PASSIVE SCALARS, MOVING BOUNDARIES, AND NEWTON’S LAW OF
COOLING

JUHI JANG AND IAN TICE

ABSTRACT. We study the evolution of passive scalars in both rigid and moving slab-like do-
mains, in both horizontally periodic and infinite contexts. The scalar is required to satisfy
Robin-type boundary conditions corresponding to Newton’s law of cooling, which lead to non-
trivial equilibrium configurations. We study the equilibration rate of the passive scalar in terms
of the parameters in the boundary condition and the equilibration rates of the background ve-
locity field and moving domain.

1. INTRODUCTION AND MOTIVATION

In this paper we study the passive scalar equation
00 +u-VO = kKAG, (1.1)

where 8 = 0(t,z) € R measures some scalar quantity at time ¢t > 0 and position x € Q(t),
u(t,z) € R3 is a given divergence-free velocity field, and x > 0 is the diffusivity. Here Q(t) is
a three-dimensional open domain that may depend on time. A full specification of Q(t) will be
provided later. The scalar 8 is understood to be passive in the sense that u affects the dynamics
of 6 through (1.1), but € plays no role in the dynamics of u: it is passive. We shall think of u
as the velocity field of an incompressible fluid evolving in the (possibly moving) domain Q(¢)
and 6 as the temperature of the fluid.

Passive scalars are a popular model of turbulent diffusion (see the exhaustive survey of
Majda-Kramer [9] and references therein), mixing phenomena (see for instance Lin-Thiffeault-
Doering [8] or Thiffeault [13]), as well as pollution and combustion (see Warhaft [14] and
references therein). If we consider (1.1) on T3, then, as we will show below, the solution 6
will converge exponentially as t — oo to its average, which is an equilibrium solution of (1.1).
An interesting result of Constantin-Kiselev-Ryzhik-Zlatos [3] shows that certain flows u can
actually enhance this convergence to equilibrium. This was extended to time-periodic flows by
Kiselev-Shternberg-Zlatos [4] and to flows on R? by Zlatos [15] (in which case the equilibrium
is 0).

We aim to study the temporal decay properties of the scalar 6 in terms of the decay properties
of the given velocity u, the asymptotic behavior of Q(t), and the the boundary conditions
imposed on 6 and u. We investigate the decay rate of 6 for long times and also show that the
decay leads to global-in-time solutions for arbitrary data.

1.1. Periodic boundary conditions. To motivate our analysis let’s first consider a relatively
trivial example, when Q is taken to be a periodic box T? = R3/Z3 and u(t, ) is a divergence-free,
periodic, smooth vector field. In this case, by using the periodicity and the incompressibility
condition (i.e. divu = 0), it is easy to see that a solution # to (1.1) obeys the L?-energy law

Ld |¢9|2dx+f£/ V6|2dz = 0. (1.2)
2dt Jps T3
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Similarly, we may integrate (1.1) to find that

d
L bdr =o. 1.3
dt T?’ v ( )

Thus )

Oppe = — | Odz= [ 6d 1.4
T3] g O [ o (14)

is a constant determined by the initial average of the temperature. Since 6 — 04, also solves
(1.1) with periodic boundary conditions, we also know that

1d 9 9
—— 0 — Oge|”d 0|*dx = 0. 1.5
TN ot [ VOPds (15)
We now recall the (sharp) Poincaré inequality in T3:
2 1 2
Hence, by combining (1.5) and (1.6), we have
1d
Ld ]9—9ave\2dx+47r2/<a/ 10— Ouue| dz < 0, (1.7)
2dt Jps T3
which in turn implies that
10(t,-) = Bavellzz < € 10(0,) = Oavell 2. (18)

Therefore, we deduce that 6 converges exponentially fast to €. Since the inequality (1.6) is
sharp, this decay result is optimal.

We would like to highlight three important features of this decay analysis. First, the periodic
boundary conditions on # play a role in the decay through the derivation of (1.5). Second,
the divergence-free condition and the periodic boundary conditions on u also play a role in the
derivation of (1.5); in this particular setting u actually disappears entirely from (1.5) and has
no ultimate impact on the decay rate in (1.8). Third, the fact that Q(t) = T? is static in time
gives rise to a static constant in the Poincaré inequality (1.6), which in turn plays a serious role
in determining the decay rate in (1.8). Indeed, the Poincaré constant and the diffusion constant
k both appear directly in the decay rate.

Throughout the rest of this paper we will investigate how changes in these three features affect
the decay of #. We will consider both static (and rigid) domains as well as moving domains
with a range of boundary conditions for 6 and u. In the rest of the section we will give concrete
examples of couplings between u and # in order to provide motivation for our main results.
However, in the main results of Section 2, we will consider a more general and weaker coupling
between u and 6.

1.2. Rigid boundary. We consider a fluid confined between two rigid horizontal plates located
at z3 = 0 and z3 = —d for d > 0. We allow the horizontal cross-section to be either infinite, in
which case we define I' = R?, or else periodic, in which case we set I' = (L1T) x (L2T), where
Ly, Ly > 0 are the periodicity lengths and LT = R/(LZ). Then the rigid domain is
Q=T x(—d,0). (1.9)
We shall write
Y4 ={x3 =0} and ¥_ = {x3 = —d} (1.10)
to denote the top and bottom boundaries of €.
We assume that the fluid obeys the gravity-driven incompressible Navier-Stokes equations
Osu +u-Vu+ Vp = pAu — ges  in Q
divu =0 in (1.11)
u=0 on X and X_.

Here 1 > 0 is the fluid viscosity, g > 0 is the gravitational strength, and e3 = (0,0,1) € R3.
Actually, the gravitational force plays no real role in (1.11) since we may absorb this conservative
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force into the pressure by swapping p — p + grs. We have included gravity here simply to
maintain a similarity to the moving boundary case, where gravity does play a role.

We assume that the temperature of the fluid satisfies the passive scalar equation (1.1) in €.
Notice that 6 does not appear in (1.11): it is passive in the dynamics of u. However, the velocity
u does play a role in (1.1). It remains to specify boundary conditions for 6.

Since we are thinking of 6 as the temperature of the fluid, there is a natural continuum of
choices for boundary conditions at each plate. We will assume that the space adjacent to each
plate is maintained at a constant temperature, with 0c,; — and ¢ + denoting the temperature
below the bottom plate and the temperature above the top plate, respectively. One possibility is
to suppose that the plate conducts heat perfectly into the fluid, which requires the temperature
to match the temperature external to the plate. This is modeled through a Dirichlet condition
0 = Oezt- A more general condition supposes that the plate is an imperfect heat conductor. In
this case it is common (see for example Slattery’s book [11] for a discussion of these conditions
for heat conduction and mass transfer) to model the plate with Newton’s law of cooling, which
requires the Robin-type boundary condition

kVO - v = B(0czt — 0), (1.12)

where 8 € [0, 0] is the heat transfer coefficient and v is the outward-pointing unit normal on
the plate. Notice when 8 = oo we recover the Dirichlet condition 6 = 6..;; when 8 = 0 we
recover what is known as an insulating condition, corresponding to a homogeneous Neumann
boundary condition.

We may reduce the number of parameters to be considered by studying the evolution of
0 — Oeqt,— instead of 6. The equation (1.1) is still satisfied, but this allows us to replace the
temperature below the lower plate by 0 and the temperature above the upper plate by

0 = Ocyt + — Oear— € R. (1.13)

Since the materials above and below the fluid may in principle be different, we will allow
for different heat transfer coefficients in Newton’s law of cooling at the top and bottom. We
summarize the equations for 6 as follows:

0 +u-VO = kA in Q
KOy = B (0 —0) on T4 (1.14)
KOy, 0 = B_0 on X_.

Here we have used the fact that v = +e3 on X1. Henceforth we will write 8 = (84, _) € [0, 00]?
for the pair of heat conductivity coefficients.

