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New Interior Penalty Discontinuous Galerkin Methods for
the Keller-Segel Chemotaxis Model

Yekaterina Epshteyn* and Alexander Kurganov!

Abstract

We develop a family of new interior penalty discontinuous Galerkin methods for the
Keller-Segel chemotaxis model. This model is described by a system of two nonlinear PDEs:
a convection-diffusion equation for the cell density coupled with a reaction-diffusion equa-
tion for the chemoattractant concentration. It has been recently shown that the convective
part of this system is of a mixed hyperbolic-elliptic type, which may cause severe instabil-
ities when the studied system is solved by straightforward numerical methods. Therefore,
the first step in the derivation of our new methods is made by introducing the new variable
for the gradient of the chemoattractant concentration and by reformulating the original
Keller-Segel model in the form of a convection-diffusion-reaction system with a hyperbolic
convective part. We then design interior penalty discontinuous Galerkin methods for the
rewritten Keller-Segel system. Our methods employ the central-upwind numerical fluxes,
originally developed in the context of finite-volume methods for hyperbolic systems of con-
servation laws.

In this paper, we consider Cartesian grids and prove error estimates for the proposed
high-order discontinuous Galerkin methods. Our proof is valid for pre-blow-up times since
we assume boundedness of the exact solution. We also show that the blow-up time of the
exact solution is bounded from above by the blow-up time of our numerical solution. In
the numerical tests presented below, we demonstrate that the obtained numerical solutions
have no negative values and are oscillation-free, even though no slope limiting technique
has been implemented.

AMS subject classification: 656M60, 66M12, 656M15, 92C17, 35K57

Key words: Keller-Segel chemotaxis model, convection-diffusion-reaction systems, discontinu-
ous Galerkin methods, NIPG, IIPG, and SIPG methods, Cartesian meshes.

1 Introduction

The goal of this work is to design new Discontinuous Galerkin (DG) methods for the two-
dimensional (2-D) Keller-Segel chemotaxis model, [13, 28, 29, 30, 35, 37]. The DG methods have
recently become increasingly popular thanks to their attractive features such as:

e local, element-wise mass conservation;
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e flexibility to use high-order polynomial and non-polynomial basis functions;
e ability to easily increase the order of approximation on each mesh element independently;
e ability to achieve almost exponential convergence rate when smooth solutions are captured on
appropriate meshes;
e block diagonal mass matrices, which are of great computational advantage if an explicit time
integration is used;
e suitability for parallel computations due to (relatively) local data communications;
e applicability to problems with discontinuous coefficients and/or solutions;
e The DG methods have been successfully applied to a wide variety of problems ranging from
the solid mechanics to the fluid mechanics (see, e.g., [3, 7, 14, 15, 17, 20, 22, 40| and references
therein).

In this paper, we consider the most common formulation of the Keller-Segel system [13], which
can be written in the dimensionless form as

pt + V- (xpVe) = Ap,
{Ct:Ac_C+p, (fL‘,y)GQ,t>0, (].].)

subject to the Neumann boundary conditions:
Vp-n=Ve-n=0, (z,y) €.

Here, p(x,y,t) is the cell density, ¢(z,y,t) is the chemoattractant concentration, y is a chemo-
tactic sensitivity constant, {0 is a bounded domain in R?, 9 is its boundary, and n is a unit
normal vector.

It is well-known that solutions of this system may blow up in finite time, see, e.g., [26, 27| and
references therein. This blow-up represents a mathematical description of a cell concentration
phenomenon that occurs in real biological systems, see, e.g., [1, 8, 10, 11, 16, 38|.

Capturing blowing up solutions numerically is a challenging problem. A finite-volume, [21],
and a finite-element, [34], methods have been proposed for a simpler version of the Keller-Segel
model,

{ pr+V - (xpVe) = Ap,
Ac—c+p=0,

in which the equation for concentration ¢ has been replaced by an elliptic equation using an
assumption that the chemoattractant concentration ¢ changes over much smaller time scales
than the density p. A fractional step numerical method for a fully time-dependent chemotaxis
system from [41] has been proposed in [42]. However, the operator splitting approach may not
be applicable when a convective part of the chemotaxis system is not hyperbolic, which is a
generic situation for the original Keller-Segel model as it was shown in [12], where the finite-
volume Godunov-type central-upwind scheme was derived for (1.1) and extended to some other
chemotaxis and haptotaxis models.

The starting point in the derivation of the central-upwind scheme in [12] was rewriting the
original system (1.1) in an equivalent form, in which the concentration equation is replaced with
the corresponding equation for the gradient of c:

{ pr + V- (xpw) = Ap,

Wi — Vp— Aw — w, w = (u,v) := Ve.
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This form can be considered as a convection-diffusion-reaction system
U, +f(U), +g(U), =AU +r(U), (1.2)

where U := (p,u,v)?, £(U) := (xpu, —p,0)T, g(U) := (xpv,0,—p)’, and r(U) := (0, —u, —v)T.
The system (1.2) is an appropriate form of the chemotaxis system if one wants to solve it
numerically by a finite-volume method. Even though the convective part of the system (1.2) is
not hyperbolic, some stability of the resulting central-upwind scheme was ensured by proving its
positivity preserving property, see [12].

A major disadvantage of the system (1.2) is a mixed type of its convective part. When a
high-order numerical method is applied to (1.2), a switch from a hyperbolic region to an elliptic
one may cause severe instabilities in the numerical solution since the propagation speeds in the
elliptic region are infinite. Therefore, in order to develop high-order DG methods for (1.1), we
rewrite it in a different form, which is suitable for DG settings:

pr + (xpu)s + (xpv)y = Ap, (1.3)
¢ =Ac—c+p, (1.4)
U = Cy, (1.5)
U= ¢y, (1.6)

where the new unknowns p, ¢, u, v satisfy the following boundary conditions:
Vp-n=Ve-n=(uv) -n=0, (r,y)c. (1.7)

The new system (1.3)—(1.6) may also be considered as a system of convection-diffusion-reaction
equations

kQ: +F(Q): + G(Q)y, = kFAQ + R(Q), (1.8)

where Q := (p,c,u,v)?, the fluxes are F(Q) := (xpu, 0, —c,0)" and G(Q) := (xpv, 0,0, —c)T,
the reaction term is R(Q) := (0, p — ¢, —u, —v), the constant k£ = 1 in the first two equations in
(1.8), and k£ = 0 in the third and the fourth equations there. As we show in §3, the convective
part of the system (1.8) is hyperbolic.

In this paper, we develop a family of high-order DG methods for the system (1.8). The proposed
methods are based on three primal DG methods: the Nonsymmetric Interior Penalty Galerkin
(NIPG), the Symmetric Interior Penalty Galerkin (SIPG), and the Incomplete Interior Penalty
Galerkin (IIPG) methods, [4, 18, 19, 39]. The numerical fluxes in the proposed DG methods are
the fluxes developed for the semidiscrete finite-volume central-upwind schemes in [32] (see also
[31, 33] and references therein). These schemes belong to the family of non-oscillatory central
schemes, which are highly accurate and efficient methods applicable to general multidimensional
systems of conservation laws and related problems. Like other central fluxes, the central-upwind
ones are obtained without using (approximate) Riemann problem solver, which is unavailable for
the system under consideration. At the same time, a certain upwinding information—one-sided
speeds of propagation—is incorporated into the central-upwind fluxes.

