STRESS REGULARITY FOR A NEW QUASISTATIC EVOLUTION
MODEL OF PERFECTLY PLASTIC PLATES

ELISA DAVOLI AND MARIA GIOVANNA MORA

ABSTRACT. We study some properties of solutions to a quasistatic evolution problem for
perfectly plastic plates, that has been recently derived from three-dimensional Prandtl-
Reuss plasticity. We prove that the stress tensor has locally square-integrable first deriva-
tives with respect to the space variables. We also exhibit an example showing that the
model under consideration has in general a genuinely three-dimensional nature and can-
not be reduced to a two-dimensional setting.

1. INTRODUCTION

In this paper we continue the study of the quasistatic evolution model for perfectly plastic
plates, that has been derived in [5] starting from three-dimensional Prandtl-Reuss plasticity.
Under suitable regularity assumptions for the applied body forces, we prove Wllof regularity
of the stress with respect to the space variables.

Let w be a bounded domain in R? with a C? boundary. The set © := wx (—%, %) represents
the reference configuration of a three-dimensional plate. The current configuration of the
plate at time ¢ is described by a triple (u(t), e(t), p(t)), where u(t) is the displacement, e(t)
is the elastic strain tensor, and p(t) is the plastic strain tensor, satisfying the following
conditions:

(sfl) kinematic admissibility: Eu(t) = e(t) + p(t) in , u(t) = w(t) on Ty, and e;3(t) =
pi3(t) =0in Q for i = 1,2,3.

Here Fu(t) denotes the infinitesimal strain tensor, given by the symmetric part of Du(t),
while w(t) is a prescribed boundary condition on I'y := 'ydx(—%, %), ~vq being a subset
of dw. These conditions imply that u(t) is a Kirchhoff-Love displacement, that is, the ver-
tical displacement u3(t) is independent of the out-of-plane variable x3 and the horizontal

displacement takes the form
Ua(t, ) = Uo(t,2") — 230,us(t,2’) for z = (2/,23) € Q, a=1,2. (1.1)
In particular,
(Eu)ap(t,x) = (B)ap(t, ') — 23025us(t,a’) for x = (2',23) €Q, o, f=1,2.

From a mechanical point of view this structure guarantees that straight fibers that are normal
to the mid-surface of the plate in the reference configuration, stay straight and normal after
the deformation, within the first order (see, e.g., [3]).

Condition (sfl) does not imply, in general, that e(f) and p(¢) are affine with respect
to z3. However, one can prove (Proposition 3.1) that e(t) and p(t) admit the following
decomposition:

6(t7 1’) = é(t7 I/) + .’,E3é(t, I/) + el(ta I)v p(ta I) = ﬁ(tv 'rl) + Igﬁ(t, :El) —clL (ta I),
where the zero-th order moments é(t) and p(t) satisfy

Fu(t)=e(t)+p(t) inw
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while the first order moments é(t) and p(¢) are such that
—D?uz(t) = é(t) + p(t) inw.

In the above identities and in the following we identify e(t), p(t), and their moments with
functions taking values in M2> , since their third row and column are zero by condition (sf1).

The strong formulation of the quasistatic evolution problem on a time interval [0, 7]
consists in finding u(t), e(t), and p(t) such that for every ¢ € [0, T] equation (sfl) is satisfied,

together with the following conditions:

(sf2) constitutive equation: o(t) = Cre(t) in £, where C, is the elasticity tensor;

(sf3) equilibrium: —div,:a(t) = f(t) and —div,div,6(t) = ¢(t) in w, together with suit-
able Neumann boundary conditions on dw \ vg4;

(sfd) stress constraint: o(t) € K, where K, is a given convex and compact set, represent-
ing the set of admissible stresses;

(sf5) flow rule: p(t) = 0 if o(¢t) € int K, while p(t) belongs to the normal cone to K, at
o(t) if o(t) € OK,.

Here f(t) : w — R? and g(t) : w — R represent the applied body forces at time ¢, while
a(t) := C,e(t) and &(t) := C,é(t) are the stretching and bending components of the stress,
respectively. Condition (sf5) can also be written in the equivalent form:

(sf5") mazimum dissipation principle: H,(p(t)) = o(t) : p(t), where H, is the support func-
tion of K, i.e., Hy(p) :==sup{o:p : o0 € K, },

or alternatively,
(sf5”) mazimum plastic work condition: (8 — o(t)): p(t) < 0 for every 0 € K,.

In [5] this model has been rigorously justified via I'-convergence techniques, starting from
the three-dimensional Prandtl-Reuss quasistatic evolution model. In other words the system
(sf1)—(sf5) describes (up to a suitable scaling) the asymptotic behaviour of the quasistatic
evolutions in a three-dimensional plate, when the plate thickness approaches zero.

We note that the equilibrium conditions are purely two-dimensional, while the stress
constraint and the flow rule (which are the main ingredients of the plastic reponse) involve
the whole stress o(t), whose dependence on the thickness variable 3 may be not trivial
(because of the component o (t) := Cre_ (t)). Thus, the problem has in general a genuinely
three-dimensional nature and differs from the classical two-dimensional plastic plate model
that has been extensively studied in the literature [2, 6, 9, 10]. This comparison is discussed
in the last section of the paper, where an explicit solution to (sf1)—(sf5) is shown for a specific
choice of data.

Existence of a solution to (sfl)—(sf5) can be proved by setting the problem within the
variational framework for rate-independent processes, developed in [14]. This accounts to
approximating the problem by time discretization: the interval [0, 7] is subdivided into k
subintervals by means of points

0=t) <t <--<til<th=T,
and the approximate solution u}, ei, pi at time ¢} is defined by induction as a minimizer
of the energy functional
1 . )
B Cre:edr+ | Hy(p—pi ") de — (L(tL),u) (1.2)

Q Q

among all triples (u, e,p) that are kinematically admissible at time ¢}, where
1
(L(t),u) = / f@t)-ude' — — [ g(t)ugdx’.

Because of the linear growth of H,, the energy functional in (1.2) is not coercive in any
Sobolev norm. The natural setting for a weak formulation is the space BD(f2) of functions
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with bounded deformation in  for the displacement u(t) and the space M;(€ U Tq; M2x2)
of bounded Borel measures on Q UT'y for the plastic strain p(¢). This is also natural from
a mechanical point of view, because it is well known that in the absence of hardening
displacements may develop jump discontinuities along so-called slip surfaces, on which plastic
strain concentrates.

Since p(t) € Mp(QUTy;M2%2), the functional

/ H, (p(t)) da
Q

has to be interpreted according to the theory of convex functions of measures, developed in
[12, 15] (see also Section 2), as
dp(t
1, (22D (o),

QU
where dp(t)/d|p(t)| is the Radon-Nicodym derivative of p(t) with respect to its total variation
|p(t)]. Moreover, the boundary condition is relaxed by requiring that

p(t) = (w(t) —u(t)) © vagH? on Iy, (1.3)

where ® denotes the symmetrized tensor product and H?2 is the two-dimensional Hausdorff
measure. The mechanical interpretation of (1.3) is that u(¢) may not attain the boundary
condition: in this case a plastic slip is developed along I'y, whose amount is proportional to
the difference between the prescribed boundary value and the actual value.

Combining these remarks with the kinematic admissibility condition (sfl), we see that
u(t) is a Kirchhoff-Love displacement in BD(£2), that is, uz(t) belongs to the space BH (w)
of functions with bounded Hessian in w and the averaged tangential displacement @(t) in
(1.1) belongs to BD(w). Therefore, @(t) may exhibit jump discontinuities, while, because of
the embedding of BH(w) into C'(w), the normal displacement u3(t) is continuous, but its
gradient may have jump discontinuities. Since the dependence of u on x3 is affine, we can
conclude that slip surfaces are vertical surfaces whose projection on w is the union of the
jump set of 4 and the jump set of Vus.

Moreover, writing condition (1.3) in terms of moments yields

p(t) = (w(t) —u(t)) ® vo,H'  on va,
uz(t) = ws(t), Pp(t) = (Vus(t) — Vws(t)) ® vau,H!  on v4.
In this setting the flow rule is proved to hold in the form
He(p(1) = (o (t), p(1)),

where the product at the right-hand side is meant in the sense of the stress-strain duality
introduced in [5] (see also Section 3).

In this paper we focus on the spatial regularity of the stress component o(t) for solutions
of the quasistatic evolution problem (sf1)—(sf5) in its weak formulation. We restrict to the
case where the yield criterion in the fully three-dimensional Prandtl-Reuss problem is that
of von Mises, often used for metals (see [13]). In other words, the set of admissible stresses
for the fully three-dimensional Prandtl-Reuss problem is a cylinder B,, +Rl3x3, where By,
is a ball of radius «yg in the space of trace-free M2X3 matrices and I3 is the identity matrix

sym
in M2x%. By the characterization in [5] this implies that the set K, is an ellipsoid of the
form
K, ={§ e M7« [¢]r < a0},
where

€12 = %(511 + &) + %(511 —&o9)? 4+ 28, = |¢)* - %(trﬁ)Q-

Our main result is that for the solutions of the quasistatic evolution problem under consid-
eration the stress component is locally W2 with respect to space variables (Theorem 4.6).