1.3. Moving boundary. We shall also consider a fluid evolving in a moving domain Q(t).
Since we wish to compare the decay properties of § in moving domains and in rigid domains, we
will suppose that §2(¢) is of the same general “slab-like” form as the domain €2 considered above.
We again assume I' = R? or I' = (L1T) x (L2T) to allow for infinite or periodic horizontal cross
sections. We then assume that

Q) ={yeI'xR| —d<ys<nt,y,y)} (1.15)

where 77 : Ry x I' = R is the “free surface function.” Then

%(t) = {ys = n(t,y1,92)} (1.16)

is the free surface of the fluid, while
Yo ={ys=—d} (1.17)

is the rigid bottom of the fluid domain.
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The motion of the fluid is governed by the gravity-driven incompressible Navier-Stokes system
in Q(t):

0w+ u-Vu+ Vp = pAu — ges  in Q(t)
divu =0 in Q(t)
Oim = uz — w10y, M — U20y,M on X(t) (1.18)
(pI — pD(u))v = —cHv on X(t)
u=20 on ¥_.

Here p > 0 is the fluid viscosity, v is the outward-pointing unit normal on X(¢), I is the 3 x 3
identity matrix, (]Du)ij = Oju; + Oju; is the symmetric gradient of u, g > 0 is the gravitational
constant, es = (0,0,1), o > 0 is the surface tension coefficient, and H is twice the mean
curvature of the surface 3(t).

The dynamics of the temperature of the fluid are described by the convection-diffusion equa-
tion (1.1) with boundary conditions of the form considered above:

Ol +u-VO =rA0  in Q(1),
kVO-v=p3,(0-0) onXt) (1.19)
KOz, 0 = B0 on ¥_.

As in the rigid boundary case, we will consider 8 = (84, 3-) € [0,00]%. Notice that 6 is passive
in the dynamics of u: it does not appear in (1.18). On the other hand, both the velocity field
u and the changing boundary (i.e. n) affect the dynamics of 6.

1.3.1. Reformulation in flattened coordinates. In moving boundary problems, it is convenient
to flatten the free surface by using a suitable coordinate transformation. We will utilize a
flattening coordinate transformation introduced by Beale [1]. To this end, we consider the fixed
domain  given by (1.9), for which we will write the coordinates as z € Q. We shall again write
Y4 = {x3 = 0} for the upper boundary and ¥_ = {z3 = —d} for the lower boundary. We view
1 as a function on Ry x I'. We then define

7 := Pn = harmonic extension of 7 into the lower half space (1.20)

where P is defined in the appendix: by (A.1) when I' = R? and by (A.3) when " = (L1 T)x (LsT).
The harmonic extension 77 allows us to flatten the coordinate domain via the mapping

Q> xw (x1,29, 23 +7(t,2)(1 + x3/d)) = (t,2) = (y1,Y2,y3) € Q2). (1.21)

Note that ®(¢,34) = {ys = n(t,y1,y2)} = 3(¢t) and @(¢,-)|s_ = Idx_, i.e.  maps X to the
free surface 3(t) and keeps the lower surface fixed. We write

1 0 0 1 0 —AK
Vo=|0 1 0] andA:=(Ve H"'=(0 1 —-BK (1.22)
A B J 00 K
for
A=017d, B=0yijd, J=1+47/d+dsid, K=J1 d=(1+x3/d). (1.23)

Here J = det V& is the Jacobian of the coordinate transformation.

If i is sufficiently small (in an appropriate Sobolev space), then the mapping ® is a C!
diffeomorphism. This allows us to transform the problem to one on the fixed spatial domain €2
for t > 0. In the new coordinates, the PDE (1.18) becomes

Opu — O dKdzu+u - Vau — pAgu+Vap=0 inQ

divgu=20 in Q
on=u-N on ¥ (1.24)
(pI — uDgu)N = gnN' — cHN on Y

u=20 on X



DECAY OF PASSIVE SCALARS 5

with given initial data w(0,z) = ug(x), (0,2’) = no(z’) where 2’ = (x1,22). We will employ
the Einstein convention of summing over repeated indices for vector and tensor operations.
This allows us to define the differential operators used in (1.24) as follows. The actions of V 4,
div4, and Ay are given by (Vaf); := A0 f, diva X := A;;0;X;, and Aaf = divg Vaf for
appropriate f and X. For u -V u we mean (u -V qu); = ujA;j0pu;. We write (Dgu);; =
AirOruj + AjOpu; for the symmetric A—gradient. We have also written

N = —817761 — 827762 + e3 (1.25)

for the non-unit normal to X.
Similarly, in the new coordinates, the PDE (1.19) reads

010 — OdK D30 +u -V 40 — kA0 =0 in Q
KV A0 v =B4(0—0) on Xy (1.26)
KOzt = B0 on Y_

with given initial data 6(0,z) = 6y(z). Here v = % Notice that all the differential operators
in (1.24) and (1.26) are connected to n and thus to the geometry of the free surface.

1.4. Equilibria. An equilibrium solution corresponds to w = 0 and (t) = Q given by (1.9)
(and hence n = 0 in the case of a moving boundary). In this case (1.14) and (1.26) reduce to
the same equations, so the equilibria coincide for the rigid and moving boundaries. To denote
the dependence on 8 = (54, 5—) let us denote the equilibrium temperature by ng. We need to
solve Aefq = 0 with the given boundary conditions.

The general equilibrium solution is then

5 _ KB+0+ ByB-0(x3 +d) 2
eeq - K(ﬁ+ +/8—) +5+ﬁ—d , for 6 S [07 OO] \{(070)}7 (127)
QEq = C = some constant, for § = (0,0).

Notice in particular that the equilibrium with either 54 = oo or f_ = oo, but not both, is
recovered from (1.27) by taking a limit:
0 . B0
g(B+00) — _Pb d dgeh) =g = 4. 1.28
eq ﬁ+6+d (.%3 + ) an eq + K,—l-,B_dx?’ ( )

The equilibrium with S+ = oo (pure Dirichlet boundary conditions) is recovered through a
further limit:

O(xs+d
fce>0) = (d). (1.29)
We note that unlike in the case of a periodic box, the equilibrium temperature is in general
not a constant because of the boundary conditions. We will see that solutions of (1.14) and
(1.26) converge asymptotically to these equilibrium solutions when 3 # (0,0). When 8 = (0, 0)
the equilibrium is not unique; this is related to the fact that solutions converge (at least in the

periodic case) to a constant determined by the initial data.

2. MAIN RESULTS

2.1. Well-posedness. We begin with a discussion of the notion of weak solutions to (1.14) and
(1.26), given as perturbations of the equilibrium state ng. Since ng is not in L?(2) when
is horizontally infinite, we must formulate the weak problem in terms of the perturbation. We
will also discuss the construction of local-in-time solutions.

First we define the appropriate functional setting for solutions. Let H é(Q) denote the space

H'(Q) if 5 € [0, 00)?
1 _ {QO € HI(Q) ’ 90’2_‘. = O} lf B-i— = Oovﬁ— € [0,00)
Ho@ =916 e m@) | ol 0} i 5. — o0, 8, € [0,00) (21)

{p e H'(Q) | ¢lz, = ¢ls_ =0} if By = - = cc.
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Now we give the notion of weak solutions for the rigid problem.
Definition 2.1. Let T € (0,00]. Suppose that u : [0,T] x Q — R? is a given field satisfying
u € L=([0, T]; L= (€2)) N L*([0, T]; L*(2)). (2.2)

Let 0y € Lz(Q).
We say that a a function 0 : [0,T] x Q — R is a weak solution to (1.14) if the following three
conditions are satisfied.

(i) We have the inclusions
0 — 05, € L*([0,T); Hy()) and 0,0 € L*([0,T]; (H3(2))*). (2.3)

(i) (0 — 02)li=0 = bo.
(iii) For almost every t € [0,T] we have the identity

(9,0,v), + B*(6 — Heﬁq, v) + /Q KV (0 — 9§q) -Vuo+u-V(0— HEq)v =— /Q u- vefqv (2.4)

for all v € Hé(Q) Here (-,-), denotes the pairing between Hé(Q) and its dual, and
B8 . Hé(Q) X Hé(Q) — R is the bilinear form defined by

f2+ Biwv+ [y, B_wv if B € [0,00)?

Bﬁ(w v) = fz, B-wv if B+ = o0, € [0,00) 25)
7 Js, Brwov if B~ = 00, B4 € [0,00) ‘
0 if By = B = oo,

Remark 2.2. The justification of the weak formulation (2.4) is standard: if 0 is a smooth
solution to (1.14) then (2.4) may be derived through integration by parts and use of the boundary

conditions satisfied by Heﬁq. In this case we have

<8t0,’[1>*:/08t921. (26)

Remark 2.3. Standard arguments and the inclusions of (i) imply that
0 — qu e C°([0,T]; L*(Q)). (2.7)
This is the sense in which (ii) is required to hold.

