EXAMPLE OF MINIMIZER OF THE AVERAGE-DISTANCE PROBLEM WITH NON
CLOSED SET OF CORNERS
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ABSTRACT. The average-distance problem, in the penalized formulation, involves minimizing
EN(D) = / inf |z — yldu(z) + \H' (),
Rd yeD

among path-wise connected, closed sets ¥ with finite H!-measure, where d > 2, i is a given
measure and A a given parameter. Regularity of minimizers is a delicate problem. It is known that
even if u < £, C! regularity does not hold in general. An interesting question is whether the
set of corners, i.e. points where C 1 regularity does not hold, is closed. The aim of this paper is
to provide an example of minimizer whose set of corners is not closed, with reference measure
absolutely continuous with respect to Lebesgue measure.
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1. INTRODUCTION

The average-distance problem, in the penalized formulation, was introduced by Buttazzo,
Mainini and Stepanov in [1]]:

Problem 1.1. Given d > 2 a measure yi, and a parameter X\ > 0, minimize
Ey: A—R,  E)S):=Fu(2)+AH (D),
where
F,: A—R, Fu(%):= / d(z,X)dp,
R4

A:={X CR?: % compact, path-wise connected, H'(X) < oo},
d(z,X) := dy({x}, X) and dy denotes the Hausdorff distance.

Existence of minimizers follows (see for instance [1}, 2, 3]) from Blaschke selection theorem
and Gotab theorem. The functional F), will be often referred as “average-distance functional”,
and Problem [1.1| as “average-distance problem”. In the following, any considered measure will
be assumed nonnegative, compactly supported, probability measures. The choice to work with
probability measures is done for the sake of simplicity, and it is not restrictive since results
proven in this paper can be easily extended to finite measures.

The average-distance problem originally stemmed from mathematical modeling of optimiza-
tion problems. A classic application is found in urban planning: let

e /. be the distribution of passengers in a given region,
1
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e ¥ (the unknown) be the transport network to be built.

In this case F),(X) is the “average distance” of passengers from the network (thus smaller values
of F,,(X) means that X is “easily accessible”), and AH!(X) is the cost to build such network.
Thus minimizing Eﬁ‘ is determining the network which “best serves” the passengers, under cost
considerations.

A recent application is found in data approximation: let

e /. be the distribution of data points,
¢ 3 (the unknown) be a one dimension set which approximates the data.

In this case F},(X) is the approximation error, while A#!(X) is the cost associated to its complex-
ity. Thus minimizing Eﬁ is determining the “best” approximation, which balances approxima-
tion error and cost. In data approximation the regularity of ¥ is important: indeed it has been
proven (Slepcev [12]) that a positive amount of mass is projected on any point for which C*!
regularity fails. This corresponds to a loss of information, and it is undesirable.

Regularity of minimizers is quite a delicate problem. It is known that minimizers are finite
union (Slepcev et al. [10], Lemma 3.1) of Lipschitz curves (Buttazzo, Oudet, Paolini, Stepanov
[2,3,[11]), but even when p < £, C! regularity is not true in general (Slepcev [12]). However a
curvature estimate still holds (Slepcev et al. [10]).

For future reference, given X € A, a point p € ¥ of degree two (i.e. X\ {p} has exactly two con-
nected components, see Definition 2.3) for which C" regularity fails will be referred as “corner”.
Since the approach used in [12] is only suited for constructing minimizers with finitely many
corners, it is unclear if (for minimizers) the set of corners is generally closed, or even finite. The
aim of this paper is to provide an example of minimizer whose set of corners is not closed.

This paper will be structured as follows:

e in Section 2 we will recall preliminary results,
e in Section 3 we will construct an explicit example of minimizer of Problem [I.Twhose set
of corners is not closed.

2. PRELIMINARY RESULTS

The main goal of this section is to introduce some notations and recall well known results
which will be used in Section 3. The average-distance functional satisfies the following well
known properties:

(1) given a measure p and A > 0, the mapping ¥ — Eﬁ‘(Z) is lower semicontinuous w.r.t.
d;

(2) given X € Aand A > 0, the mapping . — E;(X) is continuous w.r.t. weak* convergence
of measures,

(3) if {pn}—p, then for any A > 0, it holds Eﬁ‘n RN Eﬁ‘,
(4) consider a sequence {1, }—p and for any n choose ¥,, € argmin E[)n Then there exists
% € argmin E such that (upon subsequence) {zn}djz.
For further details (including proofs), we refer to 2,13} 4}[12].
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Recall that given a set of points IT := {Py,--- , P;} C RY, the Steiner graph of II is a path-wise
connected set with minimal length containing II. The next result proves an intrinsic connection
between Steiner graphs and minimizers of the average distance functional.

Proposition 2.1. Given a discrete probability measure j ==Y ;" | a;0,, on RY, withaq, -+ ,a, > 0and
9 denoting the Dirac measure supported on the subscripted point, a parameter X > 0, then any minimizer
% € argmin , E7} is a Steiner graph.

Proof. For the proof we refer to [12]. O

Definition 2.2. Given a discrete probability measure y :== Y ;| a;04, on R, X\ > 0, and a minimizer
S € argmin, E}, a point v € X is a “vertex” if there exists x: € supp(p) such that d(z, ) = |z — vl.

Next we define the notion of “degree” of a point.

Definition 2.3. Given ¥ € A, consider a point v € ¥ such that ¥\{v} has finitely many connected
components. Then the “degree” of v is defined as the number of connected components of £\ {v}.

Note that the degree of a v depends also on ¥. However for the sake of brevity we will omit
writing such dependency if no risk of confusion arises. Moreover we recall that it is possible to
define the degree of v even when ¥\ {v} has infinitely many connected components (see Defini-
tion 2.2 of [4]), but for our purposes this is not required. For the sake of brevity, in the following
given two points p and g, the symbol [p, ¢]] will denote the straight segment between p and g.