We consider Cartesian grids and prove the error estimates for the proposed high-order DG
methods under the assumption of boundedness of the exact solution. We also show that the
blow-up time of the exact solution is bounded from above by the blow-up time of the solution of
our DG methods. In numerical tests presented in §6, we demonstrate that the obtained numerical
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solutions have no negative values and are oscillation-free, even though no slope limiting technique
has been implemented. We also demonstrate a high order of numerical convergence, achieved
even when the final computational time gets close to the blowup time and the spiky structure of
the solution is well developed.

The paper is organized as follows. In §2, we introduce our notations and assumptions, and
state some standard results. The new DG methods are presented in §3. The consistency and
error analysis of the proposed methods are established in Sections 4 and 5 (some proof details
are postponed to Appendix A). Finally, in §6, we perform several numerical experiments.

2 Assumptions, Notations, and Standard Results

We denote by &, a nondegenerate quasi-uniform rectangular subdivision of the domain  (the
quasi-uniformity requirement will only be used in §5 for establishing the rate of convergence with
respect to the polynomials degree). The maximum diameter over all mesh elements is denoted
by h and the set of the interior edges is denoted by I',. To each edge e in I'j, we associate a
unit normal vector n. = (n,,n,). We assume that n. is directed from the element E' to E?,
where E' denotes a certain element and E? denotes an element that has a common edge with
the element E' and a larger index (this simplified element notation will be used throughout the
paper). For a boundary edge, n, is chosen so that it coincides with the outward normal.
The discrete space of discontinuous piecewise polynomials of degree r is denoted by

erh((c:h) = {w < LQ(Q) VE € Sh,w\E € PT(E)},

where P,.(E) is a space of polynomials of degree r over the element E. For any function w € W, ,
we denote the jump and average operators over a given edge e by [w] and {w}, respectively:

—w?, {w} =050 + 050",

. {w) = w”

e

for an interior edge ¢ = OE' NOE?, [w] := w”’
for a boundary edge e = OE' N 9Q,  [w] := w”’

where w? " and wa are the corresponding polynomial approximations from the elements E' and

E?. We also recall that the following identity between the jump and the average operators is
satisfied:

[wiws] = {w }Hwa] + {ws }w:]. (2.1)

For the finite-element subdivision &, we define the broken Sobolev space
H*(&,) ={we L*(Q) s w|y € H(EY),j=1,...,Ny}

with the norms

llwllfon = (Z lelﬁ,E>

Ee&y,

NI

1
2
and |[[w|l]s0 = (Z H’wHiE> , $>0,

Ee&y,

where || - ||s,z denotes the Sobolev s-norm over the element E.
We now recall some well-known facts that will be used in the error analysis in §5. First, let us
state some approximations properties and inequalities for the finite-element space.
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Lemma 2.1 (hp Approximation, [5, 6]) Let E € &, and v € H*(F), s > 0. Then there

exist a positive constant C independent of i, r, and h, and a sequence 1;7}} eP.(E),r=1,2,...,
such that for any q € [0, s]

<C
E  rid

o7,

||¢||SE, po=min(r +1,s). (2.2)

Lemma 2.2 (Trace Inequalities, [2]) Let E € &,. Then for the trace operators vy and 71,
there exists a constant Cy independent of h such that

vwe H'(E), s>1, |owly, < Ch* (ully + Al Vely) (2.3

vwe HYE), 522 |mwly, < Ch (IVelyp+ V30l ),  (24)
where e is an edge of the element E.

Lemma 2.3 ([39]) Let E be a mesh element with an edge e. Then there is a constant C;
independent of h and r such that

Vw € Po(E),  howlly, < Coh™ 2 rllwlly g (2.5)

Lemma 2.4 ([4, 9]) There exists a constant C' independent of h and r such that

Yw € Wen(&n), Nwlloq < C (Z IVllg s+ |H HOe> )

Ec&;, GEFh

where |e| denotes the measure of e.

Lemma 2.5 (Inverse Inequalities) Let £ € &, and w € P,(E). Then there exists a constant
C independent of h and r such that

[wll g gy < Ch™ 2 [wllg g, (2.6)
||w||1,E < Ch_l?“QHwHo,E- (2.7)

We also recall the following form of Gronwall’s lemma:

Lemma 2.6 (Gronwall) Let ¢,v, and ¢ be continuous nonnegatwe functwns deﬁned on the
interval a < t <'b, and the function ¢ is nondecreasing. If o(t) + 1 (t) f s)ds for all

t € [a,b], then o(t) + ¥(t) < e~%¢(t).

In the analysis below we also make the following assumptions:

e () is a rectangular domain with the boundary 992 = 0 U 0Qor, Where 0Qye, and 0o,
denote the vertical and horizontal pieces of the boundary 0f2, respectively. We also split the set
if interior edges, Ty, into two sets of vertical, '}, and horizontal, ['i°", edges, respectively;

e The degree of basis polynomials is » > 2 and the maximum diameter of the elements is h < 1
(the latter assumption is only needed for simplification of the error analysis).
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3 Description of the Numerical Scheme

We consider the Keller-Segel system (1.8). First, notice that the Jacobians of F and G are

xu 0 xp 0 xv 0 0 xp
OF 0 0 0 0 oG 0 0 0 0
— = and —— = )
0Q 0 -1 0 0 oQ 0 0 0 0
0 0 0 0 0 —1 0 0
and their eigenvalues are
Mo=yu, N =X =)=0 and A\ =yu, A\F=2§=)F=0, (3.1)

respectively. Hence, the convective part of (1.8) is hyperbolic. We now design semidiscrete
interior penalty Galerkin methods for this system.

We assume that at any time level ¢t € [0,7] the solution, (p,c,u,v)T is approximated by
(discontinuous) piecewise polynomials of the corresponding degrees r, ., 1, and r,,, which satisfy
the following relation:

Tma:v <

a, Tmaz = MAaX{Tp, e, Ty Ty by Trnin = min{r,, r¢, 7y, 73 }, (3.2)

T'min
where a is a constant independent of 7,, 7., 7,, and r,.
Our new DG methods are formulated as follows. Find a continuous in time solution

(pDG('7t)aCDG('at)aUDG('at)aUDG('at)) € Wfp,h X ch,h X Wgu,h X WU

Tv,h

which satisfies the following weak formulation of the chemotaxis system (1.3)—(1.6):

/ Cw? + Z /VpDGVwP Z/{VpDG n, }[w”] +5Z/{Vw” n,}[p"¢]

Ee&), b ecl'y, eel’y %,
DG p DG DG p DG DG p
+ap | ‘ |[w?] xpoCuo o (wf), + Z (xp " u” ) ng[w’]
eely, Eeg eeryer ¥
-y XPDG DG(yr) + 3 / (S0P, ] = 0, (3.3)
Ee&y, B eerhor
/ DGy + Z /VCDGVUJ Z/{VCDG n.} +€Z/{Vw n.} DG]
Q Eeg&y, B ecl’y, e eel’y, .
+0c / DG / DG’LUC . /pDGwc — O, (34)
ecl’y, | |
/ DGy Z / DG () 4 Z / "]
5 E€éy 3, e€lyer

S LR S / W] —0, 55)

e€0ver e e€l'p, U0ver e
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[oour s S [+ X [

4 e, eerhor ?
S MR S / P =0, (3.5)
e€or eEFhUBQhor‘|

e

and the initial conditions:

!

Here, (w”, w® w", w’) € meh X W X W x W, are the test functions, o,, 0., 0, and o,
are real positive penalty parameters. The parameter ¢ is equal to either —1,0, or 1: these values
of € correspond to the SIPG, IIPG, or NIPG method, respectively.