Remark 2.4. The fact that B? is well-defined on Hé(Q) X Hé(Q) follows from the standard
trace theory.

Remark 2.5. We require the inclusion (2.2) in order to make the integrals

/ﬂu -V(0 — 9§q)v and /Qu . V@fqv (2.8)
well-defined for 6 — Ggq,v € Hé(ﬂ) Notice, though, that our definition of weak solution does
not require that divu = 0. We will invoke this condition only in a global setting.

We may readily prove the following local well-posedness result for (1.14). The proof, which
we omit for the sake of brevity, is a standard application of a Galerkin method based on the
same energy estimates that we will use for our global existence and decay results. We refer to
Section 3 for the energy estimates.

Proposition 2.6. Fiz T € (0,00). Let u satisfy (2.2) and let 6y € L?(Q2). Then there exists a
unique weak solution 6 :[0,T] x Q& — R to (1.14).

Now we turn to the moving boundary problem. We will state the definition first and then
justify the requirements afterward. Recall that A, J, K, and N are all defined in (1.22), (1.23),
and (1.25).
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Definition 2.7. Let T' € (0,00]. Suppose that u : [0,T] x Q@ — R3 and n: [0,T] x ' — R are
given and satisfy the inclusions
u € L*([0,T]; L*()) N L2([0, T); L*(%)),
n € L=([0,T]; H*(1)) N L*([0, T]; H*/*(1)), (2.9)
O € L=([0,T); H**(T)) N L*([0,T); L*(T))
as well as the estimate
171l oo 372 <6, (2.10)
where § € (0,1) is given in Lemma B.2. Let 0y € L*(Q).

We say that a a function 0 : [0,T] x Q@ — R is a weak solution to (1.26) if the following three
conditions are satisfied.

(i) We have the inclusions

0 — 05, € L*([0,T); HY(R)) and 0,0 € L*([0,T]; (H3(2))*). (2.11)

(i) (6~ 624)li=0 = bo.
(iii) For almost every t € [0,T] we have the identity

(0,6, Jv), +CP (6 — 68

eq’

v) + /Q KTV 4(0 — 05,) - V.av +u- Va0 — 05 )v] — 9ijdds(6 — 05,)v
_ B 5 9 08
F(v) + 3t77dK839 u]AjkakG + kA0 (AjrOkle, ) ) vJ  (2.12)
Q

for all v € Hé(Q) Here (-,-), denotes the pairing between Hé(Q) and its dual, C’f :

Hé(Q) X Hé(Q) — R is the t—dependent bilinear form defined by
fZJr B—i—wv |N’ + f§]7 /B—va lfﬁ € [07 00)2
_wvK ' = _€|o
CY (w,v) = Js_ B-wv z_f B+ =00, - € [0,00) (2.13)
f2+ Brwv |N] if B— = 00, B4+ € [0,00)
0 if B = B = oo,
and Ftﬁ : Hé(Q) — R is the t—dependent force term given by
P (o) = [ o BB = ) NI (1= K WDo if B € [0,00) (2.1
¢ 0 otherwise .

Some remarks are in order.

Remark 2.8. The weak formulation (2.12) is justified in the same way as (2.4). The only
difference is that the computations in the integration by parts are somewhat more involved. For
the sake of readability we have moved the computation to the appendiz: see Lemma B.J5.

Remark 2.9. The influence of the moving boundary is manifest in (2.12) through the appear-
ance of the terms J, A, etc, all of which depend on n, the free surface function.

Remark 2.10. The inclusions (2.9) and the bound (2.10) allow us to employ Lemmas B.1,
B.2, and B.3. Together these guarantee that all of the integrals and the dual-pairing in (2.12)
are well-defined.

Remark 2.11. In the weak solution definition we make no assumptions about u and n satisfying
any of the equations of (1.24). We will need some of these only in the global theory.

We may again readily deduce the existence of local weak solutions to (1.26) by employing
a standard Galerkin method based on the energy estimates that we will use for our global
existence and decay results, and Lemmas B.1, B.2, and B.3. Notice in particular that Lemma
B.2 provides for the ellipticity condition on A and for the fact that the boundary integrals
are controlled via the usual H'(f) trace theory. We again refer to Section 3 for the energy
estimates, and again omit the proof of local existence result.
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Proposition 2.12. Fiz T € (0,00). Let u,n satisfy (2.9) and (2.10), and let 0y € L*(2). Then
there exists a unique weak solution 0 : [0,T] x Q@ — R to (1.26).

2.2. Global solutions and equilibration. We now state our main results on the existence
of global solutions and their decay to equilibrium. We begin with the case of a rigid domain.

Theorem 2.13 (Rigid domain). Let Q2 be the rigid domain defined by (1.9) with either T' = R?
or I' = (L1T) x (LoT). Assume that u: Ry x Q — R3 satisfies

we L(Ry: L2(Q)) N LA(Rs: HY(Q)), (2.15)
and that for a.e. t € Ry u(t,-) satisfies the incompressibility condition
divu =0 (2.16)

as well as the boundary conditions
uz =0 on X4 and ¥_, (2.17)

where Y1 are defined by (1.10). Let 6y € L*(Q).

Then there exists a unique 6 : Ry x Q — R that satisfies (60 — ng)\t:() = 0y and is the weak
solution to (1.14) in the sense of Definition 2.1 with T = oo. Moreover, 8 obeys the following
estimates, where pug > 0 is as defined in Lemma 4.1 when 8 # (0,0) and fig > 0 is as defined
in Proposition 4.4 when 8 = (0,0).

(i) When B+ = 0 (pure Neumann boundary conditions) and I' = (L1T) x (L3T), then we

define
1

1
o /Q(H(t, ) = 08) = By for all t € R, (2.19)

Also, regardless of the decay of u, 6 — Geﬁq — Oqug decays to 0 exponentially fast with the
following estimate

16(, ) = 62 — Bavgll L2() < exp (—fiot) 60 — favgl 20 (2.20)
(ii) When B+ =0 and I' = R?, we have the estimate
sup [0(6,) — 4 ooy + [ V06t~ 02,
>0 0

(iii) When B € [0,00]2\{(0,0)}, we further assume the L? decay of u:

Then

2 3 5
at < S lool3aqy . (221)

L2(Q)

[u(t, )lz2@) < 9(b), (2.22)
where g(t) — 0 as t — oo. Then 6 — afq decays to 0 with the following estimate
t
10t,7) = 02l 20y < € 00l 2y + |06, /0 e 1=y (s)ds. (2:23)

Some remarks are in order.

Remark 2.14. When 8 = (0,0) and I' = R? we fail to actually show that the solutions decay
to equilibrium. This is due to the lack of coercivity induced by the infinite cross-section. Instead
we have bounds on the deviation of 0 from the equilibrium.

When 8 = (0,0) and T' = (L1T) x (LoT) we find that 6 converges exponentially fast to the
constant Heﬁq + Oquvg. Recall that 06’8,1 is an arbitrary constant when B = (0,0). This means that
we can view the equilibrium as being determined by the data in the sense that (2.19) implies

1
Ouuy + 0%y = 15 /Q 0(0, )dz. (2.24)

Remark 2.15. The appearance of ug in Proposition 4.3 and fig in Proposition 4.4 show that
the exponential decay rates are optimal. Lemma 4.1 also provides some estimates of g in terms

of B € 10, 00]2.
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Remark 2.16. In the case of insulating boundary conditions, 8 = (0,0), the decay rate is
independent of the velocity field u. The same is true for any B € [0,00]? if @ = 0 since in this

case Heﬁq =0.
Remark 2.17. If g(t) decays faster than e #5', then the decay rate of 6 is dictated by e Hst.
If g(t) ~ e 6t then

10(t,) = 05|l 2 () < Ce #8 (1+1) (2.25)
for some constant C. If g(t) decays slower than e 8¢, the decay is dominated by g(t).

In the case of moving boundary, we have the following result.

