiconvex envelope, for every u € and r > 0 we

have
Foy(u) > /Qngf(u(ac)) dx.

By [I4, Theorem 3.7], the o7 —quasiconvex envelope is lower semicontinuous with
respect to the weak LP convergence of ./ —vanishing maps, hence

inf { liminf F_ (un) : up —u weakly in LP(Q;Rd)} > / Qu f(u(z)) dx
Q

n—-+oo

for every r > 0, which yields
Fog(u) > | Quf(u(x))dx. (5.26)
Q

Conversely, since &7 is a differential operator with constant coefficients, for every
u € C"* the null map belongs to CS°"*. Hence,

/Q flu(@)) da > Fy(u) = Foy(u).

By taking the lower semicontinuous envelope of both sides with respect to the weak
L? convergence of & —vanishing maps we obtain (see [6 Theorem 1.1])

/ Qu (f(u(z)))dz > inf { liminf F_ (upn) : tn — u  weakly in Lp(Q;Rd)}
Q n—-+4o0o
(5.27)
> Z(u).
Combining (5.26)) and ([5.27)) we deduce that
Zow) = [ Qulu(e) e
Q

5.2. Nonlocality of the operator. We end this section with an example that
illustrates that, in general, when the operators A® are not constant then the func-
tional %4 in (4.3]) can be nonlocal, even when the energy density f is convex.

Example 5.4. Let N=d=p=2 and [l =1, and choose
Q=(0,1) x (0,1).
Let a € C22,.(R), with period (f%, %), a > —1, and satisfying

per

|—=

1
a(s)ds =0 and /21 a’(s)ds =1, (5.28)
2

o= N
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and consider the operators A', A2 : R? — R? defined as
Al(z) = (14 a(zs) 0) and A*(z):= (0 1)
for x € R%2. We have that

Aly)t = ( t a0 )f

for £ € R? and y € Q, therefore the operator A satisfies the uniform invertibility

assumption (3.2)).
Consider the function f : R? — [0, +00), defined as f(€) := [£|? for every & € R2.

By (5.28), for n fized, u, € C¥™) if and only if there exists w, € L*(Q x Q;R?)
such that fQ wy(z,y) dy = 0, and the following two conditions are satisfied
0

8961</Qa(ny2)’w17n(x,y) dy) +divu,(z) =0 in W’l’z(ﬂ), (5.29)

awl,n(x» y) aw2,n (LE, y)
(14 a(ny2)) o + s

Moreover, for every i € L2(S;RY) and w € L?(QxQ;R?) with fQ w(z,y)dy =0,
there holds

| [ s+ ooy = [fa@Pdos [ [ ja@pPdyde. (530
QJQ Q oJqQ
In view of (5.31)), for every r >0, n € N, and u,, € C¥"),

T (1) > / i ()2 di,

hence by classical lower-semicontinuity results (see,e.qg.,[I3 Theorem 5.14]),

=0 inW Q) for ae x Q. (530)

Foy(u) > / lu(x)|?dz  for every u € C. (5.32)
Q
If0eC¥, i.e., divu =0 (and hence 0 € Cf(n‘) for every n), then

T oyny (1) :/Q\U(x)Fdx

for every n and r, and choosing u,, = u for every n in , we deduce that (5.32))
holds with equality.
Strict inequality holds in if u € C7 but divu # 0. Such fields exist,
consider for example,
—1

u(zx) == ( 0 > forx € Q.
Note that the map

w(z,y) = ( a(y2)an ) for every (z,y) € A x Q

0
satisfies w € C by (5.28)

Assume by contradiction that there exists u € C¥, with divu # 0, such that

ﬂgg(u):/ﬂ|u(;ﬁ)|2dx. (5.33)
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By the definition of F oy there exists a sequence {ry,} of real numbers such that

Fo(u) = lim inf{hmlnf}'ﬂ y(un) + un = u  weakly in LP(Q;Rd)}.