To approximate the convective terms in (3.3) and (3.5)—(3.6), we use the central-upwind fluxes
from [32]:

§ | 0 (3.7)

&:’
\
<

g
L
°

g
<
I
—
=
°
g
<

out( DG DG) ( DG DG) aoutaln

(epPOuPC)r = A e 2P = e [P,
aout — gin aout — gin
( - DG)* bout(XpDG DG) bm(XpDG DG)e boutbin [ DG]
Xp v - 2D
bout _ bln bout _ bln
) _ , _ (3.8)
DG« aout(cDG)eE _ am(cDG)eE aoutaln DG
(_C )U - afut — gin B afut — gin [u ]’
o bout(CDG)eE1 o bin(cDG)f2 pout pin b
(_ )U - pout _ pin B pout _ pin [U ]

Here, a®®, a™, b°"*, and 0™ are the one-sided local speeds in the z- and y- directions. Since the

convective part of the system (1.3)—(1.6) is hyperbolic, these speeds can be estimated using the

largest and the smallest eigenvalues of the Jacobian gg and % (see (3.1)):

@ = max ((WP®)E, (P9 E,0) @ = min (aP9)E, (wP9)E0),

e

1 2 , ) L ) (3.9)
o = max (P92, (P92, 0) B = min (92, (P 0)
Remark. If a®®* — a™ = 0 at a certain element edge e, we set
DG, DG DG, DG DG,,DG DG,,DG)E?
Xp~"u L+ XpP~ U )e Xp e L+ XP~ U )e
(XPDGUDG) ( ) > ( ) ’ (X,ODGUDG) ( ) > ( ) ’
1 2 1 2
Cpaye (DS H (P paye (P9 + (P
( C )u = ) ( ¢ )v - ’
2 2
there. Notice that in any case, the following inequalities,
aout _ ,in bout _bin
— <1 — <1, — <1 d —<1 3.10
qout — gin — ’ afut — gin — ’ pout _ pin — ; an pout _ pin — ’ ( )
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are satisfied.
From now on we will assume that a® —a™ > 0 and b°** - > (0 throughout the computational
domain.

4 Consistency of the Numerical Scheme

In this section, we show that the proposed DG methods (3.3)—(3.6) are strongly consistent with
the Keller-Segel system (1.3)—(1.6).

Lemma 4.1 If the solution of (1.3)-(1.6) is sufficiently regular, namely, if (p,c) € H'([0,T]) N
H?(&) and (u,v) € LA([0,T]) N H?(E), then it satisfies the formulation (3.3)—(3.6).

Proof: We first multiply equation (1.3) by w” € meh and integrate by parts on one element F
to obtain

/ptwp+/V,OVw”—/V,o-newp—/Xpu(wp)x—f-/Xpunxw”—/va(wp)y+/xpvnyw” =0.
E OF

E E (e E (o))
(4.1)
E2

Notice that continuity of p and u implies that at the edge e, p£* = p=” and (ypu)E' = (xpu)E’.
Therefore, [p] = 0 and

1 5 aout _ aln B
e

1
{xpu} = Q(Xﬂu)fl + Q(X/M);EQ = ou)e = o (eew)

out aln

a

o aout — ain (Xpu>e aout — ain

" (xpu)” — a™ (xpu)t”
aeut — gin

= (xpu)".

(xpu)?” =

Summing now equation (4.1) over all elements E € &, using the jump-average identity (2.1),

adding the penalty terms € 3° . [{Vw’-n.}[p] and 0, 3" 1. IT_E\ [.[pl[w”], and using the Neu-
mann boundary conditions (1.7), we obtain that the solution of the system (1.3)—(1.6) satisfies
equation (3.3). A similar procedure can be applied to show that the solution of (1.3)-(1.6)
satisfies equations (3.4)—(3.6) as well. This concludes the consistency proof. O

5 Error Analysis

In this section, we prove the existence and show the convergence of the numerical solution using
the Schauder’s fixed point theorem, [24].

In the analysis below we will assume that the exact solution of the system (1.3)-(1.6) is
sufficiently regular for t <T', where T is a pre-blow-up time. In particular we will assume that

(p,c,u,v) € H([0,T]) N H?(Q), s1>3/2, s9>3, (5.1)
which is needed for the h-analysis (convergence rate with respect to the mesh size), or

(p,c,u,v) € H([0,T]) N H*(Q), s1>3/2, s9>6, (5.2)
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which is needed for the r-analysis (convergence rate with respect to the polynomial degree).
Notice that these assumptions are reasonable since classical solutions of the Keller-Segel system
(1.1) are regular (before the blow-up time) provided the initial data are sufficiently smooth, see
[26] and references therein.

We denote by p, ¢, u, and v the piecewise polynomial interpolants of the exact solution com-
ponents p, ¢, u, and v of the Keller-Segel system (1.3)—(1.6) and assume that these interpolants
satisfy the approximation property (2.2). We then use the idea similar to [36] and define the
following subset of the broken Sobolev space:

Ty,h

_ { (6#,6°,6% 6%) € LA(0,T)) (0 L2([0, T]) NP x WE X W x W2,

T
2
s 67l + [ (1196 =~ DlIEa+ X 10 - 1)
t€[0,T) ] cely,
h2 min(r,+1,s,)—2 h2 min(re+1,5.)—2 h2 min(ry+1,8,)—2 h2 min(ry+1,8,)—2
<C ( Tzsp_4 + 7"350—4 + TgS“_4 + ’1"12)8“_4 > )
T
sup 6 =2l + [ (19 ~>|||OQ+Z—|| ~aE.)
t€[0,T] 4
h2 min(r,+1,s,)—2 h2 min(re+1,s:)—2 h2 min(ry+1,54)—2 h2 min(ry+1,54)—2
~ 1 1 1 1
suquﬁ“—uHOQSCh( +5+5+ >
[0,T7] ’ 7np 7nc Ty v
T
[ (19 =i+ 3 i - a0,
0 ecl’y,
h2min(rp+1,sp)72 thin(chrl,sc)fQ thin(rqul,su)fQ thin(rv+1,sv)f2
= Cu ( pse—4 + y25c—4 + r25u—4 + r2su—4 ) )
o c u v
1 1 1 1
Pl <Ch(—= R
[801}7%!\¢ Vlloq < (rg TC+T2+T5),
T
CE oot 37 e - 01,
0
h2 min errl,sp)fQ h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,5,)—2
<ot e ) )

where C,C,, C,, C,, and C, are positive constants (which will be defined later) independent of
h and the polynomial degrees (r,,7¢,1y,7,), and the parameters s,, s, s,, and s, denote the
regularity of the corresponding components of the exact solution. Clearly the subset S is a
closed convex subset of the broken Sobolev space and it is not empty since it contains the
element (p, ¢, w,v). We first show that the functions in S are bounded.
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Lemma 5.1 For any (¢°, ¢°, ¢", ¢") € S, there exist positive constants M,, M., M,,, and M,
independent of h,r,,7¢, 1y, and r,, such that

sup [|¢°|[ oo < M,,  sup 9% q < M., . 160 < M, tS[lépT]||¢”||oo,n§Mv- (5-3)
€0,

t€[0,T)] te[0,T) te[0,T

Proof: From the definition of the subset S, we have

h2 min(rp+1,55)—2 h2 min(re+1,s¢)—2 h2 min(ry+1,84)—2 h2 min(ry+1,s,)—2
sup H<Z5P_PHOQ <C, ( 2s,—4 + + + )
- 28.—4 28,—4 28, —4
te[0,7) rp " re Ty T
Hence,

sup [|¢f — pllgg < M —5—

t€[0,T) min

Using the inverse inequality (2.6), we obtain

sup [|¢° — pllyq < Myrsh™ SUp 16# = Pllo.q < Tmaz y e < pp,
t€[0,T7] tel0,T min

This estimate implies that

sup [|¢”l|l 0.0 < M+Sup 722 pres
t€[0,T) [0,

which, together with the hp approximation property (see Lemma 2.1), yields the first bound in
(5.3). The remaining three estimates in (5.3) are obtained in a similar manner. U