Theorem 2.18 (Moving boundary). Let Q be defined by (1.9) with either T = R? or I =
(L1T) x (L2T). Assume that u: Ry x Q — R3 and n: Ry x I’ — R satisfy (2.9) and (2.10) and
that

u € L*(Ry; HY(Q)). (2.26)
Assume also that for a.e. t € Ry w and n satisfy the A—incompressibility condition (defined
below (1.24))

divgu =0 in Q, (2.27)
the kinematic boundary condition
om=u-N onXy, (2.28)
the boundary condition
uz =0 on X_, (2.29)
and the bound
1/co < J < g (2.30)

for some constant co > 1, where J is defined by (1.23). Let 6y € L*(Q2).

Then there exists a unique 6 : Ry x Q — R that satisfies (60 — QEQ)\,:ZO = 0y and is the weak
solution to (1.26) in the sense of Definition 2.7 with T = co. Moreover, 8 obeys the following
estimates, where pg > 0 is as defined in Lemma 4.1 when [ # (0,0) and fip > 0 is as defined
in Proposition 4.4 when = (0,0).

(i) When B+ = 0 (pure Neumann boundary conditions) and I' = (L1T) x (LaT), then we

define
-1
Oavg = </ J(O,-)dm) /OOJ(O,-)dm. (2.31)
Q Q
Then
/ 0(t,-) — qu — Oavg)J(t,-)dx =0 for all t € R;. (2.32)
Q
Also, if we additionally assume that
1
—I < JATA < 11 for some ¢; > 0, (2.33)
&1

then regardless of the decay of u, 6 — Heﬁq — Oavg decays to 0 exponentially fast with the
following estimate:

100t ) — 6, — Bung)/T(E ) 2y < exp (t) VIO ey (234)

(ii) When B+ =0 and I = R%, we have the estimate

sup 010,) = 02 T ooy + [ |VTEIT.a600) — 02

t>0

L2(Q)

<%H 0 — Oang) /I (0 H . (2.35)
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(iii) When B4+ = oo we assume the decay result:
lult, )l L2y + 10n(E ez + IVn(t, )l gz < 9() (2.36)

where g(t) — 0 ast — oo (here V. is the horizontal gradient on T"). Then 0 —95(1 decays
with the following estimate

166t ) = 62)V/ T (t, )l 20y < exp <—ﬁ§t> 1601/ (0, )| 20

. (2.37)
Hp
; exp <C(2)(t - s)) g(s)ds

+C )agefq

where C > 0 1s a universal constant.

(iv) When B € [0,00) x [0,00]\{(0,0)}, we assume that
lu(t, M 29y + 10m(E, )l 20y + ()l gz oy < () (2.38)

where h(t) — 0 ast — oo. Then 0 decays to Heﬁq with the following estimate

(6 _ 95 FHH < exp ( gt> HQO\/WH%?(Q)
0

2 o 2) /0 exp <—5§)(t . s)) h2(s)ds  (2.39)

% 4 B ‘é —9
+ 2
Remark 2.19. Again we fail to prove decay when 3 = (0,0) and I' = R? because of the failure
of the dissipation to be L?-coercive in this case.

Remark 2.20. The conditions (2.30) and (2.33) are satisfied because of Lemma B.2. The
bound (2.30) shows that 0(t,-) — ng actually decays except when B = (0,0) and T = R2..

+C Oagefq

where C > 0 is a universal constant.

Remark 2.21. In the moving boundary case, the decay rate is not as explicit as the rigid case.
We need the decay of not only velocity u but also moving boundary n in order to derive the decay
rate of 6 for 5 > 0.

Remark 2.22. Again if § = 0 then the decay is not influenced by the asymptotics of u. The
asymptotics of n, and hence Q(t), do play a role in the bounds on J, which contribute the c
terms to the decay rate.

Remark 2.23. The reason we include ||V.n|[g1/2(py in (2.36) but |0l gs/2(ry in (2.38) is that
in case (ii1) we also need ||n|| g1y to decay, which in particular requires the L2 decay of n. This

is due to the appearance of the term 1-K|N] in FLZB

This term also causes the difference in the structure of the estimates (2.39) and (2.34), (2.37).
The former estimates the decay of the square of the L? norm while the latter two estimate the
decay of the L? norm.

We conclude our discussion of the moving boundary problem with a couple concrete of ex-
amples. In particular, we consider cases (ii7) and (iv) under the extra assumption that v and
7 satisfy the system (1.24). Initially suppose that ¢ > 0 in (1.24), which corresponds to surface
tension on the moving interface. When I' = R? the work of Beale-Nishida [2] showed that

(1) < Z
=117 VI+i
with the slower rate of decay for h determined by the slow decay of ||n(t,-)| 2. When I' =
(L1T) x (L2T) the work of Nishida-Teramoto-Yoshihara [10] showed that

g(t) < Ce " and h(t) < Ce " (2.41)

for some v > 0. Thus we see that the faster decay in the periodic case also leads to faster decay
of the passive scalar.

and h(t) < (2.40)
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Now consider the case ¢ = 0. When I' = R? the work of Guo-Tice [6] showed that

g(t) < . L,
(1 +t>(1+)\)/ (1+t>)\/2

where A € (0,1) is a measure of the negative Sobolev regularity of the initial data. When
I' = (L1T) x (L2T), Guo-Tice showed in [5] that for any m > 4 there exists a smallness
condition on the data for (1.24) that guarantee that

C

(t) < L - -
T = +om 1+om
Again we find that the periodicity leads to faster decay rates.

and h(t) < (2.42)

and h(t) < (2.43)

3. L?>-ENERGY ESTIMATES
In this section we present the basic L? energy estimates.

3.1. Rigid boundary. We now derive the L? energy estimate in the case of a static rigid
domain. In order to state these, we must first define the dissipation functional in terms of 3.
Recall the spaces HE(Q) defined in (2.1). We define Dg : Hé(Q) — R via

Jor Vel + By fo_ el + 8- fs_lel® if B € [0,00)2

Jo s IVol* + 8- [5_lof® if B} = 00, 8- € [0,00)
D = - 3.1
i Jor Vel + By [, Lol 5. =00 By €[0,00) )
Jor Vel if B = B_ = 0.

Lemma 3.1. Assume that u satisfies the assumptions of Theorem 2.18, and suppose 0 is a
weak solution to (1.14). Then we have

th/ 10— 65 |2dz + Dyl — 05] = —8395(1/9(6 — 05 ) usdz (3.2)
where Dy is given by (3.1).

Proof. We may use 6 — Heq as a test function in (2.4) to deduce that

I1+11=11I1I, (3.3)
where
I= <ate, 6 9£q>* , (3.4)
2
IT=DB0—-05,0-00)+ /Qn ‘V(G — efq)] +u- V(0 —05)(0—05), (3.5)
and
I = — /ﬂ u- Vo5 (0 —65). (3.6)
A standard computation shows that
2
=22 / 10— 67 Pde. (3.7)
We may use the fact that dive = 0 in Q and uz = 0 on 0X1 to compute
B
/u-V(eeﬁ )(0—65) / v 6 - 98‘1) =0. (3.8)
Q
Then
IT =Dglo — 65 (3.9)
Finally, we compute
IIT = —050%, / (0 — 65,) uzda. (3.10)
Q

The equality (3.2) then follows by combining these.
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We remark that the right-hand-side of (3.2) does not have a definite sign in general and it
includes not only the temperature fluctuation but also the vertical velocity us.
In the case of the Neumann boundary condition, when 8 = (0,0), the equilibrium is given by

qu = (. In this case the right-hand-side of (3.2) is zero, and hence we obtain the equality

1d
~— [ 10-0°%d 0|%dr = 0. 11
57 10 =04 [ [VOPdr =0 (311)

In order to deduce decay information we need a slightly different version of this equality.

Lemma 3.2. Let = (0,0) and T' = (L1 T) x (L2T). Assume that u satisfies the assumptions
of Theorem 2.13, and suppose 0 is a weak solution to (1.14). Then we have
1d
il 08— C|Pdx+Dsl0 — 0% — C] = 12
57 10— 04— CPda + D3lo — 0, — C) =0 (3.12)

for any C' € R. Also,
/Q(H(t, ) —05)dz = /QHDda: (3.13)
for all t € [0,T].