m——+o00 n—-+4oo

For every m € N, let {u} C L*(Q;R?) be such that
u™ —u  weakly in L*(Q;RY)

as n — +oo, and

inf { lim inf ]-'Q{(n (up) : up = u  weakly in LQ(Q;Rd)}+

n—-+o0o

1
— > liminf F up').
Then

Fo(u) = lim hmmf}"d( 3 (ug),

m——+00 n—-+00
and by a diagonal argument we can extract a subsequence {n(m)} such that, setting
u™ =ul
n(m)’

Foy(u)= lim F n(m)_)(um). (5.34)

m——+oo

By (5.31), for every m there exists wy, € Cfﬁ(n ™) such that w22 (@xQird) < Tm

and

w0+ 2 [ 5@ ) dy (53)

/|u |2dx+//|wmmy|2dydw

Hence, in view of (5.33 , and | -,

/|u |2d:1c— hm /|u |2dx+// W, (2, 9) | dydx)

u™ — u  strongly in L?(Q;RY), (5.36)

and so

and
Wy, — 0 strongly in L*(Q x Q;RY). (5.37)
By (5.29) and the boundedness of the function a, properties (5.36) and (5.37) yield
divu™ — 0 strongly in W~12(Q)

which in turn implies that divu = 0, contradicting the assumptions on u.
We conclude that if u € C¥ satisfies divu = 0, then

Fog(u) = ; lu(z)|? dz, (5.38)

whereas if u € C¥ satisfies divu # 0, then

2
>/Q|u(x)| dx. (5.39)

We now provide an explicit expression for the functional %o . We claim that for
every u € C¥ there holds

= uxgx Ql'Qx .
u)—/ﬂ|<>|d+/9\¢u<>\d, (5.40)
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where ¢$} € L%(Q) is the unique function satzsfymg fo (x1,22)dxy = 0 for a.e.

x2 € (0,1), and 8¢ (m) = —divu(z) in W-12(Q).
To prove we first establish a preliminary lemma.

Lemma 5.5. Let n € N, and let v € C7(") . Then

inf /|v(x)|2dx+// w(e,y)|? da dy] (5.41)
WEC o () (V)
= [ @+ [ 6@ ds,
where fol ¢S (z1,v2)dxy = 0 for a.e. z9 € (0,1), and %w(lx) = —divu(z) in

W=12(Q).
Proof. We recall that by (5.29) and (5.30)), w € Cy(,,.)(v) if and only if

/ w(z,y)dy =0, fora.e xe€Q,
Q

0
3331(/Qa(ny2)w1 (z,y) dy) +dive(z) =0 in W 12(Q), (5.42)
(1+ a(nyg))ﬁwl(x’ v) + s (2, y) =0 in W H%(Q) forae z€Q.

oy Yo
By (5.42)), the map ¢%! defined in the statement of Lemma satisfies

¢§}(I) = /Qa(nyz)m(x,y) dy — /01 (/Qa(nyg)wl(x,y) dy) dx, for a.e. x € Q.

Rewriting w; as
wi(z,y) = a(ny:) /Q a(nyz)wi(z,y) dy + 1nu (2, y),

we have
/Qa(nyz)nw(w, y)dy = 0,

and hence

/Q/Qw<m7y>|2dxdy=//|w1<:c,y>2dmdy+//|w2<x,y>|2dxdy
> [ ([ ot nas) drs [ [ el ey
/|<l5Q |2dm+/ (/ (/;a(nyg)wl(x,y)dy) da:l) dz

> / |0 ()2 dz for every w € Cor(ny (V).
Q
In particular, we obtain the lower bound

e o LR e [ e ] = [ perdes [ ot

Property (5.41) follows by observing that (5.28) yields
(a(ny2) 83 (2),0) € Cany (v).
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d

Let u € C¥. Arguing as in the proof of (5.39) there exist a sequence {n,} C N,
with Ny, — 400 as m — 400, and sequences {u™} C L*(Q;R?) and {w™} C
L?(Q x Q;R?), such that

u™ —u  weakly in L*(;R?), (5.43)

A (Nyn -
w™ € Cu( ),

For () :ml—lgrloo{/m \2dac+//\w my)|2dxdy}.