In view of Proposition 2.1} a segment having endpoint in two vertices and containing no other
vertices will be referred as “edge”. The following classic result (see for instance [5, 6]) proves
several geometric properties about Steiner graphs:

Proposition 2.4. Given a Steiner graph G, it holds:

o (Gisa tree,

o if [u,v] and [v, w] are edges, with a common vertex v, then wvw > 2w /3,

o the maximal degree of any vertex is 3,

e if v is a vertex of degree 3, denoting by [u;, v], i = 1,2, 3 the 3 different edges containing v, then
the angle between any two such edges is 27 /3, and these edges are coplanar.

As done in [12]], in view of Propositions and the following definition will be useful:
Definition 2.5. Given a discrete measure i, a parameters A > 0, and ¥ € argmin A Eﬁ, avertexv € X
is called:

o “endpoint” if has degree 1,
o “corner point” if has degree 2,
o “triple junction” if has degree 3.

If v is a corner point, denoting by w, z the two vertices for which [w, v] and [v, z] are edges, the “turning
angle” in v is defined as:
TA(v) := 7 — wvz.
Similarly, given a subset A C ¥, the turning angle of A is defined as
TA(A) = > TA(u).

u€A, u corner point
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Recall that the turning angle TA(v) describes the curvature of X at v. Lemma [3.7) proves that
(in our case) corner points coincide with corners (defined as points where C?! regularity does
not hold). Thus in the following we will identify corner points with corners. Given a discrete
measure ;and ¥ € A, for the sake of brevity, the following expressions will be used. Here v € %,
while z is a generic point.

“v is tied to " the vertex v coincides with some point = € supp(u),

“v is free”: the vertex v coincides with no point = € supp(u),

“x talks to v”, “x projects on v”, “v talks to x”: all these mean d(z,¥) = |x — v|,

“v talks to some mass”, “mass talking to v”: v talks to some point in supp(p),

TM(p,v,%) (T'M(v) when there is no risk of confusion) denotes the total mass of pro-
jecting on v. For a detailed discussion see Lemma 2.1 of [10].

e “H mass projects on v”, where H > 0: this means TM (p, v, %) = H.

The last three expressions will be used even for non discrete measures .
The following conditions are the main tools used to analyze minimizers, when the reference

measure is discrete.
Proposition 2.6. Given a discrete measure i, a parameter X > 0, and ¥ € argmin A Ef;, it holds:

(1) if v € ¥ is a triple junction, then T M (p1,v,%) = 0,

(2) if some point y € supp(p) talks to different vertices v, v', then there exist x,x’ € supp(u) such

that v is tied to x and v’ is tied to x’,
(3) if v € ¥ is an endpoint then TM (p,v,X) > A,
(4) if v € ¥ is a corner, denoting by w, z the two vertices such that Jw, v] and v, z] are edges, then

) TA(v) < %TM(;L,U,E).

For the proof we refer to Lemma 9, Corollary 10 and Lemma 11 of [12]. Note that given a
subset A C ¥, inequality (1) holds for any corner v € A, and summing over all such corners
yields

™
2 < ,

@) TA) < S TM(wY)

vEA, v corner
If ¥ is itself a curve, then

s

TAR) < 55 30 TM(uv, %)
v corner

using Proposition zero mass projects on triple junctions, thus all the mass projects on end-
points or corners. Denoting by P and P; the two endpoints of X (the case X being a singleton is
trivial), it holds

TA() < gy Y. TM(uo,S)
v corner
< oo (1= TM(p, Py, X) = TM(i, 1, %))

2\



where the last inequality follows from point (3) of Proposition[2.6]
An similar result has been proven (in [10], to which to refer for the proof) for generic measures:

Lemma 2.7. Given a measure i, a parameter X\ > 0 and ¥ € argmin E?, for an subset A C ¥ (A can
be a singleton) it holds

™
3l llry < oS TM(A)
J

with TM(A) denoting the mass projected on A, and «; : [0,1] — A denoting the constant speed
parameterizations of branches making A.
Finally we recall a classic convergence result:

Lemma 2.8. Given a sequence of curves {v;} : [0,1] — K, with K C R? a given compact set,
satisfying
Sup I llBv < oo, Sngl(’we([O, 1])) < oo,
then there exists a curve ~ : [0, 1] — K, such that (upon subsequence) it holds:
(1) {w}—=~vinC*forany o € [0,1),
(2) {y.} =+ in L forany p € [1,00),
(3) {7{}>~" in the space of signed Borel measures.

For the sake of brevity, we will never relabel subsequences if no risk of confusion arises.

3. COUNTEREXAMPLE

The aim of this section is to construct an explicit example of minimizer whose set of corners
is not closed.

The reference measure will be:
3) M = [heavy T Hlight
where

l1—-n
(4) ﬂheavy = 92 (£2 (B((—L, h), p)) .B((—L,h),p)

l=ny 2
T (ﬁLB((_L,h),p) + ELB<(L,h>,p>)7

1 2 1-n 1 9
L > + 5 (EQ(B((Lh)’p))ELB((L,h),p))

oo 00
my, 2 mpy 2
5 = P
( ) ,uhght ! EQ(SBH) LB, ] Wt% LB,

B, = B((¢n,0),ty), ¢p:i=m ", my, = m_(wm”)!, ty 1= (1070 m)D!

Here by construction = 3 7% | m,, is the total mass of pgn. By definition ; depends on
several parameters appearing in (@) and (5). Choosing such parameters will be the main aim
of subsection For the sake of brevity (unless otherwise specified) we omit writing such
dependencies.
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A
{y =2h}
‘ {y = h/10} ‘
{y = h/100}
o ® ‘ -
{z = —10} {z =10}

FIGURE 1. This is a representation (highly not to scale) of the supports of Hheavy (red)
and puign: (green). The represented lines will be relevant for our construction.

Intuitively, supp(,uheavy) is union of two “small, massive and distant” balls, each of which
contains “almost one half” of mass; supp(uhght) is union of balls 8B,,, n > 1, each of which con-
taining mass m,,. As will be clear in the following, (g is the measure that “generates corners”,
while the role of jipeayy is to force minimizers to have “large length” and “little curvature”. Note
that for pgn: the distance between two distinct balls B,,, and B,,, (assume ny > n;) is much
larger than > 2 m,, (which is roughly “the combined masses of the balls in between”); and for
each ball B,,, the mass supported on it (m,,) is much larger than its own radius (t,,). This will be
crucial for our construction.