Proof. The proof of (3.12) is the same as for Lemma 3.1, except that we use 6 — ng -C €

HE(Q) = H'(Q) as the test function. To prove (3.13) we use 1 € H*(Q) as the test function

and argue similarly to deduce that
d

- Q(G(t, ) — 08 )dx =0, (3.14)

which yields (3.13) upon integrating in time.
O

3.2. Moving boundary. We now seek to derive the L? energy estimate in the case of a moving
boundary. In this case we define the time-dependent dissipation functional M% : H é(Q) — R
via

Jo kT IV ael® + By [, le? NI+ 8- [5_lel* K if B €[0,00)?

TIVapl? + 8- [x lel* K if B = o0, 8- € [0,00)

Mol =  Jar 5 3.15

U VA N Y it 6. = 00, f1 € [0,00) )
Jo 5T |V gl if By = B = oc.

Here we have written Mtﬂ to emphasize the dependence on time t: J, K, A, and N are all
understood to be evaluated at time ¢ in (3.15)

We can derive the L? energy estimate. We will employ Lemma B.4 for many of the calcula-
tions.

Lemma 3.3. Suppose u and n satisfy the assumptions of Theorem 2.18 and that 0 is a weak
solution to (1.26). Then

1d
2dt/Q 10— 0% 2T dx + Mb[0 — 65,] = F (6 — 605)
+ 0565, / (0—065) {amci —ujJAjz + mJAﬂalAjg} dr. (3.16)
Q
where M is given by (3.15) and Ftﬁ is given by (2.14).

Proof. We use 6 — ng €cH é(Q) as a test function in (2.12) to derive the equality

I+1IT=III, (3.17)
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where
_ _ o8 v _and o8 L g8
I= <8t9,J(0 eeq)>*+ /Q J(0 eeq){ Byiid K 05 (9 9eq) + i Ay (9 Heq)}d:c,
(3.18)
2
1r=clO—0%,0-65)+ /m‘w(eefq)‘ dz, (3.19)
171 = FY(6 — 67, / 70— 02,) { O 0305, — w; Akl + xAndl (Asdxol,) } da
(3.20)
Employing (B.16) and the identity JK = 1, we rewrite I as
ﬁ 2
I=5LH+1= 2dt/J|0 9 dx
(3.21)

2 2 2
+/ R e Oy dds 19 = beal? + u;), [JA 16 = Oeqf? ’]dx.
o 2 2 2

Identity (B.19) shows that ujJAjres - er = uz = 0 on X4, and we know that d =0 on B, so we
may integrate by parts to see that

2 2 2
I = / ) U 0y 7dos 16 = Oeqf? 29 | + w0 [JA 16 = beql? |]d:n

9 2
8tJ|0 62 10— 05,2 10— 02,2 (3.22)
0a(0u1d) 5 dr — [ Dy A d :
Q
0— 05 0 — 02|
+/ —8m|2q +ujd Ajres - ek‘2q’d0'x
>

The incompressibility condition (2.27) is equivalent to Aj;0ru; = 0, and an easy computation
shows that 9;J = 05(9;77d). Since 9y = u - N on X, we may use (B.17) and (B.18) to deduce
that I = 0. Hence,

. 2
th/w 67 12 dz (3.23)
We simply rewrite I7 in (3.19) as

1T = M4[0—605). (3.24)

It remains to handle 177 in (3.20). Since 8k9£q = 53k8k9£q and 8396'3,1 is constant, we can
rewrite

11 =FPO—08) + /Q J(0 — 02,) { Ond I 0307, — ;A On05, + ki Audr (Ajudp0;) } da
=F/ (0 65) + 0505, /Q (6 —62,) {amd — ujJ Ajs + nJAﬂalAjg} da.
(3.25)
Combining (3.23), (3.24), (3.25) then yields the desired result. O

As in the case of rigid boundary, if the insulating boundary condition is imposed (5 = (0,0)),
the L? energy estimates (3.16) reduce to

2dt/ 0 —6° | de+/£/ |V 40| Jdx = 0. (3.26)

Again we need a slightly different version of this estimate for it to be useful in decay analysis.
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Lemma 3.4. Let 8 =(0,0) and T' = (L1 T) x (LoT). Suppose u and n satisfy the assumptions
of Theorem 2.18 and that 6 is a weak solution to (1.26). Then for any constant C' € R,

1d
2dt

where Mtﬁ is given by (3.15). Also, if we write

By = < /Q J(O,-)dm)_l /Q 0070, -)dz, (3.28)

/Q (O(t,) = 07, — Bung) T (t, ) = 0 (3.29)

/\eefq — CP*Jdx + M0 — 05, — Cl =0 (3.27)

then

for all t € [0,T].

Proof. To prove (3.27) we use 0(t,-) — Heﬁq — C as a test function and argue as in the proof of
Lemma 3.3. To prove (3.29) we argue similarly, using 1 as a test function to derive the equality
d
— [ JO(t,)—65)=0. 3.30
& | 160~ (3:30)

We also compute, using Lemma B.4,

):/atJ:/ag(amd): am:/ w N
Q Q s, SN
:/ ujJAjg,:/divAquo. (3.31)
o Q

Then (3.29) follows by integrating these identities and using the definition (3.28).
U

4. COERCIVITY OF THE DISSIPATION

In order for the L? energy estimates of the previous section to give rise to decay results, we
need for the dissipation terms Dg, defined by (3.1) for rigid boundaries, and MY, defined by
(3.15) for moving boundaries, to be L2-coercive. In this section we pursue the proof of this
coercivity estimate, which is essentially a Poincaré inequality.

4.1. One-dimensional analysis. When 5 # (0,0), our coercivity estimates will be based on
a corresponding coercivity estimate in the vertical direction. Our aim now is to prove this
estimate.

Let Hé((—d, 0)) denote the space

H'((—d,0)) if B € [0,00)?
Lo ) {¢e HY((=d,0)) | ¢(0) = 0} if B4 = 00, B € [0, 00)

HACAO) =9 (¢ e 1 ((-a.0)) | ¢(~d) = 0) if B o0, By €0,00) Y

{¢ € HY((=d,0)) | ¢(0) = ¢(—d) = 0} if By = B = 0.
We define Dg : Hé((—d, 0)) — R via
fgdmw@ + B4 [C(0)? + 8- C(=d)* if B € [0,00)
_ f—d’iw‘ + B-[¢(=d)| if B4 = 00,5 € [0,00)
Daltl = SO RICT + By [C(0)? if B = o0, B4 € [0,00) (42)

IO k1T if B, = B_ = oco.

We now prove a variational principle.
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Lemma 4.1. Let

C={¢ e Hy((=d,0)) | I¢llz2(_a0y = 1}- (4.3)
Then there ewists (g € C such that
DplCp] = minDp := pg. (4.4)
Moreover,
min{%;,ﬁ*f’} if B € (0,00)?
-1
(4% + 1) if B4 = 0,6 € (0,00)
2 -1 .
s dlErd) wp =000 ws)
P e if B+ =00, € [0,00)
o if B = o0, B4 € [0,00)
e if By = f- = o0
0 Zf /B-i- = ﬁ— = 07

and in fact this inequality is an equality when 3 € {0, 00}2.

Proof. The existence of (g, a minimizer of Dz over the constraint set C, follows from a standard
application of the direct methods in the calculus of variations, so we shall omit the details. It’s
clear that pg := ®[(g] > 0. The minimizer must then satisfy the equations

—kCp (1) = pdp(r) for r € (—d,0)
KCy(0) + B1C3(0) = 0 (46)

—rCp(—d) + B-Cg(—d) =0

with the obvious reinterpretation when 51 = oo.

