REGULARITY OF DENSITIES IN RELAXED AND PENALIZED AVERAGE DISTANCE
PROBLEM
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ABSTRACT. The average distance problem finds application in data parameterization, which in-
volves “representing” the data using lower dimensional objects. From a computational point of
view it is often convenient to restrict the unknown to the family of parameterized curves. How-
ever this formulation exhibits several undesirable properties. In this paper we propose an alter-
native variant: the average distance functional is replaced by a transport cost, and the unknown
is composed both by a curve and by a “projected measure”, on which an L? penalization term
is added. Moreover we will add a term penalizing non injectivity. We will use techniques from
optimal transport theory and calculus of variations. The main aim is to prove essential bounded-
ness, and a variant of Lipschitz continuity for Radon-Nikodym derivative of projected measures
for minimizers.
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1. INTRODUCTION

The average distance problem was first proposed for mathematical modeling of optimization
problems, such as urban planning and image processing, and for application in statistics. It also
finds application in data parameterization, where given a data distribution, the aim is to find
a lower dimensional object “representing” such data (see for instance Drineas, Frieze, Kannan,
Vempala and Vinay [6], Smola, Mika, Scholkopf and Williamson [21]). The average distance
problem was first analyzed by Buttazzo, Oudet and Stepanov in [3], where several qualitative
properties of minimizers were proven. Further results were proven in Buttazzo and Stepanov [4,
5], Paolini and Stepanov [18]. A similar formulation, often referred as “penalized formulation”,
was introduced by Buttazzo, Mainini and Stepanov introduced in [2]:

Problem 1.1. Given d > 2, a nonnegative, compactly supported measure ji and a parameter X\ > 0,
minimize

Ep: A—[0,+00),  Ej(-):=Fu()+AH'(),
where

FoiAd—s[0,400),  Eu(%) ;:/ inf |2 — y| du(z),
RdyeE

A= {¥ C R?: ¥ compact, path-wise connected, H!(X) < +00}.

Existence of minimizers follows from Blaschke’s selection theorem and and Golab’s theo-
rem. For future reference any considered measure will be assumed nonnegative, compactly

supported, probability measure. The choice to work with probability measures is done for the
1
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sake of simplicity, and results proven in this paper can be easily extended to finite measures.
Problem [1.1| could be used to parameterize data clouds, i.e. representing a distribution of data
point using lower dimensional objects, in this case elements of A. Let

e /. be the distribution of data points,
e 3 (the unknown) be the set parameterizing the data points.

Thus F,(X) represents the “error” of such representation, while A#!(X) is the cost associated to
its complexity. Although it is possible to consider penalizations terms of the form G(X) (instead
of AH!(X)), with G satisfying some natural conditions (e.g. G non decreasing with respect to
set inclusion, etc.), this is outside the scope of this paper. Thus minimizing Eﬁ‘ corresponds
to finding the “best” one dimensional parameterization, which “balances” approximation error
and complexity.

Moreover, from a computational point of view it is often advantageous to restrict the un-
known to the family of parameterized curves. We need first to define the “length” of a param-
eterized curve, as defining it as H!-measure of the graph is not natural, since injectivity is not
imposed and points (of the graph) can be visited multiple times. Let

C*:= {~*: [0,1] — R?: 4* differentiable £'-a.e. with |(v*)’| constant £ -a.e.},
and define the “length” of a curve v* € C* as its total variation

n

(1.1) Ly = |v*|lrv = sup sup Y (t5) = 77 (tj-1)]
n 0=tp<-<tn—1<tn=1 j=1

For the sake of simplicity, we will work with elements of
C:={y:[0,a] — R%:a >0, v differentiable £L'-a.e. with |y/| = 1 £!-a.e.}.

Elements of C* will be referred as “constant speed parameterized curves”, while elements of C will
be referred as “arc-length parameterized curves”. A natural way to define the “length” of an arc-
length parameterized curve 7 : [0,a] — R? is the following:

(1) ifa=0,then L, := 0,

(2) if a > 0, then L., := L.~ where v* € C*, v* : [0,1] — R%, v*(¢) := 7(ta).
Thus by construction L, = a, and the domain of a curve v € C is [0, L,]. The average distance
problem becomes:

Problem 1.2. Given d > 2, a nonnegative, compactly supported measure p and a parameter X > 0,
minimize
BYiC—[0,40),  EX3)i= Fuly) + ALy,
where
FuiC s 0400, Fu)= [ inf le-yldp Ty =9(0.Ly)),
Rd Y€y

For future reference notation L., will denote the “length” of ~, while I',, will denote its graph.
More details on the space C (including its topology) will be discussed in Section 2. In many
applications the integrand inf cr. |z — y| can be replaced by inf cr. |z — y|P for some p > 1.
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Choice p = 2 is the most common. Note that in this case, if the reference measure p is discrete,

i.e.
u::Zajéxj7 ZajZL a; >0 Vj,
J J

then
Fu(y) = ajle; —yl*,  yj€ argmin, .. |z; —y| Vj,
J

ie. Fu(y) is the (weighted) mean square distance of points z; from the graph of . Problem
is related to “principal curves”, and the lazy traveling salesman problem (see for instance Polak
and Wolanski [19]). Principal curves are widely used in statistics and machine learning. For
a (highly non exhaustive) list of references about the literature (both theoretical and applied)
on principal curves, we cite Duchamp and Stuetzle [7, 8], Fischer [9], Hastie [10], Hastie and
Stuetzle [11], Kégl [12], Kégl and Aetal [13], Ozertem and Erdogmus [17], Tibshirani [22].