3.1. Choosing parameters. Let
L:=10° h:=1, m:=10'",
The aim of this subsection is to choose suitable parameters A and p.

Lemma 3.1. Forany A € (1 3 1= 2") there exists po > 0 such that for any p € (0, po), any minimizer
of E;) is a simple curve with posztzve length.

Proof. Choose an arbitrary A € (1 3 1o 277) The proof will be split in two parts.
e Claim 1: any minimizer has at most 2 endpoints.
Proposition 2.6 proves that any minimizer contains at most [1/)] (here [-] denotes the integer

part mapping) endpoints, and hypothesis A € (1 3n 1 2277) implies [1/)A] < 3, thus the claim is

proven.

e Claim 2: for sufficiently small p, any minimizer of £ has positive length.
y y tip p &



Consider the measure

1 _
(6) Ko := [Might + Tn@(fL,h) +d(r,n))

and clearly {1,}>po as p — 0 (here we highlighted the dependency on p). For any arbitrary
point P := (z9, yo) it holds

E)(PY) 2 5 (P — (<L) + P~ (L)) > (1= n)L.

Let
(7) A:=[(-L,h),(L,h)].
It holds (since by hypothesis 2\ < 1 —n)
A A
Ej (A) <2AL +2hn < (1 —n)L < E; ({P})
Thus any minimizer of £ ;i\o has positive length.
Since {p,}—po as p — 0, for sequences {p,} — 0, {, € argmin Eﬁpn }, there exists Y, €

argmin E;)O such that (upon subsequence) {zn}@zm, and we just proved that such a ¥, has
positive length. Thus the proof is complete. O
Lemma 3.2. For any A € (%, %), e > 0 there exists py > 0 such that for any p € (0, po), any
minimizer of E;} contains points p, q such that

maX{’p - (_L7 h)’u ’q - (L7 h)‘} <e.
Proof. Choose an arbitrary A\ € ( %, %) Let 110 be the measure defined in (6), and let X be
an arbitrary minimizer of Eﬁ\o-
e Claim: any minimizer ¥ € argmin Eﬁ‘o contains {(£L, h)}.

Choose an arbitrary point p’ € argmin__y. |z — (—L, h)|, and consider the competitor
Y :=XU[p,(-L,h).
By construction

Fuo(®) = Fuo(®) 2 ¥ = (LIS HUE) S HUS) + 1l — (<L)

The minimality of ¥ implies
1—
5 = (CL) < AW~ (LD,

and since A < (1 —n)/2, it follows |p’ — (=L, h)| = 0. Thus the claim is proven.

Assume (for the sake of contradiction) that the thesis is false, i.e. there exists ¢ > 0 and a
sequence {p,} — 0 such that for any n there exists a minimizer ¥,, € argmin Eﬁpn satisfying
d((—L,h),%,) > €.
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Since {u,, }—Ho as n — oo, there exists Yo, € argmin E;)O such that it holds (upon subse-

quence, which will not be relabeled) {En}d—ﬂﬁm. Thus we have
e d((—L,0),%,) > e foranyn,
o (—L,0) € X,
° {En}d—ﬂrfzm,
which gives a contradiction. The proof for (L, h) is analogous. O

Lemma 3.3. Forany A € (522, 1521) there exists po > 0 such that for any p € (0, po), any minimizer

of E/;\ is contained in the half-plane {y > 0}.

Proof. Using Lemmas [3.1]and [3.2) gives the existence of py > 0 such that for any p € (0, pg) and
NS (%, %), any minimizer Y. € argmin Eﬁp satisfies:

e Y is a simple curve with positive length,

¢ upon reducing the value of pg, ¥ contains points p, ¢ with

lp—(=L,h)| <h/4,  lg— (L h)| < h/4.
Choose an arbitrary minimizer . Let f : [0, 1] — X be a constant speed bijective parameteriza-
tion, and let t, := f~1(p), t, := f~1(q). Since the mass projecting on each endpoint (i.e. f(0) and
f(1)) is at least A, the mass projecting on f((0, 1)) is at most 1 — 2)\. Moreover, the existence of p
implies that any point z € B((—L, h), p) satisfies |z — p| < 2p+ h/4. Since at least A mass projects
on f(0), this forces (upon using parameterization ¢ : [0,1] — X, g(t) := f(1 — t) instead of f)
d(f(0),(—=L,h)) < h/4+ p, thus (upon further imposing py < h/24)

A(F(0), (~L,h) < hja+ p<h/3
Analogously d(f(1),(L,h)) < h/3. In particular f(0) and f(1) belong to the half-plane {y >
2h/3}.
If £(0,1) contains a pointv = f(T') € {y = 0}, then

1/ l7v > 7 — f(O)F(T)f(1).
Combining with conditions

d(f(O), (_La h)) < h/3a d(f(l)’ (L7 h)) < h/37

elementary geometry gives that the amplitude of angle f (O)f/(T\)f (1) is bounded from above by
the amplitude of angle p_pp; where

h 2 h 2

- §7 gh)a b= (07O)a b+ = (+L + 5 7h)

_ = (=L
p ( 373

Direct computation gives
L+h/3
2h/3 7

p_pp; = 2arctan

thus L3
— +
1 lrv 0,1y = 7= f(0)f(T)f(1) > m — 2arctan oh/3




Proposition 2.6 gives

s

£ l7v(0,1)) < o (1—-2)),
thus a necessary condition (for X N {y = 0} # 0) is

L—l—h/3 T
/3 = A

—(1—2)).

T — 2arctan
This is a contradiction for any A € (M7 1—) since the left hand side term is roughly compa-
rable with 4 , while the right hand side term is roughly comparable with 71y < 1/L. As both
f(0)and f (1) are contained in the half-plane {y > 0}, this ensures that the entire set f([0, 1]) = X
is contained in the half-plane {y > 0}. O

Note that the same argument proves that there exists Ao < 2’7 such that:

e forany \ € (\g, 15 2") there exists pg > 0 such that for any p € (0, pg), any minimizer of
E,  (here we highlighted the dependency on p) is contained in the half-plane {y > h/10}.