We now define the solution operator A on S as follows:

V(¢7,9° 8", 0") €5, A(¢’,0° ¢",¢") = (¢, 9L, 9L, 9L,

.. . ,0 ,0 ,0 0
where the initial conditions are (¢7", ¢, 67", ¢7") = (p°, %, u°,2°), and the functions

G EW? = HY(O.T)AWE . 65 € WE = HY(0,T) AWE . s> 3/2
62 € WE o= (0, T) NI=(0,T) VW2, 65 € W2, o= L2(0,TT) 1 L(0, T]) WY,

are such that

/¢>L ot + Y [ Vienve - /{WL n}u)+2 Y [19u7 n) o

Eeén iy €€l e€ly %,
‘o, ||/¢”wp > [, +Z/x¢¢“ Vgl
e€l’, E€én gy eelryer
=Y [xrewn,+ ¥ [adhernu =0, verews,, (54
EeghE Fhor
/¢c w+Z/V¢LVw—Z/{V¢ +€Z/{Vw n}[¢5]
EeghE eEFh e GEFh e

+ ac B |/¢L —I—/gbiwc—/gbﬁwczo, Vw® € Wy, (5.5)
Q Q

ecl'y,
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/¢Lw+2/¢L +Z/ — ¢ )anaw Z/inzw“

Ec&;, E I‘*ver e€0Qver e
2
fo. > [l =0 vt ewy, (5.6)
e€l',U0Qver

e

/¢zw+2/¢c ) Z/ —omlut) = 3 [ ot

Ee&y eerbor €Onor )

+ oy |/¢” w’] =0, Vw’ € W . (5.7)

eEFhUQQhor

As before, the central-upwind numerical fluxes are utilized in (5.4)—(5.7):

. aout(X¢P ¢u)E1 _ ain(X¢P ¢u)f‘2 aoutam
(ngﬁL)gb ) == L qout — aﬁl ‘ a[ou% Lln [¢L]
L L L
. bOUt(X¢p (bv)e - bin(X(bP (bv)fQ pout pin
(X(bﬁ(b ) = - = bout _ bill/l : B bou% _Lbin Wﬁ’ (5.8)
L L 5.8
out in/ 1c\E? out ,in
C \* (b a (b e arp a U
(_¢L)u = ( La?out aﬁl( L> - qout — Lln [¢ ]
L L L
out E? in( ic \E? out 7,in
(_(b ) _ _bL (¢L)e B bL (¢L)e . bL bL. [(b ]
L/v b(iut _ ban b‘i‘“ _ bf Ll

where the one-sided local speeds are:

o s= max (@), (0", 0) = min ((0F, (0 0). o
b o= maxc (x9")", (x6")E",0) , b= min ((x¢")E", (x0")E",0)) |

Notice that the inequalities similar to (3.10),

Bt AP A T R A (5.10)
—_— , —= <1, —=—<1, and ——=— <1, .
out _ ,in — a%ut agl bout o bln bout _ bln
which are needed in our convergence proof, are satisfied for the local speeds defined in (5.9) as
well (for simplicity, we assume that a®"® —a™™ # 0 and °"* — b = 0 throughout the computational
domain).

We now show that the operator A is well-defined by proving existence and uniqueness of
(65,05, 0%, 0%).
Lemma 5.2 There exists a unique solution (¢, @5, oY%, ¢Y) € W ;X Wﬁc,h,t X Wﬁu,h,t X W;’mh,t
of (5.4)—(5.7).

Proof: First, notice that equations (5.4)—(5.5) can be rewritten as the explicit linear differential
equations for ¢ and ¢§. Hence, there exists a unique solution (¢, ¢5) € Wfp it X Wi
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Equations (5.6)—(5.7) can be rewritten as

Q/ RS ﬂ / ol == 3 [, - 3 [opimlu

e€l',U0Qyer Ee&y, E eeref e
+ E /(binxw“, vw" e W (5.11)
e€00ver e

e€l L, UoQnor ‘ |

[owr o S & foiw ==Y o), 2 [omb

2 Eeg, ¢ e€ror
+ E Prn,w’, Vw’ € Wy 4. (5.12)
eeaﬂhor

e

The bilinear form on the left-hand side (LHS) of equation (5.11) is coercive since for all p € W}!

[eoron 3 2 [l llia:

Q e€l' L, U0Qver

It is also continuous on Wy, x W', while the linear form on the right-hand side (RHS) of (5.11)
is continuous on W ;. Hence, there exists a unique solution of (5.11). The same argument is
true for equation (5.12). This concludes the proof of the lemma. U

Our next goal is to show that the operator A maps S into itself and that A is compact.
By the second Shauder fixed-point theorem, [24], this will imply that the nonlinear mapping
(P, 9%, ¢, ¢°) € S — A(¢P, ¢°, d*, ¢°) has a fixed point denoted by (pPG, PG PG PG).

Theorem 5.3 Let the solution of (1.3)-(1.6) satisfy the assumption (5.1). Then for any
(97,0 9", ¢") €5, Al¢r,¢° 9", ¢") € 5.
Proof: Let (¢, ¢¢, ¢%, ¢¥) € S and (¢, 05, oY%, %) = A(¢”, ¢°, ¢", $”). We introduce the follow-

ing notation:

Tp::¢€_p7 gp::p_ﬁ7 Tc::(bE_E? 56226_57 (513)

™i=¢Y —u, '=u—u 7T :=0¢) -0, & :=v-—0. ’
It follows from the consistency Lemma 4.1 that the exact solution of (1.3)—(1.6) satisfies not only
equation (3.3) but also the similar equation

IRZED N ALIED W IERIEES S IS DS = [l

Q Ecé&y E
X [ 0 [l =3 o), + 30 [ o] =0.6.14)
Eeg&y, E eer\\};er e Ee&;, E eel"zor o
where
o AP (xpw)E —dp(xpw) aptal
(Xpu) T out in T out in [p]’
ap- —arg ap- —arg
. pout pU eE‘l _ pin xpU eE‘2 pout pin
(va) — L ( ) L( ) o L YL [P],

out in out in
bL - bL bL - bL
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and the local speeds a9, al, b3, and b'! are given by (5.9). Using (5.13), equation (5.14) can
be rewritten as:

/ptwuZ/vwa Z/{Vp n, }Huw") +€Z/{pr n, ﬁ]+ap %/[m[wp]

Ee&y, B

-y / Xpo (W), + Y / xpu) g [w’] = > / XP8° (wh), + / Xpv)ny[w?]