However the formulation of Problem still exhibits several undesirable properties when
used in data parameterization:

(1) it has been proven (Slep¢ev [20]) that even assuming u < £ with du/dL? € C*,
Problem may admit minimizers which are simple curves failing to be C! regular.
Moreover, any simple curve minimizing Problem [1.1{admits a parameterization v € C
minimizing Problem and a positive amount of mass is projected on any point on
which C! regularity fails. For further details about “projections”, we refer to Section
2 of [16]. In data parameterization, this corresponds to a loss of information, which is
undesirable.

(2) The aforementioned configuration is a limit case of a more general issue: indeed in the
formulation of Problem there is no penalization for very high (even infinite) data
concentration on the representation.

(3) In [15] it has been proven that Problem may admit minimizers which are simple
curves (thus these admit parameterizations minimizing Problem whose set of non
differentiability is not closed. This makes difficult to “control” the set on which C'! regu-
larity fails.

(4) Injectivity is not guaranteed, but highly desired: indeed given a minimizer ~ of Problem
there are two “natural” choices of distances:

e for data points, Euclidean distance is the natural choice,

e on the representation v however, the natural distance is the path distance d.,, defined

as dy(v(s),7(t)) :==|s —t|, s,t € [0, L]

Clearly, if 7 is not injective, then there exist s, ¢ satisfying s < t and ~(s) = ~(¢). Thus
these two distances are not equivalent, and data points which are “close” (with respect to
Euclidean distance) can be projected on points which are “distant” (with respect to d).
This is undesirable. Figure 2|is a schematic representation of this situation.

(5) The functional F,, forces any point to project on one of the closest points on the curve.
This imposes strong geometric rigidity on minimizers.
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Yopt (graph of)

FIGURE 1. In this example from [20], the set B C supp(u) of positive u-measure is
projected on the single point p, on which C! regularity fails.

Thus we propose an alternative variant:
Problem 1.3. Given d > 2, a measure y, and parameters \,e,e’ > 0,p > 1, ¢ > 1, solve

min  E[u, N\, &,¢’,p, ,v, 1),
[ min (1 p,q)(y, v, 1)

where
T :=A{(v,v,1I) : v € C, v probability measure on [0, L],
IT transport plan between p and vyv},

L
Elp, Mg e, p, gl (v, v, 10) == / |z — y[P dIl(z,y) + AL, + 8/ Turdct + e'n(v),
0

RAxT,
L L 2
¥ ¥ |t _ S| )
n(y ::/ / < dtds,
A O ERIO]
Ly q
L, / <;“1> dct ifv < Lt
(1.2) / videt =4 Jo £
0

+00 otherwise.
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time increases in this direction

FIGURE 2. In this configuration, assuming ¢ < s, points belonging to the red part are
projected on «y(I), while points belonging to the green part are projected on «(I;). The
sets (1) and ~(I;) are distant with respect to d.. The colored area is part of supp ().
Time increases along the direction of dotted arrows.

The convergence in 7 will be detailed in Section 2. Note that the formulation of Problem[1.3]is
quite different from classical average distance problem, and resembles the Monge-Kantorovich
problem. Definition (1.2) is justified in view of Lemma Existence of minimizers will be

L’Y
proven in Lemma For future reference / v4dL! will be referred as “density penalization
0

term”, while with an abuse of notation, the transport cost |z — y|P dII(z, y) will be referred
dxIy

as “average distance term”. The transport plan II is more a technical expedient, and will play a

marginal role in the following. Given x € supp(p), y € I'y, we will say that “z projects on y” if

(x,y) € supp(II). Note that:
e c'n(7) penalizes non injectivity;

Y
o c / v4dL! penalizes high concentrations of data on T',. In particular it diverges if a
0

positive amount of data is projected on a singleton;
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e the functional F,(7) (from Problem ) is replaced by / |z — y|P dlI(z, y), allowing
RaxT,

data points to be projected on any point (not just the closest ones). However, project-
ing on a distant point increases transport cost, but can be advantageous if such choice
decreases the density penalization term.

The aim of this paper is to prove essential boundedness (Theorem 3.1)) and “Lipschitz regular-
ity” (Theorem for dv/dL!, when (v, v,11) is a minimizer. Note that dv/ d£! is well defined
upon L!-negligible sets. This paper will be structured as follows:

e in Section 2 we introduce preliminary notations and results, and prove existence of min-
imizers for Problem[1.3]

e inSection 3 we prove that for any minimizer (, v, IT) of Problem[1.3} the Radon-Nikodym
derivative drv/dL! is essentially bounded. Moreover, if the exponent g appearing in the
density penalization term is assumed ¢ = 2, then dv/dL! satisfies a variant of Lipschitz
continuity.