4 E. DAVOLI AND M.G. MORA

More precisely, we show that for every open set w’ compactly contained in w there exists a
positive constant C7(w’) such that

sup ”Daa(t)HL2(w’><(7%,%);M§;%) <Ci(w')  fora=1,2 (1.4)

te[0,T]
and for every open set ' compactly contained in € there exists a positive constant Co(Q2')
such that
sup ||D3U(t)HL2(Q’;M§,>j,%) < Co(QY). (1.5)
te[0,T) ‘

This implies in particular that both the stretching component ¢ and the bending component
& are in L(0,T; Wyy2 (w; M2x2)), while o € L0, T; W2 (Q;M222)).

Local regularity of stresses in the fully three-dimensional Prandtl-Reuss plasticity has
been proved in [1, 8], see also [11] for a recent global regularity result for the stress velocity.
For the classical two-dimensional plastic plate model local regularity has been established in
[10], using different techniques and assuming K, to be a ball, C,. to be the identity tensor,
and 4 = Ow.

The strategy of our proof is inspired by that of [1]. We consider an equivalent formulation
of problem (sfl)—(sf5) in terms of a parabolic variational inequality for the stress variable
and we construct some approximating problems of Norton-Hoff type, where the constraint
(sf4) is replaced by a penalization term. These approximating problems involve a monotone
differential equation in the stress variable; the displacement and the plastic strain are then
indirectly recovered a posteriori. We first establish regularity for the approximating prob-
lems with uniform estimates with respect to the approximation parameter and then prove
convergence to the parabolic variational inequality formulation.

The main novelty with respect to [1] is that in the approximating model the equilibrium
equations are expressed in terms of the moments ¢ and &, while the nonlinearity in the
monotone operator involve the whole stress o. For this reason we obtain a slightly better
regularity of the stress with respect to the in-plane variables: the regularity estimate (1.4)
is indeed global in the out-of-plane direction x3, whereas (1.5) is local with respect to both
in-plane and out-of-plane variables. In particular, we observe that (1.4) cannot be deduced
from the regularity estimates in [1] for the fully three-dimensional Prandtl-Reuss problem,
using the convergence result of [5]; indeed, the estimates of [1] (whose dependence on the
domain should be explicited if one wished to pass to the limit as the thickness of the plate
tends to zero) are local in all directions.

The plan of the paper is as follows. In Section 2 we recall some mathematical preliminaries.
The setting of the problem is detailed in Section 3. The existence and regularity results are
the subject of Section 4. In Section 5 an explicit example is discussed.

2. MATHEMATICAL PRELIMINARIES

In this section we recall some notions from measure theory that we will use throughout
the article.

Measures. Given a Borel set B C R™ and a finite dimensional Hilbert space X, M(B; X)
denotes the space of all bounded Borel measures on B with values in X, endowed with the
norm ||pllag, = |p|(B), where |u| € My(B;R) is the variation of the measure p. If u is
absolutely continuous with respect to the Lebesgue measure £, we always identify p with
its density with respect to £, which is a function in L'(B; X).

If the relative topology of B is locally compact, by Riesz representation Theorem the space
My (B; X) can be identified with the dual of Co(B; X), which is the space of all continuous
functions ¢ : B — X such that the set {|p| > 0} is compact for every ¢ > 0. The weak*
topology on My (B; X) is defined using this duality.

Convex functions of measures. For every u € My(B;X) let du/d|u| be the Radon-
Nicodym derivative of u with respect to its variation |u|. Let H : X — [0, 4+00) be a convex



STRESS REGULARITY FOR PERFECTLY PLASTIC PLATES 5

and positively one-homogeneous function such that
aglé| < H() < Blé| for every € € X,

where ag and Sy are two constants, with 0 < ag < Sg. According to the theory of con-
vex functions of measures, developed in [12], we introduce the nonnegative Radon measure
H(p) € My(B) defined by
dp
@)= [ 1 ()
for every Borel set A C B. We also consider the functional H : My(B;X) — [0,400)
defined by
dp

mm:mmm=LHQMWW

for every p € My(B;X). One can prove that H(u) coincides with the measure studied in
[15, Chapter II, Section 4]. Hence,

H(p) = sup {/Bgotdu : € Co(B; X), o(x) € K for every x € B}, (2.1)

where K := 0H(0) is the subdifferential of H at 0. Moreover, A is lower semicontinuous on
M, (B; X) with respect to weak™ convergence.

Functions with bounded deformation. Let U be an open set of R™. The space BD(U)
of functions with bounded deformation is the space of all functions u € L'(U;R"™) whose
symmetric gradient EFu := sym Du (in the sense of distributions) belongs to M, (U; Mg").
Tt is easy to see that BD(U) is a Banach space endowed with the norm

lullBp = llullLr + ([ Eullas,-

We say that a sequence (u*) converges to u weakly* in BD(U) if u* — u weakly in L' (U; R")
and Euf — Eu weakly* in M, (U; Mg, ). Every bounded sequence in BD(U) has a weakly*
converging subsequence. If U is bounded and has a Lipschitz boundary, BD(U) can be
embedded into L™/ (»=1(U;R™) and every function v € BD(U) has a trace, still denoted
by u, which belongs to L!(AU;R™). Moreover, if I' is a nonempty open subset of OU, there

exists a constant C' > 0, depending on U and I', such that
[ullLr ) < CllullLr ) + Cll Eul|a, (2.2)

(see [15, Chapter II, Proposition 2.4 and Remark 2.5]). For the general properties of the
space BD(U) we refer to [15].

Functions with bounded Hessian. The space BH (U) of functions with bounded Hessian
is the space of all functions u € W11 (U) whose Hessian D?u (in the sense of distributions)
belongs to My (U; Mg ). It is easy to see that BH(U) is a Banach space endowed with the
norm

lullprr = llull s + Vel + [|1D*ullar, -

If U has the cone property, then BH(U) coincides with the space of functions in L' (U)
whose Hessian belongs to My(U; Mg ). If U is bounded and has a Lipschitz boundary,
BH(U) can be embedded into W™/ (»=1(/). If U is bounded and has a C? boundary, then
for every function u € BH(U) one can define the traces of u and of Vu, still denoted by u
and Vu; they satisfy u € WH1(9U), Vu € L' (9U;R"™), and 2% = Vu - 7 in L}(9U), where 7
is any tangent vector to OU. If, in addition, n = 2, then BH (U) embeds into C'(U), which is
the space of all continuous functions on U. For the general properties of the space BH(U)
we refer to [7].

Notation. The symmetrized tensor product a ® b of two vectors a,b € R™ is the symmetric
matrix with entries (a;b; + a;b;)/2. The brackets (-,-) denote the duality pairing between
conjugate LP spaces, as well as between other pairs of spaces, according to the context.
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3. SETTING OF THE PROBLEM

Throughout the paper € is an open subset of R? of the form Q = w x (—%, %)7 where

w is a bounded and connected open set of R? with a C? boundary. We suppose that the
boundary dw is partitioned into two disjoint open subsets 74, v, and their common boundary
0] 9wYd = 0| 8wYn (topological notions refer here to the relative topology of dw). We assume
that 74 # 0 and that 9|swya is made of two points in dw. The outer unit normal to dw is
denoted by v, and the outer unit normal to 9 by vaq. Moreover, we set I'y := ya x (=3, 3).

The elasticity tensor and its inverse. Let C, be the elasticity tensor, considered as a
symmetric positive definite linear operator C,. : M2x? — M2x2 and let A, : M2%2 — M2x2
be its inverse A,. := C 1. It follows that there exist two constants ay and B, with 0 < ay <

Ba, such that

aulé? < %A@:g < Bul€|* for every € € ngxfl (3.1)
These inequalities imply
[ArE] < 2Ba€]  for every € € M. (3.2)

The set of admissible stresses. Let K, be a closed convex set of ngxna such that there
exist two constants ay and By, with 0 < ay < By, such that

{ee M2 (] <an} C K, C{E€e M2 €] < Bu}.
The boundary of K, is interpreted as the yield surface. We define the set
K (Q) :={o € L*(M22) : o(2) € K, for a.e. € Q}.

sym

The plastic dissipation potential is given by the support function H,. : ngxr,% — [0, 400) of
K, defined as

H.(§) :== sup o:£ forevery € € Mg;n%
ogeK,

It follows that H,. is a convex and positively one-homogeneous function such that

anlé| < Hy(€) < Bulé|  for every & € MZ7. (3.3)
In particular, H, satisfies the triangle inequality
Ho(E+¢) < Ho(§) + Ho(C) for every £, € MZy2. (3.4)
In [5] it is proved that, if K C M3X3 is the convex set of admissible stresses for the three-
dimensional Prandtl-Reuss plasticity problem, then K. can be characterized as follows:
&1 &2 O 1
5 S Kr = 512 522 0] — *(trf) I3><3 c K. (35)
o o o 3

Thus, in particular, if
1
K={¢eMjp: [~ g(tff) Isxs] < a0}

for some o > 0, then (3.5) implies that

Ky ={€ €M7 0 [¢]r < ao} (3.6)
and
H.(§) =g |§ + (tr5)12X2|T for every & € Miyx,fw
where

€2 = £ 60+ E)? + (€1 — €)? + 285 = | — 5 (1r)” (3.7



STRESS REGULARITY FOR PERFECTLY PLASTIC PLATES 7

Zero-th and first order moments. For f € L2(; M2%2) we denote by f, f € L?(w; M2x2)

sym sym

and by f1 € L*(Q;M2x?) the following orthogonal components (in the sense of L?(€2; M2%))
of f:

Fa) = [ faas)des,  flaf) =12 / ¥ paf (@, es) dus

1 1
2 2

for a.e. 2/ € w, and

fi(a) = f(z) = f(a') — 3 f(z")
for a.e. 2 € Q. The component f is called the zero-th order moment of f, while f is called
the first order moment of f.