The same argument also proves that for such A, p, any minimizer is contained in the half-plane
{y < 2h}. Thus we have proven:

Lemma 3.4. There exist p, A < 2 I such that any minimizer of E’\ is contained in the strip {h/10 <
y < 2h}. Thus any point of supp (juign:) has lower y coordinate than points of X.

Note that (in view of Lemma and for suitable choice of p) since L has been chosen suffi-
ciently large, the mass supported in B((—L, h), p) cannot project on any point z € ¥ N {—10 <
x < 10}, since for any « € B((—L, h),p), z € {—10 < z < 10} itholds |x — z| > L — h — 10, while
|z — p| < p+ h/4. The same argument proves that the mass supported in B((L, h), p) cannot
project to any point in {—10 < z < 10}.

Until now we have proven (for suitable choice of parameters):

e for any minimizer ¥, any pointin B((—L, k), p)UB((L, h), p) cannot project on XN{—10 <
x < 10},
e any minimizer contains points p, ¢ satisfying

’p—(—L,h)|§h/4, |q—(L,h)‘§h/4,

e any minimizer is contained in the strip {h/10 < y < 2h}.

Combining these facts, only the mass supported in supp(,u,hght is pro]ected on ¥ N{-10 <
r < 10}. Recall that by construction the total mass in supp(juight) is 7. Choose parameters

pL1 A€ (1 3 1 22’7) such that the conclusions of Lemmasn H and.hold Note that
after f1x1ng P the measure p is uniquely determined. From now, and for all future reference, the
measure ; and A are fixed.

Note that in our construction, there are values which are “large” (e.g. m, L), and values which
are “small” (e.g. p, 1 — 2\, 1, h/L). In particular the value h/L will often appear as angle. The
next definition is useful.
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Definition 3.5. Let vy, ve be non zero vectors of R2. The “angle between” vy and vq, which we will
denote by Zvyvy, is defined as

(v, v2)
|vi[vz]
where (,) denotes the standard Euclidean scalar product of R?. Given segments/half-lines/lines I, and ls,
the “angle between 1y and ly” (which we denote by Zl112) is defined as

Zv1vy 1= arccos € [0,7],

min  Zvivg.
vil|l1, va||l2,
[v1]=[v2|=1

For the sake of simplicity, we will say that two segments/half-lines/lines are:

e “almost parallel” is the angle between them has form ¢, 7 /L, with —10 < ¢; < 10.
e “almost orthogonal” is the angle between them has form 7 /2 + ¢, h/L, with —10 < ¢; < 10.

The parameter p will have little importance in the following, as its “role” is to ensure that min-
imizers contain points “close to” (+L,h) (i.e. p and ¢ from Lemma . In the following, it
will be clear that corners will arise due to measure fi;gp;. Since supp(uhght) is contained in a
narrow strip near {z = 0}, we will tacitly assume (unless explicitly stated) we will work only in
{—10 < z < 10}, and all statements will tacitly assume that entities involved are contained in
{-10 < = < 10}.

3.2. Discrete measures. The first step involves approximating i with discrete measures. Simi-
larly to [12], given three points v;, v2, v3, define the “wedge” V (vz) as follows:

(1) if v1,ve, v3 are collinear, then V' (v2) is the unique line passing through v2 and orthogonal
to v3 — Vg,

(2) otherwise, let §; : ‘Z“: ZZ| (1=1,2),¢:= g;igh,b = |Z§ zil’/B = TA(v2)/2, and

V(vo) := vo + {z € R? : |(£, z)| < (b, z) tan B},
where (,) denotes the standard Euclidean scalar product of R?.

Note that if TA(v) > 0, by definition the wedge V' (v) is itself an angle (intended as part of
the plane contained between two half-lines starting at the same point). Thus expressions like
“bisector of V (v)”, “amplitude of V (v)”, etc. will be used. Note also that its border 0V (v) is union
of two half-lines; while 0V (v) will play an important role in many proofs, it is rarely important
to “distinguish” the half-lines forming it, thus in the following we will often use expressions like
“OV (v) is union of two half-lines 1..”, without stating precisely which half-line corresponds to I
(nor which half-line corresponds to I.;).

Let
R 1—n —-n )
" Z 2 tt(B((—L,h),p) N ‘7%2) Wt Z ( ((L h),p) N ‘7’?22> '

®) +Zzﬁ B, N ‘nZ2 51)?,"’

n=1 1
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where {p{n} (resp. {q}, {(jf }) are the (finitely many) points of the lattice B, N %Z (resp.
B((—L,h), p)ﬂ%ZQ, B((L,h), p)ﬁ%ZZ). Intuitively, the mass supported in B,, (resp. B((—L, h), p),
B((L, h), p)) is being uniformly distributed on the (uniform) lattice %nﬂ%’.iZ2 (resp. B((—L, h), p)N
7%, B((L,h), p) N 3Z2).

We will first work with discrete measures 415, then take the limit j — oo. For future reference,
any measure ; will refer to the (family of) measures defined in (8). Recall that u and \ were
fixed towards the end of subsection

The first result is an analogous of Lemma 3.4 for minimizers of E;)j:

Lemma 3.6. For any index j, any minimizer of Eﬁj is contained in the strip {h/10 < y < 2h}.

Proof. The same argument used in the proof of Lemma 3.4/ can be applied without any modifi-
cation to minimizers of Eﬁj. O

The next result proves that only corners can talk to positive mass.

Lemma 3.7. For any index j, minimizer ¥ € argmin Eﬁ‘j, if a point v € ¥ satisfies T M (p1,v,%) > 0,
then TA(v) > 0. In particular v is a corner.