2. PRELIMINARIES
The aim of this section is to present preliminary notions and results. The main result is ex-
istence of minimizers for Problem We endow the space C with the following convergence:
given a sequence {7, } C C, we say {7, } converges to v € C (and write {~,} 5 ) if:
e {L,}— L,
e upon time inversion, i.e. replacing (for suitable indices) ~, with 4,, defined as 7, (t) :=
Yn(L, —t), the sequence {~,;} converges to v* uniformly, where
7* : [07 1] — Rda '7*(75) = V(tL’Y%
Vo 10,1] — R n (1) = yatly,),  n=1,2,
denote the constant speed reparameterizations.
The convergence in C induces a “natural” convergence in 7: we say that a sequence {(vy, v, II,) }
T converges to (v,v,II) € T (and write {(vp,vn,11,)} 71, (v, v, 1I)) if {7y} S g, {vn} 2,
{II,} >1L
The first issue is existence of minimizers. For the sake of brevity we will omit writing the
dependency on dimension (since all results will be valid for any dimension) for all quantities.

Lemma 2.1. Given d > 2, a measure ji, parameters \,e.e’ > 0, p > 1, ¢ > 1, the functional
Elp, A\, ,€', p, q| admits minimizers in T.

The proof will be split over several lemmas. Note that the set {E[u, A, €,¢’,p, q] < +00} is non
empty: indeed choose arbitrary points x € supp(u), y € B(z, 1), and let
¥ :[0,1] — R, ap(t) == (1 — t)z + ty.

Let IT be an arbitrary optimal plan between i and wﬂﬁi[o,l]' Then direct computation gives

(2.1) Elw Ase, e, q)(¥, Ll 17, TT) < (diamsupp(p) +1)P + A + e + & < +o0.

-
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Lemma 2.2. Given d > 2, a measure u, parameters A\,e,&e' > 0,p > 1,q > 1, M > inf¢ E[p, A\, e, €', p, q],
and a sequence {(Vp,, Vn, 1)} C T N{Eu, A\, e,€',p,q] < M}, then it holds:

(1) length estimate:

2.2) 0 < (M/e)T7 <inf Ly, < sup Ly, < M/A< +oo,
(2) confinement condition:

(2.3) Ur,. c (5uPD(1)) pr1/m g 0a/n

where for given r > 0,

(supp(p)), == {x eRY:  inf |z — 2 Sr}.
T z€supp ()
Proof. Length estimate. Note that
(Vn) ALy, < E[p, A€, p,q)(Vn, vn, In) < M = L, < M/X,

proving the upper bound in (2.2).
Fix an arbitrary n. Condition E{u, A, €, €', p, q] (v, vn, 1) < M gives

L, duv. q L, 1 Ly, dv q
> ! > n 1 _ n 1 1
M_S[N,)\,a,e,p,q](’yn,vn,ﬂn)_5/0 (d£1> dc _6/0 <L%/O a7 d£> dc

L’Yn 1 q
5/ <> dct = 5L§;q.
0 L“/n

Since ¢ > 1, it follows L1, % < M/e , proving the lower bound in 2.2).
Confinement condition. Note that for any n and £ > 0,if ', N (Supp(,u))(

Maig)/p = () then

E A s’y d) (s v TL) = / @ — yPdll(z,y) > M + €.

RIxTy,
Since {(Yn, Vn, )} €T N{Eu, N\, e,¢’,p,q] < M}, it follows
(Vn)(¥€ > 0) Ty, 0 (supp()) ppy 10 # 0
Using length estimate sup,, L,,, < M/\ gives
()Y€ > 0) T, € (SUPD(H)) g ey nt
and the arbitrariness of £ proves (2.3). O

Lemma 2.3. Given d > 2, a measure p, parameters \,e,e’ > 0,p > 1, q > 1, and (y,v,1I) € T
satisfying E[u, A, €, €', p, q) (v, v, 1) < +oo, then v < L.

Proof. Lebesgue decomposition theorem gives v = v, + vg, where v, < L1, v L L. Assume by
contradiction v, # 0, i.e. there exists a £!- negligible set A C [0, L,] such that v5(A) = a > 0. Let
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{A,} be a sequence of open sets satisfying A, O A and £1(4,,) = 1/n (for any n € N). Then it

holds
q
liminf/ vidco! > liminf/ / (a) dct = liminf/ afni! = 400,
noJa, n Ja, Ja, \1/n noJA,
which contradicts E[u, A, &,¢’, p, q] (7, v, IT) < +o0. O
Note that
(2.4) (VyeC) n(y) < +oo = ~ injective.

2
—t
This because if there exist t,s € [0,1] with t < s, y(t) = ~(s), the integrand <M>
v(s) =
would have an asymptote of order two in ¢, thus 7(y) = +oo.
Now it is possible to prove Lemma