Analogously, if ¢ € Mp(Q U Fd;ngx%L the zero-th order moment of ¢ is the measure
q € My(w U~g;M222) defined by

sym
/ p:dq = / w:dq
wUvyq QU

for every ¢ € Ch(w U W;ngﬁi), while the first order moment of ¢ is the measure ¢ €

My(w U ~yg; M2%2) defined by

sym

/ gp:d(j::12/ T3p:dq
wUvyq QuUly

for every ¢ € Co(wUryqg; M252). We also define g1 € My,(QUT 4; M2%) as the measure given
by

qLi=q-q@L — oLl
where the symbol ® denotes the usual product of measures.

Kirchhoff-Love admissible triples. We introduce the set of Kirchhoff-Love displacements,
defined as

KL(Q) :={ue BD(Q): (Eu)iz=0 fori=1,23}.
We note that u € KL(Q) if and only if u3 € BH(w) and there exists 4 € BD(w) such that
Ug = Uy — £305u3, «a=1,2. (3.8)

In particular, if v € KL(), then Eu can be identified with a 2 x 2 matrix and (Fu)ap =
(Et)ap — CC3525U3 for o, 8 = 1,2. If, in addition, u € WHP(Q;R?), then & € W1P(w;R?)
and uz € W2P(w). We call 4, uz the Kirchhoff-Love components of u.

For every w € WH2(Q;R?) N KL(Q) we define the class Ag(w) of Kirchhoff-Love ad-
missible triples for the boundary datum w as the set of all triples (u,e,p) € KL(Q) x
L2(Q;M3X3) x My,(QUTg; M3X3) satisfying

sym sym
Fu=e+p inQ, p=(w—u) OvsgaH? on Iy,
62'3:0 in Q, p13:0 in QUFd, ’i:1,2,3,

where H? is the two-dimensional Hausdorff measure. Note that the space

{§€M3X3 : &z =0fori=1,23}

sym

is canonically isomorphic to M2x%. Therefore, in the following, given a triple (u,e,p) €
Agr(w) we will systematically identify e with a function in L*(Q;MZ2<2) and p with a
measure in M (Q U Tq; M25%). Note also that the class Axr(w) is always nonempty as it
contains the triple (w, Fw, 0).

Let (u,e,p) € Agr(w). By definition u is a Kirchhoff-Love displacement, hence ug €
BH(w) and uq, @ = 1,2, is affine in the z3 variable (see (3.8)). In general, one cannot
conclude that e and p are affine in x3, too. However, some conditions on the structure of e

and p can be deduced.
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Proposition 3.1. Let w € WY2(Q;R?*) N KL(Q) and (u,e,p) € KL(Q) x L*(Q;M2x2) x
My(QU Ty M252). Let w € BD(w), us € BH(w), and w € W'?(w;R?), wg € W??(w)
be the Kirchhoff-Love components of u and w, respectively. Finally, let €,é € L?(w; ngxri),
er € L2(M2X2), p,p € My(wUa; M252), and py € My(QUTq; M2x2) be the moments of
e and p. Then (u,e,p) € Ak (w) if and only if the following three conditions are satisfied:

(i) FEu=é+pinw and p= (0 — 1) ® vo, H' on va;

(i) D%u3 = —(é+p) in w, uz = w3 on g, and p = (Vuz — Vws) ® v, H' on vq4;

(iii) p. = —e1 in Q and p) =0 on Ty,

where H' is the one-dimensional Hausdorff measure.

Spaces of stresses. We will also use the set
$(Q) = {o € L*(Q;M222) : divyd € L*(w;R?), divydiveyd € L (w)},

sym
where 7,6 € L*(w; Mﬁ;,,%) are the zero-th and first order moments of o.

For every o € %() we can define the trace [Gva,] € H™2(dw;R2) of its zero-th order
moment & through the formula

([ovaw], ) == / divya - pdx’ +/ o:Epdx (3.9)
2( TR2 : 00 () V2% 2 = 00 (1) V2 X2
for every ¢ € Wh?(w;R?). Note that, if o € X(Q) N L>(Q;MZ2), then o € L™ (w; MZ2x?)

and equation (3.9) makes sense for every ¢ € Wb (w;R?) (since by Sobolev embedding any
such ¢ belongs to L?(w;RR?)), so that [G1p,,] can be identified in this case with an element
of L (dw;R?).

We can also give a meaning to the traces of the first order moments of elements in 3(€2).
More precisely, for every o € X(2) there exist bo(6) € H2(0w) and by (6) € H™ 2 (dw) such
that

—(bo(6),%) + (b1(6), %> = / 6:D*dx’ — / Y div,div, & da’ (3.10)
for every ¢ € W?22(w). Moreover, if 6 € C?(w; M2X2), then

sym

bo(6) = dive 6 - vow + (6Vow - Tow),

OTow
b1(6) = 6vaw - Vow,

where 75, is the tangent vector to dw (see, e.g., [6, Théoreme 2.1]). Note that, if o €
S(Q) N L=(Q;M2x2), then 6 € L>®(Q;M2x2) and the right-hand side of (3.10) makes
sense for every ¢ € W21(w), so that by(6) can be identified in this case with an element
of (T(W?Y(w)))’, the dual of the space of traces of W%!(w) functions, and b;(6) with an
element of L>°(0w) (see [6, Théorém 2.3]).

For h € H™%(dw; R?) and m = (mg,m1) € H™ 2 (0w) x H™2(dw) we define ©(v,, h, m)
as the class of all o € 3(Q) such that

([6vow] —h, ) =0 (3.11)
for every ¢ € Hz2 (Ow; R?) satisfying ¢ = 0 on 74, and
(bo(6) — mo, o) = (b1(6) —ma, 1) =0 (3.12)

for every g € H%((?w) satisfying 1 = 0 on vq and every v, € H? (Ow) satisfying ¢ = 0
on 7q.

In the next proposition we prove the closure of the class ©(~,, h, m) with respect to weak
convergence.

Proposition 3.2. Let h € H2(0w;R2) and let m = (mo,m1) € H™2(0w) x H™2(dw).
Let (0%)x be a sequence in ©(vy, h,m) such that o* — o weakly in L*(Q; M2)%), divy g% —

f weakly in L?(w;R?), and divydivy6* — g weakly in L*(w), as k — oo. Then o €
O(Yn, h,m) and divy o = f, divydivy o = g in w.
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Proof. Tt is immediate to see that o € X(Q) and div,.6 = f, div,/div, 6 = g in w. Passing
to the limit in (3.9), we deduce that [7¥v,] — [Fvaw] weakly in H ™2 (dw;R2). Therefore,
(3.11) is satisfied.

For every 1y € H?(dw) we can construct ¢ € W22(w) such that ¢ = ¢y on dw and
0 /0vg, = 0 on Ow. Passing to the limit in (3.10) with this choice of 1, we obtain

(bo(6%),10) = (bo(6), )
for every 1o € H 2 (Ow). Arguing analogously, we can prove that
CICOREVERUICHREY
for every ¢ € Hz(dw). Therefore, (3.12) is satisfied. O
We also have the following characterization.

Proposition 3.3. Let o € L*(Q;M2%2). Then

sym

/ o:EBvdx =0 (3.13)
Q

for every v € WH2(Q; R3) N K L(Q) such that v =0 on Ty if and only if o € O(vy,0,0) and
divy:a =0, divydivy. e =0 in w.

1
/J:Evdx:/ézE@dx’——/&:Dzvgdx’
Q w 12 w

for every v € W12(Q;R3) N KL(Q), condition (3.13) is equivalent to the two following
conditions:

Proof. Since

(a) for every p € Wh2(w; R?) with ¢ = 0 on vy

/6:Eg0dx':0;

(b) for every ¢ € W22(w) with ¢ = 0 and Vi = 0 on 74
/ 6:D*pdx’ = 0.

By (3.9) condition (a) is equivalent to div,d = 0 in w and ([ovg,],¢) = 0 for every
p € H%(aw;Rz) satisfying ¢ = 0 on 4. Similarly, by (3.10) condition (b) is equivalent to
div,/divy/6 = 0 in w and

(0(6). ) — (11 (6),

w

)=0 (3.14)

for every ¢ € W22(w) with 1 = 0 and Vi = 0 on ~4. Since for every 1y € H? (dw) there
exists 1 € W22(w) such that 1) = ¢y and 9 /dvs, = 0 on dw and for every ¥y € Hz (Ow)
there exists 1 € W2?2(w) such that ¢ = 0 and dv/dvs, = 11 on dw, condition (3.14) is in
turn equivalent to

(bo(6), tho) = (b1(6),¥1) =0
for every g € H%(aw) satisfying ¥y = 0 on =4 and every 1y € H%(&JJ) satisfying ¥ = 0
on yq. (]

Remark 3.4. Let 0 € O(v,,0,0) N LP(;M?2%2) for some 2 < p < co. Then

sym
1
/ o:Evdx = 7/ divy & - vda’ + ﬁ/ v3 divy divy & da’ (3.15)
Q w w

for every v € Wl’p'(Q;RS) N KL(Q) such that v = 0 on 'y, where p’ is the conjugate
exponent of p. Note that the right-hand side is well defined for such a regularity of v, since
v € L?(w;R?) and vz € W12(w) by Sobolev embedding.
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Equation (3.15) clearly holds for every v € W12(Q; R3) N K L(Q) such that v =0 on Ty
by the definition of ©(v,,0,0) and can be extended to functions v of wir' regularity by
approximation (see, e.g., [5, Lemma 7.10]).