Proof. Note that Lemma[3.6]implies 3 C {y > 1/10}, while supp(uight) € {y < h/100}.

e <
—~

4

~—

|
s
-~ | ~
” ~
~ . ~
- ~
” | ~
” . ~
” ~
” 1 \\
PR . ~

L~ | \=
V1 ;’U V2

FIGURE 2. This is a schematic representation of the variation. Here (v; —
vg)L(vs —v), and |vs — v| = s.

Assume for the sake of contradiction TA(v) = 0, thus V (v) is a line. Hypothesis T'M (5, v, ) >
0 implies the existence of an index n such that v receives mass from B,,. Let

Y = (B\[Jv1,v2]) U ([vr,vs] U [vg, vs]).
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Then the same argument from Lemma 3.3 of [9] holds: indeed for s < 1 it holds F),;(Xs) <
Fy, () — sTM (pj,0,8), HY(Ss) — H'(E) = O(s?), thus the minimality of ¥ is contradicted. O

The next result is a simple geometric observation, which will be very useful in the following.

Lemma 3.8. Let p,p/, p” be a triple of points satisfying:
(1) p',p" € {y =0}, p € {0 <y < 2h},
(2) @’ = 20, where § < 1 is a given parameter,
(3) £B{x = 0} = 7, where [3 denotes the bisector of pfppl ) and T < 1 is a given parameter.

Then it holds
W — 4hsin 6 LT
p=r sin(r — 0) sint’ 2

Note that since |7 — 7/2| < 1, |§] < 1, this gives
lp" = p"'| < 5h8.

Proof. Assume without loss of generality p € {z = 0}. Simple geometric considerations give
that |p’ — p”| is maximized (see Figure[3) when p € {y = 2h}.

L\

P S
7 TIT. .

0 Y P P

8y

FIGURE 3. This is a schematic representation of the configuration if 7 > 6. The
proof for case 7 < 6 is identical.
Let g € [p,p"] satisfying |p — p’| = |p — ¢|, and denote by p”’
computation gives:

the intersection [p, p'] N . Direct

Cﬂjl\p:ﬂ-/Q_ev W:g_%:Ta @:W/2+97 mzﬂ_7_07
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/ /! /
M " _ gl = 9lp — " si p" =" _ p' — 4l
p =" sint’ "=l lp—p7|sinT, sin(7/2+0) sin(t —6)’
thus
W — | < Ip" — ¢ __2sinf  2h
~ sin(r —60) sin(r —0)sinT’
concluding the proof. O

Lemma 3.9. For any index j, minimizer ¥ € argmin E;}j and corner v € 3, it holds V (v) N X = {v}.

Proof. Note that since any point of ¥N{—10 < 2 < 10} can receive mass only from | J;2 ; B,,, and
1 ( U, ’Bn) =1 < 1. It follows TA(v) < g5n. Thus any half-line in V' (v) is almost orthogonal
to {y = 0}, and any point w € (V(v) N X)\{v} would imply that the curvature of ¥ is at least

7/4. Lemma [2.7|gives that the curvature of ¥ is bounded from above by 75 (1 — 2)), thus such a
point w cannot exist. U

Lemma 3.10. Let j be a given index, and ¥ € argmin E;)j a given minimizer. Let vi,vo € X be corners
such that v; receives mass from By, (i = 1,2) with ny > ny. Then x,, < x,,, where x, denotes the =
coordinate of the point p.

Proof. Let j be an arbitrary index, and ¥ a minimizer. Let f : [0,1] — X be a constant speed
bijective parameterization. Assume the thesis does not hold, i.e. there exist corners vy, vy € ¥
such that v; receives mass from B,,, (i = 1,2) with n; > ny and z,, < z,,. This implies the
existence of points z; € By, 22 € By, (thus hypothesis n; > ng gives ., > x,,), such that
d(zi,X) = |zi —vi|, i =1,2.

Case z,, = x,,. Curvature considerations give
™ ™
J— > R

!
>
1l 2 T >
which is a contradiction in view of Proposition

(1 - 2)‘)1

Case z,, > x,,. Denote by y, the y coordinate of the point p. Note that curvature bounds
(Lemma[2.7) impose f({z = 29} N ¥) = 1 for any zo € [—10, 10]. Clearly [z1,v:] N X = {v;} and
[z2,v2] N2 = {v}. Direct computation on the slope of L(z2, v2) (defined as the half-line starting
in z; and containing v;) gives

[[21,1)1]] n ([[22’2}2]] U {(‘T’y) PT =T,y < yZQ}) # 0.
If there exists a point
w' € [z1, 1] N {(z,y) r 2 =225,y < ¥z},

then direct computation (using elementary analytic geometry) gives that the slope of L(z;,w")
(defined as the half-line starting in z; and passing through w’) forces L(z1,w') N {z,, < z <
10} # v, which is a contradiction. Thus [z1,v1] N [22, v2] contains a point w, and z;, w, v are
collinear. Since vy # vy, the points z;, w, vy are not collinear: indeed since ¥ N {—10 < z < 10}
is finite union of segments, each of which almost parallel to {y = 0}, and any corner v’ satisfies
TM(pj,v',E) <n,ie. its wedge V(v') has amplitude TA(v") < 557, and it follows that [z, v1]
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S Y

FIGURE 4. This is a schematic representation of the configuration, if contradiction as-
sumption holds. Note that by assumption v1 ¢ B(z2, |22 — v2]).

is almost orthogonal to {y = 0}. Thus if z;,w, vy were collinear then the total curvature of ¥
would exceed 7 /4, which is a contradiction. Thus it follows |z; — v2| < |21 — w| 4 |w — v2|. Since
by assumption

|22 — w| 4 [v2 — w| = |22 — v2| < |22 —v1| < |22 — w| + |v1 —w|,
it follows |vg — w| < |v; — w/|. This in turn gives
|21 — va| < |21 —w|+ |w—v2| < |21 —w| + |v1 —w| = |21 — V1],
which is a contradiction. O

Lemma 3.11. For any index j and minimizer ¥ € argmin Eﬁ\y no corner v € X satisfies V(v) 3 (0,0).