Proof. (of Lemmal[2.1) Consider a minimizing sequence {(7y, v, II,) }. Since (in view of (2.1))
h%fé'[,u, e, e p,q) < (diamsupp(p) + 1) + A +e+¢&' = M,

assume without loss of generality sup,, &[u, A, €, €', p, 4] (Y, Vn, 1) < 2M. Lemmaf.2|gives c1, ¢
such that c; > sup,, L,,, > inf,, L, > c¢1 > 0. Let

v [0,1] — RY i) = yn(tLy,),  n=1,2,--
be constant speed reparameterizations. Lemma [2.2 proves that the sequence {~;;} satisfies con-
ditions of Ascoli-Arzela theorem, thus (upon subsequence, which will not be relabeled) there
exists v* : [0,1] — R such that {7};} — ~* uniformly, and L.+ := lim,, L,» > 0. This implies
{7} A v, where
71 [0, Ly ] — RY y(t) == 7 (t/Lye).
Define the measures v;; as

v(B) :=v,(BL,,) forany £'-measurable set B C [0, 1], n=1,2---,

n
where BL,, = {t € [0,L,,] : t/L,, € B}. Since {(Vn,vn,1I;)} is a minimizing sequence, it
follows
L’Yn
sup/ vidLt < 4oo = v < L1, n=12---.
0

n

Let f,, := dv}/dL', n = 1,2,---. Since v, are nonnegative, it follows f,, > 0 for any n, and

Lo, 1
/ ’ vddL! differs from / f4dL! by the multiplicative constant L., . This yields
0 0

Loy, 1
sup/ vidLt < oo = sup/ fldLt < +oo,
0

n n Jo

i.e. the sequence {f,} is bounded in L4([0, 1]). Thus there exists f € L%([0, 1]) such that (upon
subsequence, which will not be relabeled) { f,} — f, which implies

iy ={fa- LYY= f- LY =07,
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and ) )
[ £ract =115, < timnt |1, = timint [ gt
0 n n 0

Since {L, } — L, it follows

n

L"/ L"/'n
(2.5) {v} 20, / vidLt < lim inf/ vidct,
0 0
where v is defined as
v(B) :=v*(B/L,,) forany L'-measurable set B C [0, L,], B/L, :={te€0,1] : tL, € B}.
Note that ', C R? thus YntVn (resp. II,,) is also a measure on R4 (resp. R? x R%). Thus

/ 2 — yP dIL, (2, y) = / 2 — yP T (2, y),
RAXT,, R XxR4

eliminating any problem that a moving domain of integration may generate. Prokhorov’s theo-

rem gives the existence of IT such that (upon subsequence, which will not be relabeled) {I1,,} > TI,
and Il is a transport plan between ; and v (for further details about stability of transport plans,
we refer to [1], [23] and references therein), yielding

26) lim o=yl Al (eg) = [ oyl i)

n JRAXT,, xTy

It remains to prove lower semicontinuity for £'n(-). Let

_ 2
gn (0,1 x[0,1] — R, gn(t,s) := (Iv(S—ﬂ(ﬂ!) '

[s — | ’
g:0,1] x[0,1] — R,  g(ts ;:(H .
R = e -
Since {v;;} — 7* uniformly, it follows {g,,} — ¢ pointwisely. Fatou’s lemma gives

1 1
(Vs €]0,1)) / g(s,t)dt <lim inf/ gn(s,t)dt,
0 n 0

1,1 1 1
n(v*) :/ / g(s,t)dtds §/ (liminf/ gn(s,t) dt> ds
0 Jo 0 n 0

11
< lim inf/ / gn(s,t)dtds = liminf n(v)).

Since 71(7yy,) (resp. n(7)) differs from 7(~;;) (resp. n(v*)) by the multiplicative constant Lgn (resp.
L%), it follows

i.e.

lim inf 7 (yn) > (7).
Since {L~, } — L-, combining with (2.5) and gives
Elp, Ae €' pq)(v, v, 10) < liminf E[p, A, &, €', p, ] (Yn, v, ),
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and the proof is complete. O
We conclude this section with two simple observations.

Lemma 2.4. Given d > 2, a measure u, parameters X > 0, p > 1, ¢ > 1, sequences {e, },{e,} — 0,
and (v, v,II) € T, then it holds:

o any sequence {(Vn, vn, 1)} 1, (v, v, II), satisfies

(2.7) hrqlinfg[ﬂa)wfm&;ppa ql (v Vs 1) > /Rd - |z — ylP dIl(z, y) + ALy;
XLy

e assume there exist e, > 0 such that Eu, \,e,&',p,q](v,v,1I) < 4oo. Then there exists a
sequence {(Vn, Vn,11,)} 1, (v,v,11), such that

(2.8) limsup [, A, en, €05 0, @) (Y, Vi, 1) < / |z —y[P dll(z,y) + ALy;
n RAxT

Proof. Fix an arbitrary (v, v,II) € T. Consider an arbitrary sequence {(7yy, vn,I1,,)} XN (v, v, 1I0).
It holds

L“m
lim inf/ |z —y|P dIL,(z,y) + AL, + sn/ vadL 4 & n(vn)
R4xT, 0

n

> lim inf |z —yP dIL, (2, y) + AL,

n RAxT,,

> / & — yP dTI(z,y) + AL,
RAxT,

proving (2.7).
To prove (2.8), note that since by hypothesis there existe, &’ > Osuch that E[u, A, e, €', p, q] (7, v, 1) <

+00, it follows that 7 is injective in view of (2.4), and v < £ in view of Lemma Let
Yo =7, VUp:=v, I,:=1I, n=12,---.