Stress-strain duality. In the following we will consider the space IIr,(€2) of admissible
plastic strains, defined as the class of all p € M,(Q UTy;M2%2) for which there exist u €

sym
BD(Q), e € L*(;M2y2), and w € WH?(Q;R?) N KL(Q) such that (u,e,p) € Agr(w).
Following [5, Section 7.1], for every p € IIp,(€2) and o € X(Q) N L>®(Q;M2x2) we can give

a meaning to the product [o:p] as a measure in M(Q U T ;). We refer to [5, Section 7.1]
for the precise definition and the main properties of this duality product. Here we just note
that, if 0 € £(Q) N L>°(Q;M2%2) is such that 5,5 € C(w; M2X2), then

sym sym

1 i ga
/ (pd[d:p]:/ (p&:dp—i—ﬁ/ Lpa:dp—&—/gpaj_:pj_dx
QUL wUq wUyq Q

2X2
sym

for every ¢ € C(w). The last integral makes sense since p; € L?(Q;M
tion 3.1-(iii).
For every p € I, (Q) and o € S(Q)NL>(Q; M2%?2) the duality product (o, p) is defined as

(o,p) :=[o:p](QUTY).

Using this notion of duality, a variant of equality (2.1) can be proved. More precisely, by [5,
Proposition 7.8] we have that for every p € I, ()

Ho(p) = sup{(o,p) : o € D(Q) N K (D} (3.16)

) by Proposi-

Moreover, the following integration by parts formula holds.

Proposition 3.5. Let o € $(Q2) N L>®(Q;M2:2), w € WH2(Q; R*) N KL(Q), and (u,e,p) €
Ak (w). Then

/Qurdgod[azp}—i—/ggooz(e—Ew)dx

(Voo (u—w)) dx'—/divx/c_rwp(ﬁ—w)d:l:’—k/ [Gvaw] - @ (@ — W) dH?

Qi

+
‘»—l 5‘»—! B‘)—\E

1
6 (us — w3)D*@ da’ + G / 6: (Ve ® (Vuz — Vws)) do’

w

1
(U3 - U)3)<,0 divy/divy o da’ + E(bo (&)7 QO(’U,g - U}3)>

6(@(“3 - w3))
ay@w

b1(6) dH? (3.17)

—_
[\

T—

3

for every p € C%(w).

Proof. Note that the duality product on the right-hand side of (3.17) is well defined since
TW?Yw)) = T(BH(w)) (see, e.g., [7, Section 2]). For the proof we refer to [5, Proposi-
tions 7.2 and 7.6]. O

4. THE QUASISTATIC EVOLUTION PROBLEM: REGULARITY

In this section we describe the quasistatic evolution problem and prove local regularity
of the stress. The data of the problem are the prescribed boundary displacement and the
applied forces. More precisely, for every t € [0,7] we prescribe a boundary displacement
w(t) € KL(Q)NWH2(Q;R3) on I'y. We assume that ¢ — w(t) is a W12 map from [0, T into
WL2(Q;R?). For every t € [0,T] we consider a body force (f(t),g(t)) € L?(w;R?) x L?(w)
and surface forces h(t) € L°°(0w;R?) and m(t) = (mo(t),m1(t)) € (T(W?1(w))" x L (dw).
We assume that t — (f(t), g(t)), t = h(t), and t — m(t) are W12 maps from [0, T] into their
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respective spaces. Moreover, the following uniform safe-load condition is assumed: there exist
amap o € WH2(0,T; L°°(;M2%2)) and a constant a; > 0 such that for every ¢ € [0, 7]

sym

—div o(t) = f(t), —divydivy o(t) =g(t) in w,

(4.1)
o(t) € Oy, h(t), m(t)),
and
oft,x) + & € Ky (4.2)
for a.e. z € Q and every £ € M2X2 with |¢], < a;.
Definition 4.1. Let ¢t — (u(t), e(t), p(t)) be a function from [0, T'] into BD() x L*(€; M2x2)
X My(QUTq; M2x2) and let o(t) := Cye(t). We say that ¢ — (u(t),e(t),p(t)) is a quasistatic

evolution if the following three conditions are satisfied:
(gsl) regularity: t — (u(t),e(t), p(t)) is absolutely continuous;
(as2) equilibrium: for every t € [0, T] we have (u(t),e(t),p(t)) € Axr(w(t)),
a(t) € Kr(€) N O(m, h(t), m(t)),
—divya(t) = f(t), —divydivyd(t) =g(t) in w;
(gs3) flow rule: for a.e. t € [0,T) there holds
Hr(p(t)) = (o(t), p(1))-

We observe that by (3.16) the flow rule is equivalent to the following mazimum plastic
work condition: for a.e. t € [0,T]

(9 — o(t).p(t) <0 (4.3)

for every ¥ € IC,.(©2) N E(£2).

In [5] existence of a quasistatic evolution is proved assuming the body and surface forces to
be zero. Under the assumptions (4.1)—(4.2), existence of a quasistatic evolution in presence of
applied forces can be proved by applying the abstract method for rate-independent processes
[14], namely by discretizing time and by solving suitable incremental minimum problems.
This method leads to a weaker notion of quasistatic evolution, which can be proved to be
equivalent to that of Definition 4.1 arguing as in [4, Sections 5 and 6].

In this paper we focus on the spatial regularity for quasistatic evolutions in case of smooth
applied forces, under the additional assumption that the set K, of admissible stresses is of

the form (3.6)-(3.7). We note that |- |, is an anisotropic norm on M2x? satisfying

| < €], < |€| for every & € M2X2 (4.4)

1
vl 2k
We also consider the inner product associated with this norm:

1
(& Qr=E&:C— gtrfth for every ¢, ¢ € MZ)2.

We now introduce some approximating problems of (qsl)—(gs3). Let N € N, N >4 be a

fixed parameter. We consider the function ¢ : Mg;'r% — [0, 400) defined by
1

Nozév_l

The function ¢ is clearly convex and continuously differentiable with differential

Dén(€) = ﬁmﬁv—?(g - %(tr&) Im) for every ¢ € M2X2.
0

1€Y' for every & € M2X2

sym*

PN (§) :

Moreover, we have that

1
Doy (&) : €= Wmﬁ for every £ € M2 (4.5)
0
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Through ¢x we define some approximating problems of Norton-Hoff type, for which
existence of solutions is proved in the following theorem.

Theorem 4.2. Let K, be of the form (3.6)—(3.7). Let w € W20, T; WH2(Q;R3) N
KL(Q), f € Wh(0,T; L*(w;R?)), g € WH2(0,T; L2 (w)), h € W"2(0,T; L>(0w; R?)),
and m € WL2(0,T; (T(W?(w)) x L*(dw)). Assume conditions (4.1) and (4.2) with
0 € Wheo(0,T; L®(; M2x2)). Let og € L (Q;M252%) be such that
—div, a9 = f(0), —divydivydo=g(0) inw,
oo € ICT(Q) N 9("/117 h(O),m(O)).
Then for every N € N, N > 4, the problem
Aya(t)+ Don(o(t)) = Ev(t) in Q,
—divya(t) = f(t), —divpdivyd(t) =g(t) inw,

(4.6)
a(t) € O(vn, h(t), m(t)),
v(t) = w(t) on Ty,
has one and only one solution (o™, vN) with
o € Wh2(0,T; L2(Q: MZ2)) N L>(0, T3 LN (0 MZ2)),
oV e LN/IN=D (0, 7, WEN/(N=1(Q: R?) 0 KL(Q))
and satisfying o™ (0) = oy.
Moreover, the following estimates hold:
T
sw VOl <0 [l elha<c (4.7)
te[0,7] 0
T
sip [ oN (O de < ONaY Y, / NN dudt < Cal Tt (4.8)
te[0,7] JQ 0 Q
and
10" | 22(0.7:BD(2)) < O, (4.9)

where C is a constant independent of N.

Proof. Let us fix N € N, N > 4. For every A > 0 we introduce the functions v : M2X2 —

sym
[0, 4+00) defined by
1 N N 1 N—=2(|¢|2 2\+
= ——— (&l AAY) + A T—A
%(é) Naé\[71 (‘f' ) 20{(])\[71 (|§‘ )
for every £ € Mz?jn% Note that 1 is strictly convex and C'. Moreover, we have that
1 _ _ 1
DyA(€) = —r=r (€12 AN 2) (6 = 5(1r8) o)
0
for every £ € Mg;n%, hence
1 _ _
Dy (§):¢ = W(KW AN 2) (& Q)rs (4.10)
0
_ 1
|DYA OV VY < — Dy (€) 1€, (4.11)

Qo
for every &,¢ € M2X2. Finally, we observe that the functions D1y are Lipschitz continuous

sym*
on MZ2x? with
N+1 5o
|D>px ()] < e AN—2 (4.12)

0

for a.e. & € M2X2

sym*
Lemma 4.3 below guarantees that for every A > 0 there exists a unique pair

(o, 0™) € Wh2(0,T; L2(Q; M2X2)) x L0, T; WH2(Q; R®) N KL(Q))

sym
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satisfying
A6 (t) + Dya (oM (t)) = Evr(t) in Q,
—divga*(t) = f(t), —divydivge?(t) =g(t) inw,
oM (t) € O, h(t), m(t)), (4.13)
v (t) = i(t) on Ty,
o*(0) = 0y.