Proof. Assume (for the sake of contradiction) there exists an index j, a minimizer ¥ € argmin Eﬁ‘j
and a corner v € ¥ satisfying (0,0) € V(v). Lemma [2.7)forces v to talk to positive mass, and let
no := inf{n : V(v) N B, # 0}.

The y coordinate of v is at most 2/ (due to Lemma[3.4), and 7 := Z3{y = 0} (here 3 denotes the
bisector of V' (v)) is valued in [§ — 2 (1 — 2\) — 22 T 4 1(1 — 2X) + 2] in view of the following

facts:
e the curvature of ¥ does not exceed 55 (1 — 2)) (Lemmaand Proposition [2.6),
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e X C{h/10 <y < 2h} (Lemma, while supp(puignt) € {y < h/100}.

Thus V(v) N {y = 0} contains a point with = coordinate at least ¢,,/2. Let § := TA(v)/2,
Lemma 3.8 gives

% < 5hsind,

i.e.

©9) -

By construction, v talks only to masses supported in the union U B,,, which satisfies

n>ng
(10) QORI EDIE
n>ng n>no
Combining estimate (9), (I0) with Lemma[.7]gives
1 ¢y, T
0 g < D
2 S0 oy Z:m”’
n>ngo
which is a contradiction. O

The next result proves that no corner receives mass from distinct balls B,,,, B,,,, n1 # no.

Lemma 3.12. For index j and minimizer ¥ € argmin El’)j, there exists no corner v € Y and indices
n1 < ng such that the intersections V(v) N By, # 0 and V(v) N By, # () are both non empty.

Proof. Assume the opposite, i.e. there exists a corner v € ¥ and indices n; < ng such that
V(v) By, #0, V(v) N By, #0.
Let
n_ :=inf{n: V(v)NB, # 0}, ny :=sup{n: V(v) NB, # 0}.

The contradiction assumption ensures n_ < n,. Note that this gives £L1(V(v) N {y = 0}) >

(¢n_ — cn,)/2. LemmaB.§gives
(1) IHTA(v) > 4h sin LAV () {y = 0}) > %(cn_ ).

TA(v)
2

>

U W~

n=n—

ni
However, since by construction only masses supported in U B,, can talk to v, Lemma

gives

N4

™ s ax
(12) TAW) < oo U Ba) =55 20 ma

n=n— n=n—
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fy=0} X
= g
y 1 S Re N
v N L
\ -,
N B,
n—

FIGURE 5. If v talks to masses in two distinct balls, £'(V (v) N {y = 0}) is “large”, thus
the turning angle TA(v) is “large”. But there is not enough mass to allow for such large
turning angle. Here we omitted representing the balls (if these exist) B, withn_ <n <
n.. The relation between # and f is 6 = 7/2 — § = (7 — TA(v))/2.

thus . .
+ +
T us 2
X Z m, = 2h5 Z m, > 2hTA(v) > g(cn_ — ),
n=n— n=n-—
which is a contradiction for any n_ and n.. O

Combining Lemmas and we obtain:
e for any index j, any minimizer > € argmin Eﬁ‘j contains infinitely many corners.

Consider an index j and a minimizer ¥ € argmin E;)j : let C), be the set of corners (of ) receiving
mass from B,,. Combining Lemmas and gives:
e for any indices n_,ny with n_ < ny, the set |-, C, can receive mass only from
(S 2

n=n—

Recall that Lemma 3.6 proves that any minimizer ¥ € argmin Eﬁj is contained in the strip
{h/10 < y < 2h}, while all the mass supported within the strip {—10 < = < 10} is contained in
the half-plane {y < h/100}.

The next result proves that given two corners v; # v, then their wedges are disjoint.

Lemma 3.13. For any index j and minimizer ¥ € argmin E)‘j, and distinct corners v,vo € X, the
intersection V (v1) NV (v2) is empty.

Proof. Note that Lemmagives vi,v2 € ¥ C {y > h/10}, while supp(uighe) € {y < h/100}.
Then the same argument from Lemma 3.6 of [9] follows. O
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The next result estimates the optimal turning angle in relation to the mass projected on a
corner. In particular it gives a lower bound estimate.

Lemma 3.14. For any index j, minimizer ¥ € argmin El’)j and corner v € ¥, let M :=TM (pj,v,%).
Then ‘

TA(v) = 0" = ];\13;1;\) — 1.

In particular, if TA(v) < 0.01 then
TA(v)
M/X
Proof. Lemmas [3.10} [3.11| and [3.12| give the existence of an unique index n such that v receives

mass from B,. Recall thatv € ¥ C {y > h/10}, while B,, C {y < h/100}. Then the same
argument from Lemma 3.4 of [9] follows. O

>1/2.

The next result is the core argument of the paper, proving that there exist infinitely many
indices n for which there exists a corner v,, receiving a positive fraction of the mass supported
in B,,.

Lemma 3.15. For any index j and ¥ € argmin E;}j it holds:
o there exists an index ng independent of j, such that for any index n > ny there exists a corner
vy, € X satisfying TM (pj, vp, X5) > my, /4. Moreover, TA(vy,) > my, /4.
The proof uses the construction from Lemma 3.7 of [9]].

Proof. Fix an index j and a minimizer ¥ € argmin Eﬁ‘j. Let f : [0,1] — X be a constant speed
bijective parameterization, consider an index n, and let {vi}fil be the (finitely many) corners
receiving mass from B,,. Recall that by construction 1;(B,) = m,,.

Lett; := f~!(v;) and M; := TM (uj, v;, X). Assume
(13) (Vil,iQE{l,--- ,H}, il#ig) Mi1+Mi2 Smn/2
The goal is to prove that assumption cannot hold for sufficiently large n. Lemma im-
plies that any v; talks only to masses in 9B,,, thus the turning angle TA(v;) can be assumed not
exceeding 1071 since Lemmaimplies TA(v;) < %mn < 10719 Lemma 3.14/implies

o ) o< 2 =1.... .

2 < TA(v;) < 1 i=1,---,H
Lemma 3.4/ gives X C {h/10 < y < 2h}, while B,, C {y < h/100}, thus
(14) d(vi,B,) > h/20,  i=1,--- H.