By construction {(yy, vp, II,,)} 1 (v,v,1I), and
L’Yn 1 LWn 1
/ vldLl :/ vidL < 400, n(ym) =n(y) < +oo, n=12---,
0 0
thus

L’Yn
lim |z —yP dIl,(x,y) + ALy, +en / vl dct + ern(vm)
0

n JRIXT,,

— / & — yP dTI(z,y) + AL,
RaxT,

proving (2.3). O
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Lemma 2.5. Given d > 2, a measure (i, parameters A, e>0,p>1q9g>1,a sequence {en} — 0, and
(v,v,II) € T, then there exists a sequence {(Vn, Vn,15)} 7 (v, v, 1) such that

(2.9) lim E[u, N en € op, dl (v, v, ILy) = Elu, A, 0,€', p, q] (v, v, Pi)

= / |z —y|P dIL(z,y) + AL~ + €'n(7).
RAxT,

In particular {E[u, N\, en, €', p,q]} LN Elpu, A\, 0,€",p,ql as n — +oc.

Before the proof, note that for fixed ~, the quantity
Elp, A0, p, q)(v,v,10) = /Rd | =yl i@, y) + ALy + e'n(v)
XLy

is minimum when

[, le-urdiey) = [ inf b e duta),
ReExT

Rd 2€0y

since only the average distance term depends on v and II.

Proof. 1f n(v) = +o0 then (2.9) follows. Thus assume 7(y) < +o0, i.e. 7 is injective.
e Case L, > 0.

Let v, := v, n = 1,2,---. Note that for any ¢ € [0, L,]| the measure ¢; (Dirac measure in t)
can be approximated (in the weak-* topology) by measures of the form f,; - ﬁi[o L) where
Jrt = knX1,(kn), 1kn} — +00, x denotes the characteristic function of the subscripted set, and

I;(ky) is an arbitrary interval containing ¢ such that £!(I;(k,)) = 1/k,. Thus any measure of the
form

H H
(S ao) £ony  HEN, Saj=1, {101,
j=1 j=1
can be approximated (in the weak-* topology) by measures of the form (Zle a; fmt) : EE[O L]
Thus v can be approximated (in the weak-* topology) by a sequence of measures {v,, } the form

Hy
e E ) 1
Up = a]vnfnvtj,n : L"\_[O,Lzy]’
i=1

for suitable choices of {H,} C N, {a;,} C [0,1], >_;  ajn = 1, {tjn} € [0,L,]. Choosing
Eoo— /(220 o
n 1= En gives
L
(Vn,1) / W fapdlh < KTh =gV,
0

thus

L, an q _
(2.10) (Vn) /0 (w) det < ;12
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For any n, choose an optimal plan II,, between ; and v;24,. Since {v,} Ay, it follows (upon
subsequence, which will not be relabeled) {II,, } A0, and
lim E[p, A, en, €', p, ¢ (Yns Vi, ) = lim |z — y[P dIL, (2, y) + AL,

n JRAxT,

L, dv, q
—i—an/o (d,Cl) dct 4 'n(y)

(2.10)
< / |z — y|P dll(z,y) + AL + &'n(7).
REXT

e Case L, = 0.

This implies v = §y. Choose an arbitrary unit vector w € R?, let { P} := I, and
Yo [0,&n] — RE, 4 (t) := P +tw, & := e/ (2472 n=1,2--.
By construction {7, } 5 7. Let

Un ::£;1~£3[07£n}7 n:1727"'7

&n dv q 1
n <e 12
(Vn) /0 ( d£1> di’ <e,

By construction {v,,} = v. For any n choose an optimal plan IT,, between z and 7,3, and (note
that I1,, can be considered as measure on R¢, thus eliminating any problem potentially related

to a moving domain of integration) upon subsequence (which will not be relabeled) {IT,,} = TI.
Since by construction {n(+,)} — 0, it follows

and direct computation gives

lim E[p, A, en, €', p; 4] (Y, v, Thn) = lim | = y[P dlla(z, y) + Aén

n JRAXT.,

e an 7 1 /
[ -y = [ o PPdue)
REXT,, R4

Thus (2.9) is proven. Since for any sequence { (v, v, I1,,) } XN (v, v, II) it holds

n

L’Yn
lim inf/ |z —yP dIl,(x,y) + ALy, +€p / vidL 4 ()
RIXT, 0
n

> lim inf/ |z — y|P dIT, (2, y) + ALy, +'n(7n)
RAXT s,

> / & — yPPdTI(z,y) + ALy + (),
RAXT
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it follows {&[u, A\, en, €', p, q]} L Elu, A\, 0, p, gl asn — +oo. O

3. REGULARITY OF DENSITIES

In Lemma [2.3|it has been proven that if (v, v, 1) is a minimizer of Problem [1.3{then v < £!.
In this section further regularity properties will be analyzed. The main results are:

Theorem 3.1. (Essential boundedness) Given d > 2, a measure i, parameters X\,e,e’ > 0,p >1,¢ > 1,
and a minimizer (v, v, 1) of E[u, \, €,€’,p, q], then dv/dL! € L.