When 3 € (0,00)2, the problem (4.6) corresponds to finding eigenfunctions of the Laplacian
with Robin boundary conditions in one dimension. Standard analysis (see for example, Chapter
4.3 of Strauss’s book [12]) shows that pg must be the smallest positive solution to

NI + 0O—
tan <d MB) _ VI (B + 5 ) (4.7)
" whg — BB
Although this equation cannot be solved analytically in general, it is a simple matter to see that
w? By B
in{—- < ug. 4.8
win {475 2= < (1)

When gy =0 and S € (0,00), the problem (4.6) requires that pug be the smallest positive

solution to
tan <d, / 'u’8> = 67_, (4.9)
K [gR

which must lie in the interval (0,7/2). By employing the estimate
2

xtan(z) < % for x € (0,7/2), (4.10)
L= (%
we may show that ug satisfies the bound
1
e (4.11)
K2 B
In the case f_ =0 and S+ € (0,00) a similar analysis allows us to deduce that
e < (112)
km2 U By
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The case S = oo and - € [0,00) for problem (4.6) leads to the equation

NI
tan (d “B> — v (4.13)
K B
Similarly, the case f_ = co and ;4 € [0,00) leads to the equation
NI
tan <d “6> _ _VvhsR (4.14)
K B
In either case we find that
K?
12 S e (4.15)

with equality achieved if the finite 5 term actually vanishes.
The case 81 = f- = o in (4.6) leads to the equation

sin <d ’“"B> — 0. (4.16)
K
The smallest positive solution is then
2
KT

The remaining cases 84 = _ = 0 in (4.6) leads to the equation (4.16) as well, but the solution
must only be non-negative, and hence pug = 0.
U

As a consequence of the minimality of ;13 we deduce a corresponding one-dimensional coer-
civity estimate.

Corollary 4.2. Let ug > 0 be as given in Lemma 4.1. If ¢ € Hg((—d, 0)), then

0
1 /_d\<\2 < Dp(c]. (4.18)

Proof. The square of the L? norm and © 5 have the same homogeneity, and so Lemma 4.1 allows
us to write
D5(¢]

g = min D3[¢] = min : (4.19)
P~ ec =P CEHL((—d,0)) <1122

Hence, for any ¢ € Hé((—d, 0)) we may estimate

Ds(C]
< b)
ST

(4.20)

which is the desired inequality.
O

4.2. Rigid boundary. With the one-dimensional coercivity in hand, we can now derive the
general coercivity estimate in the case of a rigid boundary. We recall the definition of H é(Q)
from (2.1) and Dg from (3.1). We also define the vertical part of Dy according to

Jo k1050l + By [ el + B [5_lel® if B € [0,00)2

Jor 1050 + 8- [ |l if B4 = o0, A € [0,00)
V = - 4.21
) Jo k1030l + By [y, Il if B = 00, B+ € [0,00) (20
Jo k1050l if B} = B_ = oco.

Proposition 4.3. Let ug > 0 be as given in Lemma 4.1 and Vg be as defined in (4.21). If
@ € Hy(9), then

MB/Q lel* < Vsle) < Dgle). (4.22)
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Moreover, the inequality is sharp in the sense that
ps = inf{Ds[e] | ¢ € Hy(Q) and |l 20y = 1}- (4.23)
When T' = (L1 T) x (LoT) this infimum is actually a minimum.

Proof. The inequality Vg[p] < Dgly] is trivial, so it suffices to prove only the first inequality in
(4.22). By Fubini’s theorem, we may write

/ Dsl¢ (4.24)

For a.e. ' € T' we know that p(2/,-) € HB( —d,0)), and for such 2’ we may use Corollary 4.2
to estimate

0 2
o [ ltal ) das < Dsle(a’ ) (1.25)

o [ 1ol = o [ / (a2)* diad’ < [ D¢ ~Vslel,  (4.26)

which is (4.22).
It remains to prove (4.23). We must break to cases depending on whether I' = (L1 T) x (L2T)
or I' = R2. Assume initially that ' = (L1T) x (L2T). Set

(2) = —
= T T,

where (g is as constructed in Lemma 4.1. Then
2 1 / 0 2
lp(z)|” dx = T dx |Cg(x3)|" dxs | = 1. (4.28)
Q r L1l —d

Dslel = Vsl = [ T 0plGolda’ = Dslcs) = s (1.29)

which proves that (4.23) holds and is a minimum when I is periodic.
Now consider the case I' = R2. Choose 1 € C2°(R?) such that 191l 2r2) = 1. Let (g again
come from Lemma 4.1 and for o € Ry set

(@) = arp(aa’)(s(ws3). (4.30)

Hence

Ca(ws), (4.27)

Also,

Then we compute
) 0
[leat@far= ([ a*fwtasas’) ([ aaPdsa) =1 (4.31)
Q R2 —d

Dglya] = Dpl¢s] + o / V.ep(a) | da’ = pg + o / V.p(a')|? da’ (4.32)
where V, denotes the horizontal gradient. Then

lim Dpp,] = 4.
lim Dglpa] = ps, (4.33)

and

which proves (4.23) when T' = R2.
(]

We know from Lemma 4.1 that pg > 0 when 5 # (0,0). In this case the conclusion of the
proposition is non-trivial. When 5 = (0,0) the result is actually trivial since pg = 0. Our next
goal is to derive a non-trivial estimate when 5 = (0,0), under a stronger assumption on the
functions in question. We will only be able to do so in the case of a periodic horizontal cross
section.



18 JUHI JANG AND IAN TICE

Proposition 4.4. Assume thatI' = (L1 T) x (L2T) and g = (0,0). If p € Hé(Q) and [ =0,
then

jo [ 16 < Dl (4.34)
where
1 4 4
_ 2 .
fip = KT mm{dz’L%’L%}‘ (4.35)
Moreover, the inequality is sharp in the sense that
fio = f{Dsle] | ¢ € HY(OD).Iplsao) = 1and [ =0} (4.36)

Proof. We define the constraint set

C={p € HYQ)| [l 2 =1 and /Q =0}, (4.37)

The direct method in the calculus of variations allows us to produce a minimizer of Dg over C.
That is, we can find ¥y € C such that

Dol = min Dsfy] =: A (4.38)

Standard arguments reveal that 1y must satisfy

{—mwo — M)y in Q (439)

J3g =0 on 4.

The spectrum of this problem can be computed explicitly by using a separation of variables:

m2m? n?  nj
A(ni,n2,m) =K [ + 4n? <1 + 2)] (4.40)
d? L? L2

for ni,n9, m € N. However, the condition fQ 1o eliminates the zero eigenvalue as a possibility,
and so A must be the second smallest eigenvalue, which is easily computed:

. 1 4 4
AZKNTZmln{ﬂ’_L%’_L%}' (441)

O
We might try something similar when I' = R2. The problems then are two-fold. First we

don’t know for sure that ¢ € L'(Q), and so the condition Jo © = 0 need not make sense. Second,
and more fundamental, is that when 8 = (0,0)

inf{Dslg] | ¢ € C2°(R x [~d, 0]), Il 20 = 1, and /Q o =0} =0. (4.42)

Indeed we may use ¢, from the proof of Proposition 4.3 with the extra assumption that fRQ P =
0. Then ¢, € C(R? x [~d,0]) and

/Q lpal? = 1,/9% =0, and lim Dj[pa] = g = 0. (4.43)

The upshot of this analysis is that the dissipation functional Dg is simply not L?-coercive when
I' =R? and 3 = (0,0).
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4.3. Moving boundary. Now we derive a coercivity estimate in the case of a moving boundary.
Proposition 4.5. Let J and A be as in (1.22) and (1.23) and suppose that

1/co < J < ¢o for some ¢y > 1. (4.44)
Let Mtﬁ be given by (3.15). If p € Hé(Q), then

7
Czﬁ/ ol Jdz < Mb[). (4.45)
0 JQ

Proof. Lemma B.4 tells us that V 40 - e3 = K030, and so the equality K = J~! allows us to
estimate

1
[ IVael = [ kol = [ Kool = - [ jousl. (4.46)
Q Q Q o Jo
Similarly,
1
[ ootz [ o (.47
s_ Co Jx_
Since ¢gp > 1 and |N| = \/1 + 181> + |92n* > 1 on X, we may estimate
1
A AR (1.49)
Iy € Je,

Combining these three inequalities yields the estimate
1
—Vs[e] < Mjlel, (4.49)
o

where Vg is defined by (4.21). The desired estimate then follows (4.49) and from Proposition
4.3.
O

Again this estimate is only useful when S # (0,0). When = (0,0) we must use Proposition
4.4 as the basis of our estimate.

Proposition 4.6. Assume that B = (0,0) and that I' = (L1T) x (L2T). Let J and A be as in
(1.22) and (1.23) and suppose that

1/co < J < ¢y for some cg > 1 (4.50)

and

1
—I<JATA< i1 for some ¢1 > 0. (4.51)
C1

Let M% be given by (3.15). If p € Hé(Q) satisfies [, JY =0, then

Fo 2 t
— Jdx < Mjle], 4.52
L0 | Jof? o < il (452
where [l is as defined in Proposition 4.4.