Let I be the two half-lines which form the border 0V (v;) (the exact order is not relevant), and
Lemma proves that V(v;,) NV (v;,) = 0 whenever i1 # is.

e Claim: for any index ¢, except at most two, both lii must intersect the border 9°8,,.
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L V)

FIGURE 6. A schematic representation of the construction. For the sake of clarity,
only three corners (and their wedges) are represented.

This is proven by using the same arguments in the proof of Lemma 3.7 of [9], without any
modification.
Using (14), direct computation gives

min d(z, 1) > isinTA(vi),
2€l;, |z—vi|>h/20 20

thus (since TA(v;) < 10719)

h h
(15) min d(z, 1) > —sinTA(v;) > —TA(v;).
z€l;, |z—vi|>h/20 20 40

Since for any index i, except at most two (which we denote by i’ and "), both lzi intersect 08,
choose points

wrelFnoB, i=1,--- ,Hjig¢{ii"}.
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Clearly V (v;) N 0%B,, contains an arc connecting w; and w;". Thus

. h LemmaZId 1 M; ,\<1/2 h
16)  HY(V(v;)NOB,) > min d(z, 1 TA (v; > — M;,

(16) (V(vi) ) = o (z47) 2 pTAW) 2 5oy 2 g
Lemma|3.13|gives V (v;, )NV (v,) = 0 whenever i1 # io. Summing overindices: € {1,--- , H}\{¢/,7"}
gives

H H
1' . hm
17 ) > ! )N OB LY L
A7) Z H(V()NoBa) = 400 T 80
,L#Z/ Z” Z;ézl i

Let ng := inf{n € N : hm,/80 > 27t, for any s > n}. Clearly (due to the very definition of m
and t,) ng is independent of j (explicit computation would give ng = 1, but this is not relevant
for our construction). Thus for any index n > ng holds

3 v omn B e, o)

1/#1/ 'L”
which is a contradiction.

Thus for any n > ng assumption cannot hold, and (for any n > ng) there exist indices
i*,7** such that M;» + M= > m,, /2, i.e. max{M;«, M;+} > m, /4. Since A\ < 1/2, using Lemma
gives
maX{Mi*, Mz**} > m

2\ — 47
and the proof is complete. O

max{TA (v ), TA(vie )} >

3.3. Passing to the limit. Now we have to take the limit j — oco. The crucial step is to prove
that corners are “far apart”. This will be achieved over two lemmas.

Lemma 3.16. For any index j and minimizer 3 € argmin Eﬁj, there exists ng (independent of j) such
that for any corner v talking to some positive mass in B, n > ny, it holds:
e V(v) N{y = 0} does not contain points q with |xq — ¢,| > ¢, /10, where xz, denotes the x
coordinate of q.

Proof. 1f v talks to positive mass supported in B, it follows
V(v) "B, # 0.

Lemma [2.7| gives that the total curvature of ¥ does not exceed 1(1 — 2)\) < 1. Combining

with Lemmas 3.2 and [3.6| gives that the bisector of V'(v) is almost orthogonal to {y = 0}. Since
v receives mass only from B,,, Lemma implies that the amplitude of V' (v) does not exceed
75xMy. Elementary geometry proves that V' (v) N {y = 0} contains a point ¢; with = coordinate
Tq, € [cn—4ty, cp+4ry]. Thus Lemma[3.§implies that for any sufficiently large n, the intersection
TA(v) N {y = 0} does not contain points with x coordinate outside [0.9¢,, 1.1¢c,]. O
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Lemma 3.17. For any index j, minimizer 3 € argmin E>‘j, and corners vy, (i = 1,2) talking to some
positive mass supported in B, (i = 1,2), it holds:
o there exists a positive constant C' independent of j and max{ny, no} such that |v,, — vp,| > C.

Proof. Assume (by symmetry) n; < ng, let f : [0, 1] — X be a constant speed parameterization,
and lett,, == f~1(vy,),i=1,2. Lemmagives

n2
T
ity g v < o > my
n=ni
Let 3; be the bisectors of V' (vy,), i = 1,2. The angle between /3 and (2 is bounded from above
by o5 > n2,, My since any point f(t), t € (tn,,tn,), can only receive mass from (J;2, B,. Let
¢i := BiN{y = 0}, and if B; and /> were parallel (note that in general 5; and (3 are not parallel),
then |v,, — vp,| > g1 — ¢2|/2 (since vy, — vy, and {y = 0} are almost parallel). Since the angle
between 31 and /3, is at most g ZZQZM m,,, the error (done by assuming /5, and /3, are parallel)
isatmost 2T 3" m,, < [, — Gyl

n=ni
By construction ¢,,, < 10_10cn1. Denote by z,, the x coordinate of the point s. Since by defini-

tion ¢; € V(vy,) N{y =0} (i = 1,2), Lemma gives |zg, — ¢, | < ¢y, /10 (i = 1,2), thus
Tq, 2 0.9¢y,, Tgy < 1.1cp,,

i.e. |[¢1 — g2| > 0.8¢cy,. Letting C' := 0.8c¢,,, concludes the proof. O

Now we can pass to the limit j — oo: for any index j choose a minimizer ¥; € argmin Eﬁ‘j,

and let f; : [0,1] — X, a constant speed bijective parameterization. Since {s;}—u, upon
subsequence it holds (using Lemma {f;} — [ uniformly, for some ¥ € argmin E; and
parameterization f : [0,1] — X. Thus

{Zj}djE € argmin E;\
Lemma proves the existence of ng (independent of j) such that for any n > ng, each mini-
mizer ¥; contains a corner vy, satisfying TA(v7,) > m,, /4. In other words, the measure fj’-’ has an
atom of measure at least m,, /4 at time #}, := fj’1 (v},). Again passing to the limit j — oo, it holds

(upon subsequence) {t,} — t,, thus f” has an atom of measure at least m,, /4 in ¢,,. Note that an
atom for the measure f” corresponds to a jump for the tangent derivative f’, i.e. a corner for X.