EefhE 6€Fver Ec&;, thor

/ﬁtwp Z/Vﬁprp—i-Z/{pr n}wp—esZ/{pr n, &

EEc‘lhE eel'y, e€ly %,
ap /5’) wp—irZ/Xipuwp Z/Xp —u)(w’),
ecl'y, | ‘ Eeg, h B Ee&y, h B

+ Z /Xf’)v (w”), Z /Xp —v)(w),. (5.15)

EefhE EefhE

Subtracting equation (5.15) from (5.4) and choosing w” = 77, we obtain

: jt (17e) + 11971+ 3 A
(1-¢) 2 / {V7" n}[r’] +E;h E/ X7 (77), ; / (x@f6")" = (xpu)™) ny[r”]
+E;h E/ xXT7"(17), EZF; / (X$7.8°)" = (xpv)™) ny[’]
/@ME;/V&PW e;/{vgp n. ] +se§he/{w n.}H¢]
ca B i 3 frew, 3 [,

+Z/xp¢“—u () +Z/xp —o)(r"), =T{ + 13 + .. + 17, (5.16)

Eecé&y E Ee&), B

Next, we bound each term on the RHS of (5.16) using standard DG techniques. The quantities
g; in the estimates below are positive real numbers, which will be defined later.
We begin with the first term on the RHS of (5.16). The Cauchy-Schwarz inequality yields:

T < (L =2) Y 1LV} o, Nl
ecl'y

As before, we denote by E! and E? the two elements sharing the edge e. Then, using the
inequality (2.5), we obtain

E? P

21, 1.

5 WMo, < 3= 5 (o

ecl'y,

+ H(VTP
0,e
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CT
< 572 3 (197 + 197l g2) 171l

ecl'y

and hence, using the fact that |e¢| < v/h, we end up with the following bound on T7:

2

2
7"
T < et SV +CE Y Tel N lGe = €8V llloe +CF Y Ll (5:17)

ol
E€&;, ecly, e€ly, |€|

Consider now the second term on the RHS of (5.16). From Lemma 5.1 we know that ¢ is a
bounded function, hence Ty can be bounded as follows:

2 2 2 2
T <5 D 10,05 + CollT* o < e5lll(77). 1150 + ColIT* g 0- (5.18)
Eegy,
Next, we bound the third term on the RHS of (5.16) as

1< 3 (| [ s (001695 = ()l

eelyer

e
in

| [ (002 ()l

ar,
_ out

+ /Fiiazm[ f = plna[r] ) = T+ 11+ IIL (5.19)
L L

Using (5.10) and (5.13), the first term on the RHS of (5.19) can be estimated by
t<x Y | [ (656 = () malr)

| ' / £6)E" 1, [17]

25 (/ww ol
'/gu (7] ):;f

ecyer
We now use the Cauchy-Schwarz inequality, the trace inequality (2.3), the inequality (2.5), the
assumption (3.2), the approximation inequality (2.2), and the bound on ¢* from Lemma 5.1 to
obtain the bound on I:

¥ /<<¢ — D)) [

h2 min(r,+1,s,) h2 min(ry+1,s4)

* *ok u ~112
TS 3o+ K 3 2, + 0 (M )+ Cllet ~
o

2s
7/' u
ecl'y, u

A similar bound can be derived for the second term II on the RHS of (5.19). To estimate the last
term on the RHS of (5.19), we first use (5.13) and the definition of the one-sided local speeds

(5.9) to obtain
m<c ) (||Tp||06 ’/5# /7] ) = II1.

eel"ver
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Then, using the Cauchy-Schwarz inequality, the trace inequality (2.3), and the approximation
inequality (2.2), we bound III as follows:

—~ K.h r? h2min(rp+1,sp)
i< (554 1) 3 I + O
7 1) 2ol e+ O

Combining the above bounds on I, II, and III, we arrive at
2 h2min(rp+1,sp) h2min(ru+1,su)

2 T 2 * *ok u ~112
1701 < 19130+ CF 3 2N, + 0 (g o+ e )+ ot

eth |€‘ 14 u

(5.20)
The terms T} and T are bounded in the same way as the terms T3 and T%, respectively, and
the bounds are:

7] < &lll(7) + Ll |lo g (5.21)

2
ullo.q
and

2 2min(r,+1,s,) 2min(ry+1,sy)
9 r 9 h I P h
178 < 171 + 8 3 2N, + O ("

ecl'y |€‘ P

sk || LU ~12
)+c 6" — 32,

(5.22)
The term T is bounded using the Cauchy-Schwarz inequality and the approximation inequality
(2.2):

2s
ry

h2 min(r,+1,s,)

ITE] < N7 llg.0 + C* (5.23)

2s,
Tp

Using the Cauchy-Schwarz inequality, Young’s inequality, and the approximation inequality
(2.2) for p, we obtain the following bound for the term T%:

h2 min(rp,+1,s,)—2

77| < lIVllloq + €7 (5.24)

25,—2
Tp

The term T¥ is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.4), and
the approximation inequality (2.2):

2 2min(r,+1,s,)—2
r 9 *h P P
T <G8 5o +C s (5.25)
e€ly, el e

To bound the term T we use the trace inequality (2.5), inequality (2.3), the Cauchy-Schwarz
inequality and Young’s inequality:
) ) ) . h2 min(rp,+1,s,)—2
75| < ellIVTPlllo o + € e (5.26)
o

Similarly, we bound the term 77 by:

2 2min(r,+1,s,)—2
r 9 . h P I
Tl < Co E ﬁH[Tp]”o,e +C 2501 (5.27)
ecl'y, 14
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For the terms 77, and T},, we use our assumption on the smoothness of the exact solution
together with the Cauchy-Schwarz inequality and the approximation inequality (2.2) to obtain
the following bounds:

) P ) ) *h2min(7“p+l,$p) ) ) ) ) *h2min(rp+1,sp)
AL < )l + O ——— TRl < )2, + O ——F—  (5.28)
) /r.p P 070 rp o

Consider now the term T7;. We first use (5.13) to obtain

‘Tf):s‘SCZ(’/ —u)(7”),

Ee&y,

o| fernd)

Then we apply the Cauchy-Schwarz inequality and the approximation inequality (2.2), which
result in

h2 min(ry+1,84)

ITH| < hll1(79), Il g + C + O 6" — 0. (5.29)

r2su
The bound on the term 77, is obtained in the same way as the bound on T}5:

thin(rU-i-l,sv)
2 * Kk v ~12
T2 < ) I+ O e~ Bl (5.30)

v

Finally, we plug the estimates (5.17)—(5.18) and (5.20)—(5.30) into (5.16) and use the assump-
tion that h < 1 to obtain

1d 2
g + (1 — e — e — by — IV
2
t (o, ~Cl—Cf—CL—CE-Cl) Y+ ” ‘”[TP]HOQ
ecl’y,
h2min(rp+1,sp)72 thin(rqul,su) thin(errl,sv)
2 *
< G+ + O+ (e — + )

p

+O([l¢" = Tllgq + ll¢* = Bllog). (5.31)

2s 2s
Tu u TU v

We now choose &/ and the penalty parameter o, so that the coefficients of the |||V 7?|||2, and

> eer, r—jH [77] HSQ on the LHS of (5.31) are equal to 1/2. We then multiply equation (5.31) by 2

and integrate it in time from 0 to ¢. Taking into account that (¢, ¢”) € S and using the fact
that 7° = 0, we obtain:

t

t
2 -~ 2
Il + [ (|||W|||m+ Z ) Tpno@) <0 [ 112,
0

0
h2 min(r,+1,s,)—2 h2 mln(rc+1,sc)f2 h2 min(ry+1,84)—2 h2 min(ry+1,84)—2
o 2s,—4 + r25c—4 + r2su—4 + r2su—4 : (532)
Tp c U v
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Next, we apply Gronwall’s Lemma 2.6 and take the supremum with respect to ¢ of the both sides
of (5.32):

T

2
sup 3 + / (|||W|||OQ+Z| e HOG)
’ 0

ecly,

: (thin(rp—i-l,sp)—Q h2 min(re+1,5¢)—2 h2min(ru+1,su)—2 h2min(rv+1,sv)—2
<C + + + (5.33)
= 2s,—4 25.—4 25,—4 25y —4 P
Ty’ rss T8 T8

where C! is a constant that depends on ”p”(L‘X’([O,T]);H?(Q))? ”Pt”(Loo([o,T]);LQ(Q))v HuH(Loo([OvTD;LQ(Q)),
HUH(LOO([O’TD;LQ(Q)), and T only.