Proof. Due to the inequalities (4.50) and (4.51), we may endow the space H'(f) with the
inner-product

(uthre = [ I+ TV a0 Vs (4.53)

and the resulting norm is equivalent to the standard H' norm. Similarly, L?(Q) may be endowed
with the inner-product

el = [ It (4.54)
It’s clear that

min { M%[w]
Il

Y e Hl(Q)\{o}} =0 (4.55)

‘2
0,t
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and that the minimizer is constant function g. We may use the direct methods in the calculus
of variations to find ¢; € H'(2)\{0} such that

M M
B W;l] = min{ A [f] v e HY(Q\{0} and (¥, o), = 0} =: A (). (4.56)
(K %10,
For any w € HY(Q)\{0} we will write
Xi(w) ={y € H'(Q) | (¢,w)y, =0} (4.57)

for the co-dimension one subspace that is perpendicular to w with respect to the inner-product
(*; )0 We claim that ¢; satisfies the maximin principle

Milb] _ Ml

max min 5 (4.58)
weH (@\{0} veXe(w\{0} [|Y[l5, ||t

To prove the claim we first set V' = span{¢y, p1}. The definitions of ¢y, 1 easily imply that
MG [Y]
w0} 1154

Let w € H'(Q)\{0} be arbitrary. Since V is of dimension 2 it must hold that V N X;(w) # {0}.
Choosing v € V N X;(w)\{0}, we then find that

My M)
”ng,t wev\{o} ’WHOt

= M) (4.59)

= (1), (4.60)

and hence that
L MGl
veXeono) 912,
From this and the definition of A;(t) as a minimizer over X;(yg), we deduce that (4.58) holds,
proving the claim.

Now we return to the proof of Proposition 4.4; we may use the matching homogeneities of
Dgl-] and ||-||%2(Q) to rewrite

A(t). (4.61)

fio = min { Dol | ¢ 5 (@)\{0} and / = 0} . (4.62)
1911720 Q
Since JK = 1 we have that
/¢:0@/¢KJ:O<:>(¢,K>07t:0<:>zpeXt(K). (4.63)
Q Q
Hence
o= mmn 2o (4.64)
WeX N0} ]2 0
The inequalities (4.50) and (4.51) allow us to estimate
o [ 1wer < [ atave- o= [ 710 = Mpl) (4.65)
Q Q
and
1
[t [ er (1.66)
€ Ja Q
for every 1 € H(Q). Consequently,
Mt
L Do) Mply) (4.67)

2 = 2
coct [[9ll72)  ¥lloy
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for ¢» € H'(2)\{0}. Combining (4.58), (4.64), and (4.67) then yields the bound
fio - 1 Dgly]
— min  ———
CoC1  YeXi(K)\{0} CoC1 HwHLQ(Q)
Ml

pEX K\ (0} ||7l}||0 t

o MY
< max min 5
weH ()\{0} veXe(w)\{0} |95,
_ MG []
911154
Mt
1n{ p [;p]
191154
Since 1) is constant, this implies (4.52) when ¢ # 0. The case ¢ = 0 is trivial.

(4.68)

v € H(Q)\{0} and (v, po)y, = 0} :

5. PROOF OF MAIN RESULTS
We start with the proof of Theorem 2.13.

Proof of Theorem 2.13. We will only prove the estimates; with them in hand the existence
of global solutions then follows from Proposition 2.6 and a standard continuation argument.
The global solutions must then satisfy the decay estimates as well. The argument for (iii) is
somewhat simpler, so we begin with it.

From Lemma 3.1 and Proposition 4.3, we first obtain

th/ 60— 67| d:c+u5/ 10— 65 |Pdz < —3396/8(1/0(9—95q)u?,d$

(/ |60 — ng\Qdaf) ’ </ \u|2d:c> i
Q Q

Let f(t) :=||0(¢,-) — eqHL2 . Since [|u(t)[| 2y < 9(t), we deduce from (5.1) that f satisfies

< |0wt,

d
Y sr <osos, | o) (5.2)
which leads to J
(et ) < (008 eetg(e). (5.3)

By integrating in ¢, we obtain (2.23).
Next we prove (i), in which case = (0,0) and I' = (L;T) x (L2T). We use Lemma 3.2 with
C= ﬁ Jo 0o to find that

2 _ 8 —
= / 16— 65— C2dx + Dyl6— 05, — C] = 0. (5.4)
We then know from (3.13) of Lemma 3.2 that
/Q(G(t, )~ 68— C)dr =0 (5.5)
for all ¢. Proposition 4.4 then allows us to deduce from (5.4) that
005, 2dx+/1/9—9§—02dx§0. 5.6
35 | CPda + g | 1662, -] (56)

The estimate (2.20) then follows from this inequality as above.
Finally, to prove (ii) we simply integrate the identity (3.11).
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We next present the proof of Theorem 2.18.

Proof of Theorem 2.18. As in the proof of Theorem 2.18, we will only prove the estimates. The
global existence claim follows from these and a continuation argument.

We start with (7). When g = (0,0), we have the energy identity (3.27) and the zero-average
condition (3.29) from Lemma 3.4. Together with the coercivity estimate (4.51) of Proposition
4.6, this implies that

= / R / 10— 05— —Bagl2Tdz <0, (5.7)
which easily implies (2.34).
To prove (ii) we use the identity (3.26), which followed from Lemma 3.3, and simply integrate

in time.
For (iii), we first note that from (3.16), (4.45), and the Cauchy-Schwarz inequality,

th/w ¢9|Jd+ /|9 Q\Jda:
< 8396’8(1/9(0 — 032) {atﬁKd— ujAjz + ﬂAjlalAjg} Jdx (5.8)

1 i ) 1
(/ 19— 6 dea;)2 (/ I d — uj Ajs + kA0 Ass| Jd:c>2
Q

Lemmas B.1 and B.2 allow us to estimate

< ‘3395(1

| (@ — sy + wAudrdss) VI, < (1005200 + Il 2oy + IV Al 2(0))

< C (19l 2y + Wl gy + IV el g ary) )
< Cy(t).

Combining these, we obtain

(/ = 9002de)lg(t), (5.10)

for a universal constant C > 0. Let f :=||(§ — egO)IHLz . Then f satisfies

2 002 &)
2dt/ye AR /ye 63 de<o‘ageeq

d d (5t gt
@, “ﬁf <C )6395 gty — Lfed'f)<c et gt). (5.11)
dt d dt
By integrating in ¢, we deduce (2.37).
In order to establish (iv), we first use the energy identity (3.16) to obtain
B B
th/ |6 — Heq\ Jda:+/\/lﬂ[0—0€q]
< BV Brd — s T A oA
< 0,07, /Q (0 08,) {0rid — ;T Ajs + kT A1 Ays | da 52

+ g By(6—625)(0—05) IN|(1- KN
4
=T+ 1I.

For I we argue as in case (iii) to bound

‘I‘ < C ‘830?(1

( / 10— 63 2de> o(t) (5.13)
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for a universal constant C' > 0. For I we employ Cauchy’s inequality, (B.8) of Lemma B.3,
and (B.2) of Lemma B.2 to bound

1

2 /6 _
1 9 B+ |5 _ g8
|Myg2/E 549 08 | 1N+ \9 02

2 2
INT|1 — K |V
P

< %Mﬁ[e 05]+C ‘9 07, (5.14)
1 _
< SMG[0 — 05+ c? ‘e —02 [ n2)
for a universal constant C' > 0. From (5.12)—(5.14) we deduce that
0—06° Lo —6°
335 10— 02 Tdo -+ S b0 — )
<C ‘agefq </ 10— 62 2de> h(t) + C% )é— 02 | h2(t). (5.15)

We then employ Proposition 4.5 and Cauchy’s inequality to estimate

2 HB 2 NB 27
th/ 0 — 0,27 + L /\e 0 12 < /\9 0 127

c? _ 2
+c<(a39§q #(;+52+‘9—9§q >h2(t). (5.16)

Hence
d/ 0 —0° ]2Jd:r—|—uﬂ/ -0 127 <C ’8395 —0+5—+‘§—95 ’ R2(t)  (5.17)
dt Jq e 22 Jo eal = = e 2 e

for some universal C' > 0. Then (2.39) follows from (5.17) and Gronwall’s inequality.