Theorem 3.2. (“Lipschitz continuity”) Given d > 2, a measure u, parameters X\,e,e' > 0,p > 1, and a
minimizer (7', V', II') of €[, A, €, €', p, 2], then for any time t € [0, L, ], it holds:
(1) upon suitably modifying dv/dL on a L -negligible set, dv/d L is continuous in t,
(2) denoting by A the set of Lebesgue points of dv/ dL?, for arbitrary sequences {t,,} — t, {sn} — ¢,
{tn},{sn} C A, there exists ng such that

dv dv

(Vn > no) ar (tn) — art (sn)

S H’tn - Sn‘:

where
H :=p(M"? + M/NP71 e, M := (diamsupp(p) + 1)P + A +e+¢.

In particular, conclusions (1) and (2) imply that for any t € [0, L, ] there exists a function g such that:

e g is continuous in t,
o L1({dv/dL #g}) =0,
o for any sequence {t,,} — tit holds |g(t,) — g(t)| < H|t, —t|.

Choice g = 2in Theoremis due to technical reasons, as noted in Remark I in the following.
The next lemma will be useful.

Lemma 3.3. Given K > 1, a,b € [0, K|, p > 1, then it holds |a? — b°| < |a — blpKP~ L.
Proof. Assume by symmetry a > b. If p € N, then

L - ab<K
a’? — b =(a—0) Zap_l_JbJ < (a—bpKP L,
=0

P pp
Ifp ¢ N,letg(p) := a b and note that the only issue is the diagonal {a = b}. Moreover direct

computation gives {V; = 0} C {a = b}. For any sufficiently small 6 < 1, letting a = (1 + )b
gives g(a,b) ~ pbP~! < pKP~!. Note also that for a = K, b — g¢(K,b) is maximum when
KP — pP

K-b
Proof. (of Theorem 3.1) Note that the term 7(v) depends only on v, not on v or II. As the follow-
ing construction does not alter , the term 7(~) does not change.

= pb?~!, concluding the proof. concluding the proof. O
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Choose an arbitrary S > 1, and let Ag := {S < dv/dL' < S%3}. Clearly £L'(As)S < 1.
Assume L£1(Ag) > 0. The goal is to find an upper bound for S. Since (7, v, II) is a minimizer, it
follows

Elu, N\ e,€',p, q) (v, v, 1) < (diamsupp(p) + 1)P + A+ ¢ +¢& =: M.

Lemma 2.2| gives the existence of constants ¢ := (M/ 5)ﬁ <1,C:= M/XsuchthatC > L, >
¢> 0. The set B :— {dv/dLt <2/c} C 0, L,] satisfies £1(B) > 1 —c/2. Let

v(Ag

In particular, for any S > 2/citholds AsNB = (). Let Iy be an optimal plan between 1 and ;5.
Consider arbitrary x € supp(u), y,y" € T, Lemmagives |z —y| — |z — || < < MYP 4 M/,
where clearly M > 1. Thus applying Lemma(witha = |z—y|,b:=|z—y/|, K := MYPLM/))
gives

1
Llp

o —ylP — |z —¢/IP| < [lz —yl — |2 — /l|p(M*P + M/AyP
< Lyp(MYP 4+ M/APY,
i.e.

/ & — y|dITy(z,y) — / & — y|dII(z, ) < Lp(MYP + M/NPv(As)
RAXT, RAXT,

(3.1) < Cp(MYP 4 M/NPTLSY3 LY (Ag).

[,)\

= 0 for any S > 2/¢, it follows
As

[, (58) e [ (G5) ae= (;;w%sg)%y_/ ()
2y AS (,, > )

Recalling that j

2v ( ) 4/3 p1 58/351(145)
< -~ M7
= ,Cl(B)S L (AS)+ Ll(B) )

and
d 2 d ! 2
(32) /A <ch1> dct - /A < dﬁ) dct > S201(Ag).
S S

Combining estimates (3.1)), and the minimality of (v, v,II) (compared against (v, vg, 1))
gives
_2v(B) S8/3 L1 (Ag)?
LY(B) LY(B)
(3.3) > eS2LY(Ag).

Cp(MYP + M/NP~LS4B3 L (Ag) + SA3 LY (Ag) +
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Note that
i Cp(MYP + M/NPLSY3 LY (Ag) 0
S—+o0 S2L1(Ag) e
Since £(B) > 1 — ¢/2, it follows
4/3 1 1
b ZBSLNAS)/LYB) _
S—+o00 S2LY(Ag)
and
-~ eS8/3L1(Ag)?/ LY (B) -~ eS8 L1 (Ag)?
S—4o00 S22t (As) T S—+oo (1 - 0/2)52£1(AS)
2/3 p1 -1/3
_ i 5L As) oy e
S—+co  1—1¢/2 S—+oo 1 —¢/2

Let S* be the maximum value for which inequality holds, thus for any S > S* the min-
imality of (v,v,1I) cannot hold, and similarly for any S > S* assumption £!(As) > 0 can-
not hold. However, if dv/dL? ¢ L, then there exists a sequence {S;} — +oc such that
L'(Ag;) > 0 for any j, and Ag, N As, = () whenever j # j'. The aforementioned arguments

would construct a competitor contradicting the minimality of (v, v, IT). Thus the only possibility
is dv/dL € L. O

For future reference the exponent ¢ appearing in the density penalization term will be as-
sumed ¢ = 2. This mainly due to technical reasons, as noted in Remark I in the following.