According to the definition on page 9, the estimate (5.33) implies that ¢ € S.

Using similar techniques, it can be shown that (¢5,¢%,¢%) € S as well (see Appendix A for
the detailed proof). Therefore, we have shown that A(S) C S, and the proof of Theorem 5.3 is
now complete. O

Let us recall that our goal is to show that the operator A has a fixed point. Equipped with
Theorem 5.3, it remained to prove that A is compact. To this end, we need to show that A is
continuous and equicontinuous.

Lemma 5.4 The operator A is continuous and equicontinuous.

Proof: We consider the sequence {(¢2, ¢S, ¢, ¢v)} and assume that
sup (||(dn, o5, dn, 01) — (07, 65, ¢u>¢v)”5‘) —0 as n—oo.
t€[0,T]
Let
(OL > OLom> PLins PLin) = A(D], O3y b1y &1) (5.34)
and
(97, 01, 0L, 1) = A9, 6%, 6", ¢") (5.35)
be two solutions of (5.4)—(5.7). We denote by (A’z, (Zi, (Zﬁ, (ZZ) the difference between these two
solutions (note that (’\?07&5%0’ U gbzo) = (0,0,0,0)), subtract (5.35) from (5.34), and choose
the test function in the resulting equation for p to be w” = ggﬁ This yields:

2

2dt!\¢p!\og+H|V¢”Hlon+0pe€zr %H[@’L’]Hﬁ,e
(1—¢) Z/{WL n, ¢ +Z/x¢ ¢ (02), +Z/x¢Ln¢“ ¢")()),
e€ly %, Eeg&y, E Eeg&y, o)
-2 / XOLO") O] + D / (X0 00")" = (X0 u01)") sl
eEF"er eGF"er
+E;hE/x¢ 06" (9)) +E; /w —¢")(9}), ;/ AR
+ Z / v) (X(bg,n(b;)z)*)) ny[(bL] Ry + Ry + ...+ Ry. (5.36)

eerhor
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We now bound each term on the RHS of (5.36).
The term R; can be bounded using the Cauchy-Schwarz inequality, Young’s inequality, and
the inequality (2.5):

1 ~
Bl < IV e+ Ca Y

ecly,

| ‘H[¢L]HO€ (5’37)

Next, applying the Cauchy-Schwarz and Young’s inequalities and using the boundedness of
||¢"[| .0 established in Lemma 5.1, we obtain the following bound on Ry:

1~ ~
| Ro| < 6|||(¢Z)xHI3,n + Col| 9711500 (5.38)

Using the Cauchy-Schwarz and Young’s inequalities and the fact that gbﬁn € S, we bound the
term Rj3 by

1 " u ()
B3| < Sll(@0). 0 + Cslldn = 650 (5:39)

We then use the Cauchy-Schwarz inequality, the inequality (2.5), and the first numerical flux
formula in (5.8) to estimate Ry:

Rl < 8020+ S < . ‘W]Hoe (5.40)

ecl’y,
We now consider the term Rs. It follows from formulae (5.8)—(5.9) that the numerical fluxes
(x¢7.,0")" is the composition of the continuous functions with respect to the variables (o) E!

and (gb“)fQ Hence, we can apply the Cauchy-Schwarz inequality and the inequality (2.5) to Rj
so that it is bounded by

2
Rl < (X008 = (108,000 o+ C5 3 IR (5.41)

ecl’y,

The terms Rg, R7, Rs, and Ry are similar to the terms Ry, R3, R4, and R estimated in (5.38),
(5.39), (5.40), and (5.41), respectively. Therefore, we obtain

1 ~ ~
|Bs| < S0, ll6.0 + ColloL 160, (5.42)
1 ~
|7 < 5|I|(¢’£)y|||3,n + C7||¢” —¢"loq (5.43)
|Rs| < |07 1150+ Cs Z p |H[¢L]Hoe, (5.44)
ecl'y,
2
|Rol < (x07,,8")" = (XL 00)"llg o + Co D |—”|||[¢L]|Ioe (5.45)
ecly,

Substituting the estimates (5.37)—(5.45) into (5.36) yields:

1 d - 2 * %ok u u
5 BB+ SV B + (o, =) Y (GIFIR. < O + 0 (%~ 6"

ecl’y,

F116h = 6"+ 1(x0500")" = (X008 I + 1 (X05,00")" = (x67,00)" 12, )
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where the penalty parameter o, is chosen sufficiently large so that the coefficient (o, — C) is
nonnegative.

We now integrate the latter inequality with respect to time from 0 to ¢ and apply Gronwall’s
Lemma 2.6 to obtain

9 t

> PR Jar < 21 (10 1o + [ (108 - o1
0

ecl’y,

t
13080 + [ (|||v$z|||3,g+<op—o>
0

#1105 = 00+ 0E,07) = 080" T+ 105,08 — (0160 ) )

Finally, taking the supremum over ¢ and since QASZ’O = 0, we arrive at

te[0,7

T T
~ ~ TQ ~
sup 1918+ [ (IIVIRa+ 3 2GR Jar < 007 [ (et - o1 + ot - &'l
0 e€ly 0
000" = (X081 g + 108007 = (68,002 ).

This inequality together with the similar inequalities for ggc, ggu, and QASU, which can be obtained
in an analogous way, imply continuity of the operator A.

Applying similar techniques to the difference (@}, ¢;, b7, d;) = (¢4, 65, %, %) (L, 21, y1) —
(07,95, dY%, @Y%) (t2, x2,y2) and using the fact that (¢, ¢") € S, one can show that the operator
A is equicontinuous. O

Equipped with Lemma 5.4, we conclude that the operator A is compact. Hence, by the second
Schauder fixed-point theorem, [24], it has at least one fixed point (pP%, P9 uP% vP%) | which
is the DG solution of (3.3)-(3.6). For this solution, we establish the convergence rate results,
stated in the following theorem.

Theorem 5.5 (L*(H')- and L>*(L?)-Error Estimates) Let the solution of the Keller-Segel
system (1.3)-(1.6) satisfies the smoothness assumption (5.2). If the penalty parameters o,, o,
ou, and o, in the DG method (3.3)—(3.9) are sufficiently large and 7, > 2, then there exist
constants C, and C., independent of h, r,, rc, Ty, and r, such that the following two error
estimates hold:

where

hmin(rp—i-l,sp)—l hmin(rc+1,sc)—1 hmin(ru—f—l,su)—l hmin(rv—f—l,sv)—l
E =

- + +
Sp—2 —2 —2 -2
,r.pP T'gc T'Zu T’iv
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Proof: The result follows from the definition of space S, the fact that the DG solution is a fixed
point of the compact operator A (defined above), the hp Approximation Lemma 2.1, and the
triangle inequality:. O
Remark. The obtained error estimates are h-optimal, but only suboptimal for r.

Finally, equipped with the results established in Theorem 5.5, we obtain the following bound
for the blow-up time of the exact solution of the Keller-Segel system.