Lemmaensures that vy, # vy, whenever ny # ny. Thus passing to the limit j — oo, ¥ has
infinitely many corners. Let v be an accumulation point of {v,}, v ¢ {v,}. It remains to prove
that such v is not a corner itself.

Lemma 3.18. Such accumulation point v is not a corner itself.
Before the proof, a preliminary lemma is required.

Lemma 3.19. For any sequence of corners {vs} C X (not definitely constant), the sequence {x,} admits
a strictly decreasing subsequence {x.,, }, where ), denotes the x coordinate of the point p.
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Proof. The proof is similar to the proof of Lemma Assume (for the sake of contradiction)
that there exist indices n, N with n < N, distinct corners v,,vy € X and points z, € B,
zN € By, such that

|vn — 2zn| = d(2n, 2), lony — zn| = d(zn, X), Ty, < Tyy -
)
J
0 T
- {(z,y) ;mzmm_,.‘.......

FIGURE 7. This is a schematic representation of the configuration, if contradiction as-
sumption holds. Note that by assumption vy ¢ B(zy, |2, — vn]).

Denote by y, the y coordinate of the point p. Let ¥* := ¥ N {z < z,,, }, and note that curvature
bounds (Lemma .7) impose §({z = 29} NX) = 1 for any ¢ € [—10, 10}, and [z, v,] N5 = {v, }.
Case z,,, < x,, remains. Clearly

[[ZN7UNH NY*=0
since the opposite would contradict either |2y — vy| = d(2n,%) or 2y, > 2,,. Similarly to
the proof of Lemma direct computation of the slope of L(z,,v,) (defined as the half-line
starting in z, and containing v,,) forces

[en, vn] 0 ([0, va] U{(2,y) 2 = 220y <92, }) # 0.

If there exists a point w’' € [zn,vn] N {(z,y) : * = z.,,y < ys,}, then direct computation
gives that the slope of L(zy, w’) (defined as the half-line starting in zx and passing through w’)
satisfies L(zy,w') N {—10 < x < 10} Z vy, which is a contradiction. Thus [zn, vn] N [2n, V]
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contains a point w, and zy,w,vn are collinear. Since v, # vy, the points zy,w, v, are not
collinear: indeed [zx,vn] is almost orthogonal to {y = 0}, thus if zy, w, v, were collinear, the
total curvature of ¥ would exceed /4, prohibited by Lemma Thus |2y — vn| < |zny — w| +
|w — v,|. Since by assumption

|Zn_w|+|vn_w‘:’2n_vn| < |Zn_UN’§ |Zn_w‘+’UN_w|7
it follows |v, — w| < |uy — w|. This in turn gives
leny — o] < |2y —w|+ |w—v,| < |2y —w|+ |oy — w| = |2n — vN|,

which is a contradiction. Since for any ball B, there exists a corner v, talking to positive mass
supported on B, the proof is complete. O

Proof. (of Lemma For the sake of brevity, the notation x,, (resp. y,) will denote the z (resp.
y) coordinate of p.

Choose a sequence {vs} — v, and assume (in view of Lemma {z,, } strictly decreasing.

Assume (for the sake of contradiction) there exists an index n such that v talks to some point
z € B,. Choose an index N > n, and a corner vy talking to some point zy € By. Such
points exist due to our construction. Let [ be the line through vy and zy, and let I’ := [v, 2]. By
construction [ is almost orthogonal to {y = 0}. Recall that ¥ C {h/10 < y < 2h} (Lemma 3.4),
while all balls B,, are contained in {y < h/100}. By construction z, < z,,, ©,, > .,. Sincel
is almost orthogonal to {y = 0}, and the total curvature of ¥ N {—10 < z < 10} does not exceed
o5 < 1, this implies the existence of a point w € I N1". Let

e [~ := be half-line (contained in [) starting from zx and not containing vy,
e [t :=be half-line (contained in !) starting from vy and not containing zy,
o [°:=[zn,vN].

Y

{y = h/10}

!
!
H
o/
H
:
!
!
i

h/100] {ov ey

{y

““.l 2 c %n

i
/
/
i
v
{7 —
i
i
;
i
;
i
;

FIGURE 8. This is a schematic representation of the configuration.

The following possibilities arise:
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(1) w € [ in this case the slope of L(z, w) (defined as the half-line starting in z and passing
through w) prohibits I’ N {y > h/10} N {—10 < z < 10} > v, which is a contradiction,

(2) w € 1" this would give |z — v| > |z — w| > |z — vy|, with equality holding only if v = vy,
prohibited by our assumptions,

(3) w € [un, zn]: note that zx, w, vy are collinear, while zy, w, v are not: indeed if zy, w, v
were collinear, since [z, vy] is almost orthogonal to {y = 0}, then the total curvature of
¥ would exceed 7 /4, prohibited by Lemma Thus

lzny —v] < |zn —w| + v —w|, lanv — on| = |2y — w| + |y — w),
and |v — w| > |vy — w|. This yields
|z —on| < |z —w|+ oy —w| < |z —w|+ v —w| = |z — v,

i.e. z cannot talk to v, which is a contradiction.

Thus all three cases lead to a contradiction, i.e. such point v cannot talk to any mass in any ball
%B,,. Using Lemma 2.7 finally gives TA(v) = 0, i.e. v is not a corner. O

Thus we have proven:

Theorem 3.20. There exists a measure (v and a parameter A, such that there exists ¥ € argmin Eﬁ‘
containing a sequence of corners {vy } satisfying:

o for any n TA(vy,) > my, /4, i.e. vy is a cornet,
o {v,} —»veX TA(v) =0, i.e. v is not a corner.

Corollary 3.21. The minimizer X from Theorem is also minimizer for the constrained problem

18 | d(z, Ydp.

(18) Hl(.gr%%(z)/w (@, -)dp

Proof. In [2] it has been proven that any minimizer 3. of satisfies H'(X) = H'(X), thus if ©
is not a minimizer of (18), choosing ~* minimizer of would give

/d(x,E*)du</ d(z,Y)dp,  HY(Z) =H(D),
R2

RQ

contradicting & € argmin E). O
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