In view of Lemma[5.5,
Foy (1) >hmsup{/|u |2dx+/|¢m |2d:v} (5.44)

and

m—s+o00
where )
/ ¢ (x1,x2)dry =0, for a.e. x2 € (0,1), (5.45)
and '
a%n;(f) = —divu™(@) in W Q). (5.46)

Since u € C¥, there holds Fo(u) < 400, and the sequence {¢™} is uniformly
bounded in L?(Y). Therefore there exists ¢! € L?(Q) such that, up to the extraction
of a (not relabeled) subsequence,

o™ — ¢t weakly in L*(S2), (5.47)
where, by (5.43), (5.45) and (5.46),

2
/ 1 ¢2(9517$2)dm1 =0 forae x2€(0,1)
2

and
99y, (z)
81'1
In particular, by (5.43) and the lower semicontinuity of the L?-norm,

2 Q/8(2

To prove the opposite inequality, choose u, := u, wy, = (a(nyg)qﬁg (a:),O) for every
n € N. By Lemmal[5.5, for r big enough there holds

Forwn) = [ fu@)Pdo+ [ 162 de
The characterization (5.40) follows now by the definition of F .

= —divu(z) in W H3(Q).

We conclude this example by showing that the functional % is nonlocal. Indeed,
assume by contradiction that F.; is local. Then for every u € C¥ we can associate
to F oy an additive set function Z o (u,-) on the class O(Q) of open subsets of Q. In
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particular, for every pair Qp, Qs C Q, with Q1 CC Qy CC Q, and for every u € C¥
in ), there holds

Fog (1, 9Q) < Ty (u, 2\ V1) + Foy (1, Q2). (5.48)

Let £1,& € R, with & # &, and let €, > 0 be such that € < % and § < % — €.
Define

Q= (-, t+e)x(3—c,34¢) and Q= (3—c—4, 1+e+0)x(5—c—0, L+e+0).
Consider the function
( _051 ) e,
ug(x) := ¢
( > ) otherwise in €.
0

We observe ug belongs to C¥, since the map

( a(yg)fl ) ifreycq,
wo(xay) = a( )é.
( Y2)s2 ) otherwise in 2 X Q,
0
satisfies wgy € iji, By (5.38)), since divug = 0 in Q\ Q, there holds
Foy(ug; 2\ Q1) = / Juo(z) P dz = (1 —4e?)€5. (5.49)
A\

A direct computation yields

(1-26)(& = &) inth

20: 2e(&2 — &) in[(O,%—s)U(%—l—E,l)]x(%—5,%—}—5)
0 otherwise in €,
and
6(651—;652) in Q
gz =g el (1§l -)u(l+ed+et+d))x(3—cl+e)
0 otherwise in Q.
Therefore,
For 0, ) = [ Junlo)?dz + [ 162, (0) do (5.50)
Q Q
=46 + (1 - 4%)€5 +4* (1 - 2¢) (& — &2)°, (5.51)
and
F o (ug, Q) = / [u()|? da +/ |63 (2)]? dz (5.52)
Qz QZ
4%5(&1 — &2)°

= 4e%¢2 4 40(6 + 2)€3 + (5.53)

e+4d
Now (5.48)) becomes

4226(&1 — &)*

4e%(1 — 22)(& — &)% < 46(6 +22)€5 + %
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for every e < % and § < % —¢e. Letting 6 — 0 we get

4e%(1 —2e)(& — &) <.

Since £ # &2, this contradicts the subadditivity of F . (ug,-) and yields the nonlo-
cality of Foy.
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