Theorem 5.6 Let us denote by t, the blow-up time of the exact solution of the Keller-Segel
system (1.1) and by tPC the blow-up time of the DG solution of (3.8)-(3.9). Then t, < tD€.

Proof: The solution p of the Keller-Segel model blows up if |||z @) becomes unbounded in
either finite or infinite time (see, e.g., [26, 27]). Therefore, in order to prove the theorem we need
to establish an L*>-error bound. Consider interpolant p

From Theorem 5.5 we have the following L?-error bound:

hmin(errl,sp)fl hmin(rCJrl,sC)fl hmin(rqul,su)fl hmin(errl,sv)l)
)

DG ~
_ < + + +
”p pHLQ(Q) — P ( 7";'0_2 Tgc—Q /riu—Q 7031’_2

which together with the inverse inequality (2.6) leads to the desired L*-error bound,

b ~ hmin(rp+1,sp)—2 hmin(rc—i-l,sc)—Q hmin(ru+1,su)—2 hmin(m,—f—l,sv)—Q
”p - p”LOO(Q) S Cp 7"5/)_3 + ,rsc—3 + T-Su—3 + 7081’_3 ’
p c u v
which, in turn, implies that
- N hmin(errl,sp)fQ hmin(chrl,sC)fQ hmin(ru+1,su)f2 hmin(errl,sv)fQ
Irz ||Loo(Q) < ||p||L°°(Q)+CP ( T;pfzs + rse=3 - r5u=3 - 7503 >

From the last estimate the statement of the theorem follows. O

6 Numerical Example

In this section, we demonstrate the performance of the proposed DG method. In all our numerical
experiments, we have used the third-order strong stability preserving Runge-Kutta method for
the time discretization, [23]. No slope limiting technique has been implemented. The values of the
penalty parameters used are o0, = 0, = 1 and 0, = 0, = 0.01. We note that no instabilities have
been observed when the latter two parameters were taken zero, however, since our convergence
proof requires o, and o, to be positive, we only show the results obtained with positive o, and
0., which are almost identical to the ones obtained with ¢, = o, = 0.

We consider the initial-boundary value problem for the Keller-Segel system in the square do-
main [—%, %] X [—%, %] We take the chemotactic sensitivity x = 1 and the bell-shaped initial
data

p(x,y,0) = 1200e 2005 ¢(z,y,0) = 600e~ ),
According to the results in [25], both components p and ¢ of the solution are expected to blow

up at the origin in finite time. This situation is especially challenging since capturing blowing
up solution with shrinking support is extremely hard.
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In Figures 6.1-6.4, we plot the logarithmically scaled density, In(1+4pP%), computed at different
times on two different uniform grids with h = 1/51 (Figures 6.1 and 6.3) and h = 1/101 (Figures
6.2 and 6.4). The results shown in Figures 6.1-6.2 have been obtained with quadratic polynomials
(i.e.,r,=r.=r, =1, =1 =2), while the solution shown in Figures 6.3-6.4 have been computed
with the help of cubic polynomials (ie., r, =7, =7, =7, =1 =3).

Numerical convergence of the scheme is verified by refining the mesh and by increasing the
polynomial degree. As one can see, the computed solutions in a very good agreement at the
smaller times (t = 1.46 - 107>, 2.99 - 1075, and 6.03 - 107°). However, at time close to the blow-
up time (¢ = 1.21 - 107*) the maximum value of pP¢ grows while its support shrinks, and no
mesh-refinement convergence is observed: the numerical solution keeps increasing when the mesh
is refined. Using Theorem 5.6, we can conclude that in this example, the blow-up time of the
exact solution is less or equal to the blow-up time of the DG solution, which is approximately
D¢ ~ 1.21- 1074

We note that even though no slope limiting or any other positivity preserving techniques
have been implemented, the computed solutions have never developed negative values and are
oscillation-free.

A0S
A0S
f.;///:}'q:o:.‘\“““\

iy \

SESSINN N

AN
A

9
{

05 -05

N
T

Figure 6.1: h = 1/51,7 = 2. Logarithmically scaled density computed at ¢t = 1.46 - 107° (top left),
t=2.99-107° (top right), t = 6.03 - 107> (bottom left), and ¢t = 1.21 - 10~% ~ P (bottom right).

Finally, we check the numerical order of the convergence of the proposed DG method. We first
consider the smooth solution at a very small time ¢ = 1.0 - 107 and test the convergence with
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Figure 6.2: The same as in Figure 6.1 but with h = 1/101,r = 2.

respect to the mesh size h for the fixed r = 2 (piecewise quadratic polynomials). Since the exact
solution for the Keller-Segel system is unavailable, we compute the reference solution by the
proposed DG method on a fine mesh with A = 1/128 and using the fifth-order (r = 5) piecewise
polynomials. We then use the obtained reference solution to compute the relative L?- and relative
H'-errors. These errors are presented in Table 6.1. From this table, one can see that the solution
numerically converges to the reference solution with the (optimal) second order in the H!'-norm
which confirms the theoretical results predicted by our convergence analysis. Moreover, the
achieved third order of convergence in the L?-norm is optimal for quadratic piecewise polynomials.

We then test the convergence of the proposed DG method with respect to the degree r of
piecewise polynomials for the fixed h = 1/32. The obtained results, reported in Table 6.2, show
that the error decreases almost exponentially when the polynomial degree increases (this is a
typical situation when DG methods capture smooth solutions).

We also compute the L?-errors with respect to the reference solution, for the solutions plotted
on Figures 6.1 and 6.2 at times ¢t = 2.99 - 107° and ¢t = 6.03 - 10~°. These times are close to the
blowup time and the solutions develop a pick at the origin. The obtained errors are reported in
Table 6.3. As one can see, even for the spiky solutions, the convergence rate is very high though
it, as expected, deteriorates as t approaches tP¢.



Figure 6.3: The same as in Figures 6.1-6.2 but with » = 1/51,r = 3.

Table 6.1:
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h L?-error Rate H'-error Rate
1/4 3.0578 - 1.5591 -
1/8 1.0290 1.6 1.2348 0.35
1/16 0.0796 3.7 0.5206 1.3
1/32 0.0075 3.4 0.0937 2.5
1/64 0.0006 3.6 0.0157 2.6
Relative errors as functions of the mesh size h; r = 2 is fixed.
T L?-error Rate H'-error Rate
2 7.5e-03 - 9.4e-02 -
3 9.0e-04 5.2 2.2e-02 3.6
4 8.0e-05 8.4 2.6e-03 7.4
5 6.9¢-06 11.0 2.9e-04 9.8

Table 6.2: Relative errors as functions of the piecewise polynomial degree r; h = 1/32 is fixed.
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Figure 6.4: The same as in Figures 6.1-6.3 but with ~ = 1/101,r = 3.

Appendix A: Proof of Theorem 5.3 — Continuation

In this appendix, we complete the proof of Theorem 5.3 by proving that (¢, ¢%,¢Y) € S.