Proposition 3.4. Given d > 2, a measure p, parameters \,e,&' > 0, p > 1, and a minimizer (v, v, II)
of E[u, A\, e, €', p, 2], then it holds:

e foranyt € [0, L] there exist no sequences of Borel sets { A, }, { Bn,} and {c1 .}, {c2,n} such that
(Vn) infeq, —c2q >0, (V€)(3no) : (Yn>mng) An,UB, C B(t,§),

dv
dct

dv

1 1
L (ATL> >0, L (Bn) >0, > Clp > Con = @

. =12

An Bn

Proof. Assume (for the sake of contradiction) there exist t € [0, L,], {A,}, {Bn}, {cin}, {c2n},
such that

inf Cln — C2n >c>0, (V&)(Hno) : (Vn > nO) A, U B, C B(t,f),

. =1,2

dﬁl An_an Con = dﬁl an n=1,az,

Clearly such {4,}, {B,} are disjoint for any n, and it can be assumed £!(4,,) = £!(B,,) (since if
L1(Ay) > LY(By), there exists A!, C A, satisfying L1(A!) = £Y(B,), and similarly if £L}(B,) >
L1(A)). Let

£YA,) >0, £YB,) >0,

In:=LYA,) = LYB,), dn:=diam(A,UB,), n=12---.



16 XIN YANG LU

The goal is to construct 7, such that (v, 7y, ﬁn) (with I, arbitrary optimal plan between 1 and
V47pn) contradicts the minimality of (v,v,II). Consider an index n. Choose C,, C A,, such that
v(Cyp) = (v(A) — v(B)) /2. Let

V(An) = v(Ba)

Up =V -V, + 2L1(By) B,

Choose an optimal transport plan II,, between x and ~;7,. Consider arbitrary = € supp(u),
y €7v(Cn), y' € v(By). Lemma.2]gives
|z —y|— |z —y|| < MYP 4 M/, M := (diamsupp(p) + 1)’ + A+ e+ €',
thus Lemma(applied witha := |z —y|, b:= |z —¢/|, K :== M'/? + M/)) gives
[l =yl — & = y'[P] < [le =yl — |z = ¢/[[p(M"? + M /AP~
< dpp(MYP + M/NP,
ie.
(An) — v(Bn)

/ 2 — g7 i (o, ) — / & — yP dTl(z,y) <
RdxT

5 p(MY? + M/XNP~1d,,.
RIXT

Direct computation gives

dv \? di, \ 2
— ) dct - / ( ”) dct
/AnUBn ( dﬁl) AnuB, \ dL!

v(An)* + v(By)? _ (v(An) +v(Bn))?
ln 21y,
(v(An) — v(Bn))
21y, )
Combining with the minimality of (v, v, IT) gives

(v(An) = v(Bn))?  v(An) — v(By)
€ o < 5 p

(3.4) >

(MYP 4+ M/X)Pd,,

i.e.
v(An) — v(By)
Ly
Since v(A,) — v(B,) > cl,, it follows

< DM 4 M/AP,

p(MP + M/N)P

(3.5) ¢ < 5 dp-
This argument can be repeated for any n, and inequality is false for any sufficiently large n
since {d,,} — 0. Thus the proof is complete. O

We present some comments on the conclusion of Proposition In Corollaries [3.5] and
we will use the same notation from Proposition 3.4
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Corollary 3.5. The conclusion of Proposition |3.4]implies

dv . dv
(3.6) (Vt €[0,L,], £>0)(30 >0):  esssupp_g444) a9 essinf,_s ;4 art <¢,

where esssup (resp. essinf) denotes the essential supremum (resp. essential infimum).

Proof. Assume the opposite holds, i.e. there exist ¢ € [0, L,], £ > 0 and a sequence {6,,} — 0 such

that 4 4
v ) v
eSSSUDP(4_5,, t+6,] 9l essinf(;_s, 14 6,] 4l > & n=12---

Then (for any n) there exist A,,, By, C [t — d,,, ¢ + 6,,] such that

dv dv _ &
1 1 3 _ > 2 = cee,
L (A,) >0, LY(B,) >0, glnf a7 sgg) iy n=1,2
Letting
.. dv dv
Cln = lffllf@, Con = 535@7 n=12---
concludes the proof. O

Corollary 3.6. The conclusion of Proposition 3.4 implies that for any t € [0, L,| there exists a function
g continuous in t such that dv/dL' = g L'-a.e., i.e. conclusion (1) of Theorem

Proof. Note that if at a given time ¢y, a function f satisfies

(3.7) (V&€ >0)(30 > 0) : sup f— inf f<¢,

[to—0,to+4] [to—0,t0+4]
then there exists & € R such that for any sequence {t,} — to it holds {f(¢,)} — k, i.e. f can
be made continuous in ¢ty by imposing f(to) := k. Consider an arbitrary time ¢ € [0, L,]. Since
the thesis states a local property, we need only to consider times close to ¢t. Choose a sequence

{&} — 0, and Corollary 3.5 gives

dv
— <&,

dct — n
Thus for any n there exists a L!'-negligible set E,, C [t — &,,t + ,] such that upon suitably
modifying dv/dL! on E, gives

dv )
(Vn)(36, > 0) : esssupPp_s,, 145, - essinfy_s, 145,]

p B S
[tfzsn,tpwn] ALl t—satts,) ALY T

i.e. upon suitably modifying dv/dL! on |, E, (clearly £!-negligible) gives
dv dv

— if <,

Vn)(36,, > 0) :
(Vn)(36,, > 0) sup L vy

(=8 t+0,] AL

Then for arbitrary £ > 0, choosing &, < & gives

su e inf g <&, <€
[tfén,tpmn] dLl (s, tre,) ALY T T
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i.e.