We now want to pass to the limit in (4.13), as A — +o0. This will provide us with a solution
to problem (4.6). In the following estimates we will stress the dependence of the involved
constants on the parameters A and N. Unless otherwise stated, C' denotes a positive constant
independent of A and N.
Multiplying the first equation in (4.13) by o*(t) — o(t) and integrating over €2 yield
(62 (8), (1) = 0(t)) + (Da(0 (), () — 0(t)) = (Buir(t), o> (1) — (), (4.14)

where the brackets (-,-) denote the scalar product in L?(£2;M2X2) and we used that

sym

(B (1), 07 (t) = o(t) = (Bu(t), o™ (t) — o(t)

by Proposition 3.3 and (4.1). Integrating with respect to time, (4.14) implies that

3 (00 = 2(0).0(0) = o0) + [ (DU (). 0N (5) ~ ls) ds
0

= %<Ar (JO - Q(O))vgo - Q(O)> +/0 <Ew(s) - Ar@(s)a 0)\(8) - Q(S)> ds. (415)

Since 1y is convex, we have
(DYa(€) = DYa€)) : (€ =€) > 0 for every &,¢ € M2, (4.16)
Therefore, we infer

LA (02 (1) — o6)), (1) — o(1))

1

< (A (00 = 0(0)). 00 = 0(0)) +/0 (Eir(s) = Aro(s) — Da(o(s)), 0™ (s) — o(s)) ds.

Note that, by (4.2), the term D5 (o(s)) is uniformly bounded independently of A and N
for A > «ap. Thus, by Cauchy’s inequality and (3.1) we deduce

T
sup [|o* ()2 < C and /0 (D (o), (t) — o)) dE < C.  (4.17)

t€[0,T]

From the second estimate above and (4.10) it follows

T
L / / (IO AN 21 D)) (IOl — lo®),) dedt < C. (418
(&5 0 Q

Let now Ay(t) :== {z € Q : [0*(t)|, > ao}. Condition (4.2) guarantees that |o*(t)|, —
lo(t)| > aq on Ax(t), thus, since the integrand is uniformly bounded from below on Q\ Ay (¢),
we have

T
%/ / (o) ANN 2|02 (b)],) da dt < C.
Ax(t

Combining this inequality with 4 (4.18) and the fact that |o(t)|, < ap, we obtain

// (1 (D1 AN (8)2) da dt < C.
Ax(t
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By definition of Ay(t) the integrand is clearly bounded on the complement of Ay(t); thus,
we conclude that

T
%/ /(|UA(t)|£V/\/\N_2|aA(t)\f)dxdtSC. (4.19)
%) 0o JQ

We now derive a bound on ¢*. We test the first equation in (4.13) with ¢*(¢) — o(¢):

(Ao (1), 62 (t) = 6(t)) + (Da (M (1)), 62 (t) — o(t)) = (Euir(t), 6™ (t) — 6(t)).

Integrating with respect to time, we obtain
t
| 806 = 6060).5) = ) s+ [ va(a(0)da
0

- / ¥a(oo) do + / (DYA(0™(s)), d(s)) ds + / (Bir(s) — Arg(s), 67 (s) — o(s)) ds.
. ’ ’ (4.20)

Note that, since o € K, a.e. in , for A > «q the first term on the right-hand side is
uniformly bounded independently of A and N. Moreover, from (4.10) and (4.11) it follows
immediately that

1
/ IDYA (@ O) NNV dz < [ (A 1Y AN (0)[2) d,
O‘o Q

so that (4.19) implies that the sequence (Dz/JA(U’\)) is uniformly bounded with respect
to A in LN/N=1(0, 7; LN/(N=1(Q; M2%2)). This fact, together with the assumption that

sym
o€ L>((0,T) x Q;M2%2) guarantees that the second term on the right-hand side of (4.20)

sym
is uniformly bounded, as well. Thus, by Cauchy’s inequality we have

T
/ |6A)||2:dt <C  and sup / Pa(o™(t))dz < C. (4.21)
0 te[0,T]
By Ascoli-Arzeld Theorem we deduce from the first estimates in (4.17) and (4.21) that
there esists a subsequence (not relabelled) and a function o™ € W'2(0,T; L?(Q; M252))
such that

o?(t) = o™ (t) weakly in L*(Q;M22), (4.22)
as A — +oo, for every ¢ € [0,T] and
o = o™ weakly in W2(0,T; L*(Q; M2)2)), (4.23)

as A — +o00. By (4.22) it is clear that oV (0) = o and, in view of Proposition 3.2, that
—div aN(t) = f(t), —divydive 6N (t) = g(t) in w, and oV (t) € Oy, h(t),m(t)) for every
t € [0,17.

Setting 7A(t) := X{|0x(t)|7_§A}0A(t), the second estimate in (4.21) yields

sup / ITA )N de < ONa)' ™, (4.24)
t€[0,T] JQ
while by (4.19) we have
T R R V-1
/ / oM (t) — 7)) da < C)\?V 5 (4.25)
0 Q
Therefore, 0 —7* — 0 strongly in L*(0, T; L*(; M252)), as A — +-00. Together with (4.24)
and (4.23), this implies that o¥ € L>(0,T; L™ (Q;M25?2)), the first inequality in (4.8) is
satisfied, and
™ = o™ weakly® in L>(0,T; LN (Q;M25?)), (4.26)

as A — +o00. Moreover, by (4.19) we deduce the second inequality in (4.8).
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Finally, the uniform bound of (Dyx(c?)) in LN/WV=1(0,T; LN/(N=D(Q; M2x2)) with
respect to A implies that, up to subsequences,

Dyx(o*) = 4N weakly in LY/ N7 (0, T LN N=D(Q; MZX2)), (4.27)

as A — oo, for some function ¥~ € LN/(N=1 (0, T; LN/ (V=1 (Q; M2x2)).
We now want to prove that ¥ = D¢ x (™). To this purpose we proceed as follows. We
multiply the first equation in (4.13) by oV (¢) — o(t). Integration in space and time yields

T T T
/ (b, 67(8), o™ (£)—o(t) di+ / (DU (0 (1)), o™ (1) —o(t)) di = / (Ei(t), o (1) olt)) dt.
0 0 0

Passing to the limit as A — +o00, we deduce

/ (AN (1), 0™ (1) — o(t)) dt + / (), 0™ (1) — o(t)) dt = / (EBi(t), o (t) - ot)) dt.
" ’ ’ (4.28)

We now go back to identity (4.15) for ¢ = T" and observe that by (4.23) the right-hand side
of (4.15) converges, as A — +00, to

1

T
300 = 0(0)), 70 = 00)) + [ (Bus) = Arils), 7™ (5) = o) .
0

Thus, we deduce

Jian sup /0 (Dr (02 (5)), o> (5) — o(s)) ds

A——+oco

< 5 (As(70 — 0(0)). 00 — 0(0)) — liminf 2 (A, (oA (T) — o(T)), o\(T) — o(T)

T
b [ (B - 4,0().07(5) = o) ds.
0
On the other hand, by (4.22) we obtain

~limint %mr(gw) — o(T)),oNT) - o(T))
< 5B (N (T) ~ o), 0 (T) — ofT))
1 T
— (o0 0(0) 0~ 00)) — [ {Ar(6V(5) = 8(5)),0™ (5) (o)) ds
0

Combining the two previous inequalities with (4.28), we conclude that

timsup [ (D (*(9). 0 (5) = o) ds

A—~+oo
T

T
< - / (A6 (s), 0™ (s) — o(s)) ds + / (Bi(s), o™ (5) — ols)) dt

0 0

- /O (YN (s),aN(s) — o(s)) ds. (4.29)
Let now 7 € L>((0,T) x Q;MZ2x?). By (4.16) we have

T
/0 (Db (0 (1)) — D (r(£)), () — 7(t)) dt > 0,

hence, using the fact that Dy (7(t)) = Doy (7(t)) for A > ||7]| L=,

hmmf/O (Dw,\(aA(t)),ak(t»dtz/o <7N(t),7'(t)>dt+/o (Do (7(1)), ™ (t) — 7(t)) dt.

A——+oo
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Combining this inequality with (4.29), we conclude that

T
[ 6% @) = Dowlr(e). 0 ) - r(e) dt = 0
0
for every 7 € L>((0,T) x ;MZ2x2), hence vV (t) = Doy (o (t)).
Finally, we establish some compactness for the sequence (v*). From the first equation
n (4.13), combined with (4.21) and (4.27), it follows that the sequence (v*) is uniformly
bounded in LN/WV=1 (0, T; WHN/(N=1)(: R%)), hence

v = vV weakly in LN/(N_l)(O,T; Wl’N/(N_l)(Q;R?’)),

for some vV € LN/N=D (0, 7; WEN/WN=1(Q:R?) N KL()). It is easy to check that vV
satisfies the boundary condition on I'y. This allows us to pass to the limit in the first
equation of (4.13) and thus establish the existence of a solution to (4.6).