APPENDIX A. POISSON EXTENSION

In this section we define the Poisson extension operator when I' = R? and when I' = (L, T) x
(L2T), and we record some useful estimates.
For a function f : R? — R the Poisson extension in R? x (—oc0,0) is defined by

Pf(al as) = [ f(€)e*m e e, (A1)
R2
where we have employed the Fourier transform
f&) = | flahe > 4’ (A.2)
R2

for ¢ € R%. On the other hand, for a function f : (L1T) x (L2T) — R we define the Poisson
extension in = (L;T) x (L2T) x (—00,0) by

Pl es) = > e i), (A.3)

ne(Ly'Z)x(Ly ' 2)

Here, for n € (L7'Z) x (Ly'Z) we have written

—2mn -z
e A4
/ f(@ CLiLy (A4)
for the Fourier coeflicient.

Although Pf is defined in all of T' x (—o00,0), we will only need bounds on its norm in the
restricted domain Q =TI x (—d, 0). This yields a couple improvements of the usual estimates of

Pf on the set I' X (—o0,0).
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Lemma A.1. Assume that ' = R? or else I' = (L1 T) x (L2T). Let Pf be the Poisson integral
of a function f:T' — R define by either (A.1) or (A.3). Suppose that f belongs to either H1(T")

or else H1=Y/2(T) for some q € N (here H® is the usual homogeneous Sobolev space of order s).
Then

IV9P Loy S W llgo vy and V9P iy S 1 oy - (A.5)
Also, for ¢ € N we have the estimate

IVIP fll oo () S 1 ravarzry - (A.6)

Proof. These estimates are proved in [7]: Lemmas A.7 and A.8 handle the case I' = R? and

Lemmas A.9 and A.10 handle the case I' = (L1 T) x (L2T). O

APPENDIX B. SOME TOOLS FOR THE MOVING BOUNDARY PROBLEM

In this section we record a number of results that are essential the analysis of the moving
boundary problem. We begin with some applications of Lemma A.1 to n and On.

Lemma B.1. We have the estimates
17l g3y < Imll sz
1071|120y < 110l 21y (B.1)
10e77]] oo () S 110emll a2y -

Proof. The first two estimates follow from (A.5) of Lemma A.1, while the third follows from
(A.6). O

Our next result provides some useful estimates for the terms A, B, J, K, A, and N defined
in (1.22), (1.23), and (1.25).

Lemma B.2. There exists a universal 0 < 6 <1 so that if ||| gs/2ry < 6, then
1 = Ul oo (@) + 1Al oo (@) + 1Bl oo () = 5

1
W =l oo py + 1 =Ll ooy < 5 and
1K ooy + 1Ml oo ) < 1-

1
5 [lel< [ 1ol <2 [ 1o, (B3)
Q Q Q
1
5 [1Vel < [ I1Vapl <2 [ 196, (B.4)
Q Q Q
1
3 [t [Pz [ (©.5)
5, 5, o,
1
3 ol [ lerr <[ (B.6)

Moreover,

for all p € HY(Q).

Proof. The estimate (B.2) is guaranteed by Lemma, 2.6 of [6] when I' = R? and by Lemma 2.4
of [5] when I' = (L;T) x (L2T). The estimates (B.3)—(B.6) then follow from (B.2) as in Lemma
2.1 of [7]. O

Next we record an estimate of A in H'(€).
Lemma B.3. Let § € (0,1) be as in Lemma B.2 and suppose that ||77H§{5/2(F) < 4. Then
IVAI L2y S IVanll g (B.7)
where V.n = (010, 02m) is the horizontal gradient; also
1= K N2y S Dl oy (B.3)
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Proof. According to (1.22) and (1.23) we may trivially estimate
VAP = |V(AK)[* + |V (BK)|* + |V K|®
S (IVAP + IVBP) [K]? + (1+ AP + |BP) |K|* [V ]2 (B.9)
_ 2

S (IvaP + 92" (1K1 + [K]* (1 + AP + [BP))

We may then use the L*°(2) estimates in (B.2) of Lemma B.2 to estimate
_ 112

The estimate (B.7) then follows from (B.10) and (A.5) of Lemma A.1.
Next, we rewrite

1-KN|=1-K-K(N|-1)=K(J-1)—- K(JN|-1). (B.11)
Then Lemma B.2 allows us to estimate
11— K Wl e S 19 = Ulgeqey + 11— Nl 2y (B.12)
We then use the definition of J and the Poisson extension to estimate
1T = Ul gy < Inllrr - (B.13)

On the other hand,

on|? + |9an]?
PYY VA QS .Uk | Y (PRSI (B.14)

1+ \/1 +[0in|* + 0an|®

and hence
11— ‘N’”LQ(I‘) < HnHHl(F) : (B.15)
The estimate (B.8) then follows by combining (B.12)-(B.15).

Next we present some identities identities for J and A.

Lemma B.4. Let A, J, and N be as in (1.22), (1.23), and (1.25). Then we have the following
identities:

O(JAix) =0 inQ, (B.16)

O J = Oyij/d + dd,ds7 = D3(dyd)  in Q, (B.17)

JAjz=N; onZx, (B.18)

JAj3 = (e3); onX. (B.19)

Proof. The first, third, fourth identities may be found in Lemma 2.1 of [6]. The second is in
the proof of Lemma 2.2 of the same paper. O

Finally, we record an energy identity for smooth solutions of (1.26) that motivates the defi-
nition of weak solution in Definition 2.7.

Lemma B.5. Suppose 6 is a smooth solution to (1.26). Let C’f and Ftﬂ be as Definition 2.7.
Then

/ J0, (0 02,) v+ CJ(0 - 0, 0) + / A AR
Q Q
+ /Q -V (0 — 62 Yo — ,iidos (8 — 62, )

=F’(v) —|—/

Q
for every v € Hé(Q) (defined by (2.1)).

(adeagegq — Ak + kA0, (Ajkakefq)) vJ  (B.20)
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Proof. We rewrite the f-equation in (1.26) in a perturbed form around qu:

00 (0 03,) — 0mdKos (0 02,) +u-Va (0-05,) = nAudr (A0 (0 07,))

~ (B.21)
= 8de839§q — ujAjkakefq + /iAjlal (Ajk8k9£q> .
We multiply (B.21) by Jv and integrate over €2 to obtain the identity
I+ 1T+ 1II=1V, (B.22)
where
I:/J8 0—06° ), B.23
[ 0-02) mn
IT = / u- VA0 — 05,)vJ — 0ndos(0 — 65,)v, (B.24)
Q
_ _ A . _ @8
11 /Q kA0, (A]kak (0 eeq)) Jv, (B.25)
and
v = / (OndEc0s65, — us Adsbl, + wAndy (Ants,) ) v (B.26)
Q

To prove the desired equality it then suffices to rewrite I1I by integrating by parts and
employing Lemma B.4. From (B.16) we find that

111 = /Q ko (T A A0y (0 05,) ) v

- / Kk J Aj1AixOr, (9 - efq) O (B.27)
Q

+ / 1 Ajs Ay (0= 05,) v+ / R Ass Ajpdy (0~ 05,) v.
P
Then we use (B.18) and (B.19) to rewrite
/ — k] Ay A (9 - 9§q) v= / —kN V4 (e - efq) v (B.28)
s o
and

/ kJ Ass A1y (0 . efq) v = /E - h Ak (9 . efq) v = /E KO, (9 _ efq) v (B.29)

When S € [0, 00)? we may use the boundary conditions of (B.4) to compute

KD A,10(0 — 0F) = 8. (0 — 03,) — BLINTK (6 — 02) + B9 — 07,)

IV (B.30)

= —B(0 - 05,) = By (N1K —1) (0 - 0)
on ¥ and
ny (0 05,) = - (0 03,) (B.31)

on ¥_. Plugging (B.30) and (B.31) into (B.28) and (B.29) and then replacing in (B.27) then
yields (B.20) when 3 € [0, 00)2. The remaining cases may be handled with similar computations.
]
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