dv . dv

(V¢ > 0)(36 > 0) : sup 7 <&

[t—8,t+0] dact [t—1£t+5} dc

Thus (upon suitably modifying dv/d£! on |, E,) there exists a value h € R such that imposing

d d
d—;(t) := h makes d—gl continuous in ¢. Letting

9:10,L,] — K, gzz{ dv/dL! on [&LA\&?}&W}»

concludes the proof. O

Remark I. The choice ¢ = 2 is due to technical reasons, as estimate (3.4) involves computing the
difference

V(A)? + v(Bn)? — (v(4n) + v(By))° /2.

However, we are unable to prove that for any ¢ > 1 there exists a constant M, > 0 (depending
only on ¢) such that

v(An)? +v(Bn)? - (V(An) + V(Bn))q/2 > M, (v(An) — V(Bn))q .

This would allow to extend the result for any ¢ > 1 (or for any ¢ > 1 for which a similar estimate
holds), by using the same argument found in the proof of Proposition 3.4}
Now we can prove conclusion (2) of Theorem 3.2}

Proof. (of conclusion (2) of Theorem Consider an arbitrary ¢ € [0, L,]: note that conclusion
(2) states a local property, thus we need only to consider times close to ¢. If dv/d/L! is constant
in a neighborhood of ¢, then conclusion (2) follows with g := dv/ d£!. Otherwise, choose two
(mutually disjoint) sequences {t,} — t, {sn,} — t, {tn}, {sn} € A (with A denoting the set of

Lebesgue points of dv/dL!) such that ;Zl(tn) > ;151(3”) for any n € N. For any n choose a
sequence {J, ; }, such that {0, ;} — 0if j — 400 or n — +o0, and let

InJ = (tn_én,jatn+5n,j)a Jnyj = (Sn_én,jasn_i_én,j)a ] = 1,2,"'
Clearly choosing sufficiently small ,, ; ensures I, j N J,, ; = () for any n, j. Since {t,}, {sn} C A,
it follows (upon choosing sufficiently small §,, ;) (1, ;) > v(Jy ;) for any n, j. Fix arbitrary n, j.

Choose Cy, ; C I, ; such that v(Cy ;) = (v(In;) — v(Jn;)) /2, let

V(In,j)_V(Jn,j) 1
2L (Jpy) I

(3.8) Unj =V —V.0,, +
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and choose an arbitrary optimal plan TI,, ; between y and 747, ;. Note that

dv >2 ) / <dD .>2
— ) dct - ) dot
/In’jUJn,j <d£1 InijJn,j dcl

. V(Ing)? +v(Jng)? 2 <V(1n,j) + V(Jn,j)>2

2

On,j On.j

(V(In,j) - V(Jn,j)) '

(3.9) = T

19

Note that by construction, any point x € supp(u) transported by II on v(C), ;) is transported by
II,, ; on v(Jp), i.e. for p-a.e. x such that there exists y € v(Cp ;) € v(In,;) satisfying (z,y) €

supp(II), there exists also ¢’ € (J, ;) such that (x,y’) € supp(II). Since

(Vn, 5) sup |z —w| <[ty = sn| + 200,
2€1, 5, wEIy j

and v is arc-length parameterized, it follows

(3.10) (Vn, j) sup  [y(2) = y(w)| < |tn — sn| + 2055
ZGInyj, wEJnyj

Since (v, v, II) is a minimizer, it follows
Elu, M e,€',p,2](y, v, 1) < (diamsupp(p) + 1)P + A +e+¢&' = M,
and applying Lemma 2.2 (with { (s, v, I1,)} = (7, v, 11)) gives

(3.11) sup |z —y| < MYP 4+ M/
xesupp(p), yeTy

Note that MY/? + M/)\ > 1. Applying Lemma (witha == |z —y|, b = |z — |, K =

MYP 4 M/)) yields
|z —ylP =z —y']P| < |le—yl —|o—y/|| - p(M"? + M/AP,

which gives

/ |z — y[P dIL, j(z,y) — / |z — y[P dIl(x,y)
RAxT, RAxT,
(3.10) 1 1
< U(Cnj) ([tn — sn| + 200,5)p(MYP + M/N)P~
In 1) — n,j _
(3.12) - Uny) . Ani) (1, — s + 26,5 )p(MYP + MNP,

Combining estimates (3.9) and (3.12) with the minimality of (v, v, II) gives

v(Inj) = v(Jny) e(v(Iny) — v(Jn;))*
2 200, '

(3.13) (Itn — sn| + 26,5 p(MP + M/AP™ >
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Note that the above construction can be repeated for any n, j, and since {¢,}, {sn} C A, passing
to the limit j — +oo inequality (3.13) becomes

dv dv p(MYP 4 M /NP1
() — — <
agr i)~ gprlen)| < e

concluding the proof. O

‘tn_5n|7
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