It remains to prove (4.9). This will follow from the first equation in (4.6) and from (4.7),
once we show that (D¢y(c™)) is bounded in L?(0,T; L'(Q; M2x2)). Multiplying the first
equation in (4.6) by oV(t) — o(t), integrating over , and using the first estimate in (4.7)
yield

(Don (o™ (), 0™ (1) = o(t)) < C(| B (t)llz= + [l67 (t)]|22)
for a.e. t € [0,7]. On the other hand, setting Ay(t) := {z € Q: |o¥ ()|, > ap} and using
(4.2) and the expression of D¢y, we have

/ Don(a™ (1) : (o™ (t) — o(t)) dz > al/ | Do (o™ (1))] da,
An(t) An(t)
while
[ Do) (V0 - o) doz~ [ Don( @)l lelt)]do = ~Can.
QAN (t) QAN (t)
Therefore, we have

o /A Do (O] dz < O(IBG@]zs + 16 Ols2 +1)
~N(t
Since |Don (o™ ()] <1 on Q\ Ax(t), we conclude that

/ Don(o™ (W) do < C(IBHW 22 + 6™ (0)]z2 +1).

thus, the second inequality in (4.7) implies that the sequence (D¢n(o”)) is bounded in
L2(0,T; L' (4 M2)%)), as claimed.

We now prove uniqueness of solutions. Let (v, ™) and (7%V,u") be solutions of (4.6)
with the same initial datum o (0) = 7¥(0) = 0. We test the first equation in (4.6) for

(o™, vN) and (77, u?) with o — 7 and take the difference:

(An(e™ () = 7V (1), o™ (8) = TV (1)) + (Don (o™ (1)) — D (T (1)), 0™ (1) — 7V (1))
= (EvY — BuN, o™ (t) — 7N (1)).
Integrating by parts the right-hand side and using the convexity of ¢y yield
(Ar(e™(t) =7V ()), 0™ (1) — V(1)) < 0.
Owing to the initial condition, this implies
LA (o™ (1)~ TV (0),07 (1)~ TV (1) <0,

hence o™ (t) = 7N (t) for every t € [0,7]. From the first equation in (4.6) we deduce that
EvN(t) = Eu¥ (t), hence by the boundary condition on I'y we conclude that v™ (t) = u™ (t)
for every ¢ € [0, T]. O

We now prove two lemmas, that were used in the proof of Theorem 4.2.
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Lemma 4.3. Let w € WH2(0,T; WH2(Q;R3) N KL(Q)), f € WH2(0,T; L?(w;R?)), g €
WL2(0,T; L2(w)), h € WH2(0,T; H 2 (w; R?)), and m € WLY2(0,T; H™2(w) x H™2(w)).
Assume (4.1) with o € W2(0,T; L*(€;M252)). Let oo € ©(vn, h(0), m(0)) be such that

—divy a9 = f(0), —divydivedo = g(0) in w. Finally, let ¥ : M2X2 — M222 be a Lipschitz

sym sym
continuous function. Then the problem
Ao(t)+P(o(t)) = Ev(t) in €,
—divya(t) = f(t), —divydivys(t)=g() inw,
o (t) € O(yn, h(t), m(t)), (4.30)
v(t) = w(t) on Ty,

o(0) = o9
has a unique solution (o,v) € W20, T; L2(;M222)) x L2(0,T; WH2(Q; R3) N KL()).

sym

Proof. On L?(Q;M2%2) we consider the scalar product

sym

(o,7)a, := (Avo,7) for every o,7 € L*(Q; M2%?), (4.31)

sym

which is topologically equivalent to the standard scalar product owing to (3.1). We introduce
the set

¥ :={0 € 0(V,,0,0) : divyyd =0, divydiv,yd =0 in w},

which is a closed subspace of LZ(Q;ME;?%), and we denote the projection onto X* with

respect to the scalar product (4.31) by P..
We consider the following problem: to find # € W12(0, T; X*) such that

0(t) + P (A71W(0(t) + o(t))) = Pu (A Ew(t) — o))  in B*, (432)
0(0) = a0 — 0(0). ’

Let
A:[0,T] x B = % 1 (t,0) = P (AT U (0 + o(t)) — P (A B (t) — o(t)).

Since A(t,-) is Lipschitz continuous for a.e. t € [0,T] and A(-,0) € L?*(0,T;%*) for every
0 € ¥*, existence and uniqueness of solutions to problem (4.32) follow from the Cauchy-
Lipschitz Theorem. Now, the first equation in (4.32) implies that

(Ot), 7)a, + (ATL(O) + 0(1), T)a, = (AT Bir(t) = 6(t),7)s,
for every 7 € ¥*, that is,
(A0(t), ) + (T(O(t) + o(1), 7) = (Eir(t) — Aro(t), )
for every 7 € ¥*. By Lemma 4.4 below for a.e. t € [0,7] there exists z(t) € WH2(Q;R3) N
KL(f2) such that z(t) =0 on I'y and
A0() + T (0(1) + o(t) — Bir(t) + Aro(t) = Bx(t).

We set o(t) := 0(t)+ o(t) and v(t) := 2(t)+1(t). We observe that v € L2(0,T; W2(;R?)N
KL(Q)) by construction. Thus, we have found a pair (o, v) satisfying (4.30).

On the other hand, if (o, v) is a solution to (4.30), then 0(t) := o(t) — o(t) satisfies (4.32)
and is therefore uniquely determined. Uniqueness of v follows from Lemma 4.4. ]

Lemma 4.4. Let o € L?(Q;M2%2) be such that

sym
/ o:7dx=0 for every T € X%, (4.33)
Q

where ¥* := {7 € O(Y,,0,0) : divyyT = 0, divydivy7 = 0 inw}. Then there exists a
unique function u € WH2(Q;R3) N KL(Q) such that u =0 on Ty and o = Eu in Q.
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Proof. We consider the set
Ey:={Ev: ve W (R*)NKL(Q), v=0onTIy},

which is a closed subspace of L? (Q,szxn%), owing to Korn-Poincaré inequality. Let Py be

the orthogonal projection onto Ey and let Fu := Py(c). By definition u satisfies

/Eu:Evda:z/o:Evdx (4.34)
Q Q

for every v € WH2(Q; R3) N KL(Q) with v =0 on T'y.
We now set 6 := ¢ — Eu. From (4.34) it follows that

/H:Evdsz
Q

for every v € WH2(Q; R3) N KL(2) with v = 0 on ['y. By Proposition 3.3 we deduce that
0 € ¥*. On the other hand, since u = 0 on I'y, integration by parts yields

/Eu:Td:E:O
Q

for every 7 € ¥2*. Therefore, we have by (4.33) that
/ 0:7dr=0 forevery T € X"
Q

We conclude that 8 = 0, hence 0 = Eu.
Uniqueness of u is straightforward. ]

We now prove additional regularity of o?V.

Proposition 4.5. In addition to the assumptions of Theorem 4.2, suppose that oy €
W2(Q;M2%2) and that

sym

divy o € L0, T; W22(Q; R?)),  divydive o € L0, T; WH3(Q)). (4.35)

For every N € N, N > 4, let o be the stress component of the solution of (4.6). Then the
following estimates are satisfied:

e for every open set w' compactly contained in w there exists a constant Cq(w') > 0,

depending on w' but independent of N, such that for a = 1,2

sup ||Da0N(t)HL%MX(—%,%);M?J,%) < Cy; (4.36)
t€[0,T)

o for every open set ' compactly contained in Q there exists a constant C2(Q)) > 0,
depending on Q' but independent of N, such that

sup ||D3JN(t)||L2(Q/;M§;<,% < (Cs. (437)
t€[0,T]

Proof. Let N € N, N > 4. We first prove higher regularity for o*, where ¢* are the approx-
imating solutions constructed in the proof of Theorem 4.2.
For i = 1,2,3 let D! be the difference quotient operator defined by

1
Di7(w) = 5 (r(z + hes) = 7(x))

for every function 7 : R® — M2x2.

Let a = 1,2 and let ¢ € C°(w). Multiplying the first equation in (4.13) by the term
D" (*Dho (1), we obtain

(*Ar DG (), Dao™ (1) + (9 Dy (DU (07 (1)), Dao™ (1)) = (9> DL EvA(t), Dyo(t)).
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Integrating this equation with respect to time and using (3.1), we deduce
on [ DL OF do B [ Dol da
Q Q
t 1
+ / / / ©* Dy (0™ (s) + rhD"o*(s)) Do (s): Do (s) dr dx ds
0o JaJo
t
< / (D Bv?(s), D o™ (s)) ds. (4.38)

0

Note that in the third integral on the left-hand side we used the chain rule, which holds
since D1y is a composition of smooth functions with a truncation.

Let us focus on the right-hand side of (4.38). We express it in terms of the Kirchhoff-
Love components of v* and use integration by parts, together with the fact that div,a*(t) =
div,s o(t) and div,/div,/6*(t) = div,/div,/4(t) in w. By the first equation in (4.13) we deduce
that for a.e. t € [0, T] we have

(¢” Do EvA(t), Dyo (1))

= —22// Dsp? (') (A6 + Dia(o ))a,y(t,x—|—7’hea)DZoé\,Y(t,x)drdx
+Z// va(t,x + rheq) D" D3 0 (2') 03, (t, ) dr d
By 720
1,1
+Z~/Q/0/0 (A6 + Dpx(0M))aa(t, x + (r — F)heq) D3, 0% (2') 03, (t, ) dF dr da
1
72//0 va(t,x +rhey) Dgp?(2') DD, g (L, x) dr do
By ¥

1 1
—32// Dovy(t, @ + rheq) * (') DR D3, 0p (t, ) dr d
w J0
+Z (D" 03(t), D5 Dgosy (1) +Z D" D"Dyos (1)) (4.39)

We now combine (4.38) and (4.39). From the definition of ) we deduce the following
estimate:

DHAE) ¢ > — (Y2 A XY )12 (4.40

0
for a.e. £ € Miﬁ% and every ¢ € M?;ﬁl In particular, this implies that the third term

on the left-hand side of (4.38) is non negative. Moreover, using the inequality |Dy(&)| <
s AV =2(¢] for every € € M2X2 | we obtain
%

sym>

m/&w%WWm—m/&wkwm
Q Q
N-—-2

< c/ (Il Do) + 1o (5)z2) (1622 + S0 ()12 ds

Qp

+oAnw@mpmw@mp+ud&

where we used (4.35). Since o € W 2(0 T; L2(9; R3)) and v* € L2(0,T; WH2(Q; R?)), the
previous inequality implies that Do € Lloc( x [—3, 4];M2%2) for a = 1,2. Therefore, we

sym



20 E. DAVOLI AND M.G. MORA

can pass to the limit in (4.38)—(4.39), as h — 0, and, using also (4.40), we obtain
aA/g; Da (O dr + - 1/ / N2 A AN=2Y Do (s) 2 da ds
< BA/¢2|DQJO|2da:722/ /DW2 (Ar6™(8) + DYA(07(5)))ay Dacy(s) dz ds
Q 0 Jo
By
t
+Z/ /(Ard’\(s)—i—Dw)\(a’\(s)))aa D%woz 0'27(8) dx ds
5470 Ja
¢
+Z/O /Qvé(s) ﬁ,ygo O’ﬁ,y dxdsz/ / DggozDa,ygg,y( )dx ds
By
1 ' A 213 o
_722 0 DO/U?)(S)QD Daﬂ'ygﬂ’Y(S)dxds
By @

+ ) (Da® 0)(t), D250p~ (1)) + Z @70 (1), D} pp+(1)- (4.41)

From this inequality we will deduce a uniform bound for (D,0?) with respect to A. We
consider the second term on the right-hand side of (4.41). Using the expression of Dy, we
have

//Q|D5<p (4,67 (5) + Dibr(07(5)))ory D0, (5)] der s

< c / loDac? ()22 16 () 2 ds

e 1/ / SV AN )02 (5)], |9 Dao™(s) da ds
3 C t _ _ov1/2 3
< of /Hw Iz ds) + e ([ 107 @2 A2 Do o) ds)
aq?

where we have used (4.21) and (4.19).
Analogously, the third term on the right-hand side of (4.41) can be estimated as follows:

t
/ /Q 1D3,0% (A6 (5) + D (07(5))) o 07, () da ds
0
t t
< c / aA<s>||Lz||a*<s>||des+a§_l / / (I )V =2 A AN2) [0 (5)[2 da ds,

where the right-hand side is uniformly bounded with respect to A, owing to (4.17), (4.21),
and (4.19).

As for the remaining terms on the right-hand side of (4.41), we recall that (v*) is uniformly
bounded in LY/ N=1 (0, T; WLN/(N=1)(Q: R3)), with respect to A. Since v* is a Kirchhoff-
Love displacement for every ), this implies that the sequence () is uniformly bounded
in LN/(N=1 0, T; WHN/(N=1)(4y: R?)), while the sequence of vertical displacements (v3) is
uniformly bounded in LN/ (V=1 (0, T; W2N/(N=1)(4,)). By Sobolev embedding we have that
(#*) is uniformly bounded in L¥/(N=1(0,T; L?(w;R?)) and (v3) is uniformly bounded in
LN/(N=1)(0, T; W2(w)). Therefore, by (4.17)

‘/ /Daﬁﬂfgo v 057( s)dx ds

t
<c / 18 ()]l 157 () | 2 ds + € / | Dot ()llz2 67 (3)] 2 ds < O,
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where the last constant depends on NV via the Sobolev embedding constants. The remaining
terms in (4.41) can be estimated in a similar way, using the assumptions (4.35) on .
Combining all these estimates with (4.41), we conclude that for every open set w’ com-

pactly contained in w and for o« = 1,2 the sequence (Daa’\) is uniformly bounded in
L0, T; LA (W' % (=%, 3); szx,%)), with respect to A. By (4.23) this implies that D,o®

belongs to L>°(0,T; L*(w' x (=%, 5);M2x2)) for a = 1,2.
To conclude the proof of (4.36), it remains to show that the norm of D,o” in the space
L>(0,T; L3 (w' x (—5, 1);M2%2)) is uniformly bounded with respect to N. To this purpose,

sym
arguing exactly as in the proof of (4.41), we obtain

t
ocA/Qg02|DaUN(t)|2dx+/0 /Q<p2D2¢N(O'N(S))DaUN(S):DO,CTN(S)dJ?dS
t
<o Dol =23 | [ Do (6™ () + Do (0 (), Durl (5) s
By

+Z/ [ (8r(5)+ D0 ()0 D3 0B, (5) s
+Z/o /Qviv(s) 5790 057 dmds—Z/ / o D5¢2Daw9ﬁw( ) dar ds
By
1 ¢ A
7722/0 /Davé\’(s) o Dimgm(s)dxds
By «

+) (Do’ 0 (t), D250s, (1)) + Z 0 (t), D30 p08+(1)). (4.42)

We note that the second term on the left-hand side of (4.42) satisfies the following coercivity
inequality:

1
D*¢n (0™ (5)) Dac™ (5): Dac™ (s) > —= 0™ ()| 72| Dac™ (5)[7.
o)

As for the right-hand side of (4.42), using the expression of D¢y, we have

/0 / yDW?(ATaN(s)+D¢N(UN(S)))MDQU;;(S)\dxds

IA

C/ i Dag™ () 16 (5] 2 s + —— //|a N1 Do (s)] da ds

E N-—2 2
o [ lePar ) as) + /ma ™ 0 Dac™(5) [ ds)

IN

where we have used (4.7) and (4.8). Analogously, the third term on the right-hand side of
(4.42) can be estimated as follows:

/0 /Q D22 (A, 5™ (5) + Dén (0™ (5)))aa o), (5)] dar dis

t ) C t
< C/ ||JN(5)||L2 ||JN(S)||L2 derﬁ/ / ‘UN(S)H«dedS,
0 (&5 0 JQ

where the right-hand side is uniformly bounded with respect to N, owing to (4.7) and (4.8).
As for the remaining terms on the right-hand side of (4.41), we observe that, in view of (4.9),
the sequence (vV) is uniformly bounded in L%(0,T; BD(2)). Since v is a Kirchhoff-Love
displacement, this implies that (¢"V) is uniformly bounded in L?(0,T; BD(w)) and (vi') is
uniformly bounded in L?(0,T; BH(w)). By Sobolev embedding (9%V) is uniformly bounded
in L2(0,T; L?(w;R?)) and (vd) is uniformly bounded in L?(0,7; W?(w)). Therefore, we
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have
t t
/0 /Q |D257<p2 vév(s) agv(s)| dxds < C/o ||UN(8)||L2 ||0N(3)||L2 ds,

which is uniformly bounded with respect to N by (4.7) and (4.9). The remaining terms in
(4.42) can be estimated similarly.

Combining these estimates with (4.42), we conclude that (4.36) is satisfied.

We now prove higher regularity with respect to x3. Let ¢ € C2°(£2). Multiplying the first
equation in (4.6) by D3 "(©?>DEa™N (t)), we obtain

(*A D3N (), D5a™ (1)) + (¢* Dy (Don (o (1)), Do ™ () = —(¢” Dy (t), Do ™ (t)).

Integrating this equation with respect to time and using (3.1), we deduce
aA/ @ | Dy ()| da — ﬁA/ ¢?| Dy ool* dz
Q Q
t 1
+ / / / ©*D2pn (0N (s) + rhDEo™N (5)) DhoN (s): Dho™N (s) dr da ds
0o JaJo

< —/ (©*D*vY (5), DhaN (s)) ds. (4.43)
0

By integration by parts the right-hand side can be written as
t
- [ (22D (5). Dl () ds
0

. / (D3 (%) Vol (), divaro™ (s)) ds + / (D3 (Vo 0?) © Vo) (5), 0™ (5)) ds.

Combining the first estimate in (4.7), (4.36), and the uniform bound of (v}’) in the space
L2(0,T; W12(w)), we deduce that the right-hand side of (4.43) is uniformly bounded with
respect to h and N. Moreover, since ¢y is convex, the last term on the left-hand side of
(4.43) is non-negative. Therefore, we have

as / G|DEo™ (1) dz < B / A|Dbool dx + C., (4.44)
Q Q

where the constant C'is independent of h and N. Using the assumptions on oy, this inequality
implies that Dzo™ € L>(0,T;L? (9;M2%2)) for every N. Therefore, we can pass to the

loc sym

limit in (4.44), as h — 0, and we obtain
CVA/ ¢?| D3 (8)[* da < BA/ ¢ | Do |* dx + C,
Q Q

where the constant C' is independent of N. This completes the proof of (4.37) and of the
proposition. O

We are now in a position to prove the main result of the paper, namely higher regularity
for the stress component of the quasistatic evolutions. This will be established by showing
convergence of the solutions to the Norton-Hoff problems (4.6) to a solution of the quasistatic
evolution problem. As a by-product, we also prove existence of solutions to (gsl)—(gs3), under
the assumptions (3.6)—(3.7) on the set K, of admissible stresses.

Theorem 4.6. Let the assumptions of Theorem 4.2 be satisfied with o9 = C,ey, where
(uo, €0,p0) € Axr,(w(0)). Then there exists a solution

(u,e,p) € WH2(0,T; BD(Q)x L*(£; M2X2) x My, (2 U T'g; M2X2))

sym sym

of the quasistatic evolution problem (gs1)-(qs3) with (u(0),e(0),p(0)) = (uo,eo,po). The
stress component o(t) := Ce(t) is unique and, under the assumptions of Proposition 4.5, it
satisfies the following estimates:
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o for every open set W' compactly contained in w there exists a constant Cq(w') > 0
such that for o = 1,2
teb[up [ Dao(t )HLZ(w Ix(=1,1);M252) < Cy; (4.45)
o for every open set Q' compactly contained in Q there exists a constant Co(2') > 0
such that
sup || Dzo(t )||L2(Q' M2X2) < Cy. (4.46)
t€[0,T]

Proof. By applying Ascoli-Arzelda Theorem we deduce from (4.7) that there exists o €

W20, T; L2(£; M2%2)) such that, up to subsequences,

sym

oN(t) — o(t) weakly in L2(Q;M2X2), (4.47)

sym

as N — oo, for every ¢ € [0,T] and
oV —~ o weakly in WH2(0,T; L?(; M2%2)), (4.48)

sym

as N — oo. By (4.47) it is clear that 0(0) = o0p and, in view of Proposition 3.2, that
—divya(t) = f(t), —divydivyd(t) = g(t) in w, and o(t) € O(vn, h(t),m(t)) for every
€ [0,T]. From Proposition 4.5 and (4.48) it follows that (4.45) and (4.46) are satisfied.
Passing to the limit in the first inequality of (4.8), as N — oo, we deduce that o(t) € K, (Q)
for every ¢ € [0, T].
We now set

t
uN (t) := ug —l—/ vV (s)ds for every t € [0,T).
0

By (4.9) the sequences (uY) and (%) are uniformly bounded in L?(0,T; BD(2)). Thus,
there exists u € W12(0,T; BD(Q)) such that, up to subsequences, u”¥ — v and @ — 7
weakly* in L2(0,T; BD(f2)), as N — co. In particular, using the Kirchhoff-Love structure,

oV =4V =4 weakly in L%(0,T; L?(w; R?)),

N N

) ) (4.49)
v =4 — a3 weakly in L2(0,T; W% (w)),

as N — oc.

We define e(t) := A,o(t) and p(t) := Eu(t) — e(t) in Q, p(t) := (w(t) — u(t)) © vagH?
on I'y. It is thus clear that (u(t),e(t),p(t)) € Axr(w(t)).

It remains to prove that the flow rule is satisfied. To this purpose, we will show that (4.3)
holds. Let 8 € Wh2(0,T; L2(€;M2%2)) N L>°(0, T; LN (;M2%2)) and let ¢ € C?(w) with

sym sym

¢ > 0. Multiplying the first equation in (4.6) by ¢ (6(t) — o™ (¢)), we obtain
(AN (t) + Don (o™ (1) — Bo™ (1), ¢ (0(t) — o™ (1)) = 0.

Using the convexity of ¢y, this equality can be interpreted as the following minimality
condition:

(A6 (1) — Bo™ (1), oo™ (1) + / oo (o™ (8)) de
Q
< (Arc}'N(t)—EUN(t),cpH(t»—|—/Q<p¢N(0(t))dx. (4.50)

We now choose § = o and ¢ = 1, and integrate the inequality with respect to time on a
time interval [0,¢;]. Using Remark 3.4 and the fact that ¢ > 0, we obtain

%(AT(JN(tl) — o)), 0N (t) — o)) < / LN (@) — (1), Bin(t) — Avo(t) dt
0

/tl / on(o(t))dzdt,
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hence, by the coercivity (3.1) of A, we deduce

aplloN (t1) — o(t)||22 g/o (oN(t) — o (t), Bui(t) — Apo( dt+/ /ng )) d dt.

Since o(t) € K,(Q2) for every t € [0,T], the last term in the previous expression tends to
zero, as N — oo. Together with (4.47) and the first estimate in (4.7), this implies that
o — o strongly in L>(0,T; L?(Q; M2X2)), (4.51)

sym

as N — oo.
We now go back to equation (4.50), where we choose 6 € KC.(2) N1 X(Q) independent of
time and ¢ € C%(@), ¢ > 0, with ¢ = 0 in a neighbourhood of ~,,. Since p(v™ (t) —1(t)) =0

on dw x (—3%,3), integration by parts yields

(B (t), 0 (N (t) — 0)) = (E(t), o (o™ (t) — 0))
+/gp(17N(t) w(t)) - (f(t) + div0) dx’—/V@@(@N(t)—ﬁj(t)):(ﬁN(t)—H)dx'

%/w w3 (t))(g(t )—i—dlvm/dwx/ﬁ) dx’ —l—% (v:év(t)—w3(t))D2<p:(6N(t)—é) da’
+%/w<a<w3<> Vis(t)) 6V (1) — ) do’. (4.52)

We use this expression in (4.50), integrate with respect to time on an arbitrary time interval
[t1,t2], and observe that the established convergences (4.48), (4.49), and (4.51) are enough
to pass to the limit, as N — oo. In this way we deduce

/wmd() Ei(t), ¢ (o(t) — 0)) dt
/ / (a(t) —w(t)) - (f(t) + dive.d) da’ dt
/tl / Ve (a(t) — @(1)): (o(t) — 0) da’ dt
1 /w i (3(t) — 13 (t))(9(t) + divesdivy ) da’ dt
/ (it3(8) = w3 (1)) Do (6(t) — 0) da’ dt

+% /:/wv@@(vug(t) — Vais(t)) : (6(t) 7é) da' di.

By the integration by parts formula (3.17) this is equivalent to

[ [ ed©-ot):p)de<o (4.53)
t1 QUI'y

for every 6 € K,.(Q2) N 2(Q) and every p € C?*(w), ¢ > 0, with ¢ = 0 in a neighbourhood
of 7,,. For every § > 0 let now ¢s € C?(@) be such that 0 < s < 1, s = 0 on the set
{2’ ew: dist(z’,v,) < d}, and ps5 = 1 on the set {a’ € @w: dist(z’,~,) > 26}. Using p; as
test function in (4.53) and sending ¢ to zero, we obtain

/tt2 0 —o(t),p(t))dt <O0.

Since the time interval [t1, to] is arbitrary, this is equivalent to the flow rule in the form (4.3).
O
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5. AN EXAMPLE

In this section we show an explicit example of quasistatic evolution where the stress
component ¢ is different from zero.
We assume that the three-dimensional elasticity tensor C is isotropic, that is, of the form

CE = 21 + A(tr&)Izus
for some A\, pu satisfying g > 0, A+ p > 0, and every & € M3X2. From the results of [5,

sym*

Subsection 3.2] it follows that the elasticity tensor of the reduced problem takes the form

2\
A+ 2u

for every £ € M2X2. We also assume that K, is of the form (3.6)—(3.7). Finally we consider

sym
the boundary condition

Cr&=2ué+ (tr&)laxe

7tl’1£€3
w(t,x) := —txows ,
e+
for t € [0,T], prescribed on the whole lateral boundary dwx(—

Yn = 0. We assume the body forces to be zero, that is, f(t) =
as initial datum (ug, ep,po) = (0,0,0).

Let now
. \/§ A2
=«
0 2 u(BA+2) "
For t <ty we define

u(ta .73) = ’Uj(t, Z‘), 6(t,l‘) = _t'r312><23 p(th) =0
for every t € [0,T] and x € Q. For ¢t > ty we define

,3); hence, 74 = 0w and

1
5
0 and ¢(t) = 0. We consider

%OIQXQ for z3 < — 2t’
U(t,ﬂ?) = UJ(t,.T), e(t,x) = _tx3I2X2 for |(£3| < Qtv p(t,x) = Eu(tvx) - €(t,£).

t
—7OIQ><2 for x3 > 2t7

We claim that ¢ — (u(t),e(t),p(t)) is a quasistatic evolution, that is, satisfies conditions
(qs1)—(gs3) in Definition 4.1.

It is easy to see that ¢ — (u(t),e(t), p(t)) is absolutely continuous, that is, condition (gsl)
holds. Clearly (u(t),e(t),p(t)) belongs to Axr(w(t)) for every ¢t € [0,T]. Setting o(t,x) :=
Cre(t,x), we have that

o(t,x) = —2#%1?%3]%2
for t < tg, while
/J,?))\)\J'_%Qljltojzxg for z3 < —2%
ot,r) =< =2 3;\:22Nt$312x2 for |z3| < &,
—u%tobxg for x3 > %

for t > to. Using this expression and the definition of p, it is easy to check that also conditions
(qs2) and (qgs3) are satisfied. Thus, ¢ — (u(t), e(t),p(t)) is a quasistatic evolution.

Note that & (t) = 0 for every t € [0,T]. For t < ¢, we have o(t) = x36(t), while for ¢ > ¢,
we have o(t) = x36(t) + o (t) with o, (t) # 0. Since the stress component is unique by
Theorem 4.6, this is the expression of the stress for any solution to the quasistatic evolution
problem with this choice of the data.

This example shows that the problem has a genuinely three-dimensional nature. Since
the location of the plastic zone (that is, the region where the stress is on the yield surface)
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depends on the thickness variable x3, reducing the problem to a two-dimensional setting
is not possible. In particular, applying the classical plastic plate model to this set of data
would mean to look for a solution that is linear with respect to x3 both on e and p, and
thus would lead to a wrong description of the plastic response.

We also point out that this example is a counterexample to the result of [5, Proposi-
tion 7.17], which is therefore false. It is in fact not true, in general, that if o € K, a.e. in Q,
then 6 € K, a.e. in w.
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