We begin with ¢§ and show that ¢ € S in a way similar to the proof of the fact that ¢f € S
given in §5. First, from the consistency Lemma 4.1 we obtain that the exact solution of (1.3)—(1.6)
satisfies equation (3.4), which may be rewritten as

JEZE YW AGZED W (LIRSS oY LA RS oty o

A Ecén ecly, ¥
; Q/ G’ — Q/ PP = Q/ -3 E/ vevu 3 / (Ve n [
> / (Vur nie)-o. 3 ﬂ / €[] - / Eu + / e, (A1)

We then subtract equation (A.1) from equation (5.5) and set w® = 7 to obtain

ld cl|2 cl|2 cl12 7’3 c112
571l + Imlloq +111V7 |||0,Q+UCZE”[T]”O,6

ecl'y,
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L t=299.107° t=6.03-107°
L?-error Rate L?-error Rate

1/51 5.5e-02 - 5.0e-02 -

1/101 5.2e-03 3.4 1.1e-02 2.2

Table 6.3: Relative L?-errors at two different times; » = 2 is fixed.

/TPT+1—6 Z/{w n,} /wa/vgvr—Z/{vg n,}

eel'y, Ecé&y h eel’y,
“Z/{W e ”C = e l/fc ] /fc C‘/£”T°=:Tf+---+T5- (A2)
ecl’y, e Q Q

Next, we bound each term on the RHS of (A.2).
We begin with the term 77. We first bound it using the Cauchy-Schwarz and Young’s inequal-
ities, and then apply the estimate (5.33). This results in

1
2 2
75 < I7llo.0 + 317" lo.0

C h2m1n rp+1,5,)—2 thin(rc—i-l,sc)—Q thin(ru—f—l,su)—Q h2min(m,+1,s1,)—2
< |7l +

. (A3

The terms Ty, T, Tf, T¢, T§, and T¢ are similar to the terms 77, T¢, TF, TL, T4, and TY,
estimated in (5.17), (5.23), (5.24), (5.25), (5.26), and (5.27), respectively. Hence, they can be
bounded as follows:

2

c c c|12 c Te c11(2

T5) < e5lIVrillaq +C5 > QH[T 1o.e: (A.4)
ecl'y

h2min(rc+1,sc)

c cl|12 *
T30 < |7 ||o,Q +C % ) (A.5)
r<sSc
thin(rCJrl,sc)fQ
c c cl|12 *
|T4| S 54|||VT |||0,Q + ¢ 7,250_2 ) (A6)
2 Ch2min(rc+1,sc)f2
751 < Cf Z P ||H Mo. +C T (A7)
ecl'y, ¢
5 thin(rc—i-l,sc)—Q
T51 < egl[IVTilllo o + C ra— (A.8)
’ T-CSC
2 2min(re+1,sc)—2
c c Te c112 *h
51 < G 3 Tl + O e — (A.9)
ecl’y, ¢

Finally, the last two terms on the RHS of (A.2), T§ and T§, are bounded using the Cauchy-
Schwarz inequality, Young’s inequality, and the approximation inequality (2.2):

h2 min(re+1,sc) h2 min(r,+1,s,)

C C 2 * C C 2 *
< 17loo + €5 Tl =lrloe+C %5, (A.10)

Tp
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Now substituting (A.3)—(A.10) into (A.2) and using the assumption that h < 1, we obtain the
following estimate for 7¢:

1d c||2 c c c cll2 c c c Tg c1112
5%”7 HO,Q + (1 —e5—ef—eg)l|[Vr o, + (0c — C5 — C5 — C§) Z EH[T ]HO,e
ecl’y,
h2 min(r,+1,5,)—2 h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,84)—2
c||2 ¢
< 3[7°lloq + C- ( B I v S e ) (A.11)
p c u v

This estimate is similar to the estimate (5.31). After a proper selection of € and the penalty
parameter o., we multiply (A.11) by 2, integrate with respect to time from 0 to ¢, apply Gronwall’s
Lemma 2.6, and take the supremum over ¢. This results in an estimate, which is completely
analogous to (5.33):

T

2
cl|2 cl|12 Te c1l12

sup ||7 +/( Vr + —I||T e)
M}H 0.0 1Vllloq + > ‘€||I[ (S

0 ecl’y,

h2 min(rp+1,5,)—2 h2 min(re+1,s:)—2 h2 min(ry+1,84)—2 h2 min(ry+1,8,)—2

2s,—4 + ’1“28674 + 7"23“74 + 70231)74 ) ’(A12)

Tp

where C! is a constant that depends on 101l ¢zos o, 77):m20)) 1Pt oo o.77):22000) 0 M€l (pos o,77): 202
leell (zoo oy r2cays 1@l inosqoyrz@ys 10Nl po o2, and T only.
Hence, according to the definition on page 9, the estimate (A.12) implies that ¢§ € S.

Next, we proceed with proving that ¢} € S. Once again, by the consistency Lemma (4.1), the
exact solution satisfies the following equation (compare it with (3.5)):

~ - - 2
/ '+ Y / dwy, + 3 / (—rnafw'] = Y / ' o Y, / [ [w"]
pa Ecén eeTyer ¥ €Oyer ¥ €€l U8Qver el )
u u (& u C u TZ u u
- [ew-% [ewn+ ¥ [enur-on 2 flew @A)
Q E€£h E e€0Qver e ethUBQver e
where ) - _
T = AL
ar- —ag ar- —ag
Subtracting equation (A.13) from (5.6) and choosing w* = 7%, we obtain
w||2 7"3 ul||2
I™loq +ou EH[T MMlo.0
e€l' L, U0Qver
—- > [re - X [wi- Canni s 3 [ [er
E€€) 3 eeTyer ¥, €0ver ¥ o

+Z/gcw>w— 3 /gcnxw]mu 3 ﬁ/[gﬂw] TR T (A14)

Eegh E EEQQver e EEFh Uaﬂver e
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and bound each term on the RHS of (A.14).
To estimate the term 77, we first integrate by parts and rewrite it as

Z/ L+ S [ = Z/

Eegy, Ee&p ecOE ", Ee&y, eerveruaﬂver

free

Then, using the formula for the jump and the average operators (2.1), we obtain

T = Z/ T—Z/ Irin, — Z/ Y, - Y /TC[TU]nx.

E€€ h B eEFver EEFVH eeaﬂver e

Hence, using the Cauchy-Schwarz inequality, Young’s inequality, the inequality (2.5), and apply-
ing the assumption (3.2), we arrive at the following bound for 77"
u u u rzzL ul||2 1 c 2 w|| -c||2 i r? c112
T < |17 loa+Ct D I M. + 50+ Colrloe + Cs D Sl
16 e| 2 |e]
e€l',U0Qver ecl'y

(A.15)

A bound for T3 can be obtained in a way similar to the one the bound on 7% has been

established:
" aout . _a .
‘T2‘ S Z ('/ OutL in <(¢L)€El C ’/ out __ L ¢L)E2 CeEQ> nx[T ]
ar, ar,
> =14 11 + III. (A.16)

eel"ver

amaout
/aoutL Lln[¢L ] $[ ]
p L

From (5.10) and (5.13), the first term on the RHS of (A.16) can be estimated by

15 (| fernie] o] [l -1

ecl'y
Using then the Cauchy-Schwarz inequality, the trace inequality (2.3), the inequality (2.5), and

_l_

the assumption (3.2), we estimate I as follows:

h2 min(re+1,s¢)

[ loo + K H lloe+ C—5—
| | rase

ecly,

A similar bound can be derived for the second term on the RHS of (A.16). The third term on
the RHS of (A.16) is similar to the third term on the RHS of (5.19), hence it can be bounded by

h2 min(ry+1,84)

th 2
11 < (r—2+K> EF: e |H[ Mo +C———gs—
u ec “

Combining the above bounds on I, II, and III, we arrive at

h2 min(ry+1,s4) h2 min(re+1,s¢)
) (A17)

2
u c||12 u " ul||2 *
151 < Il + 01 3 e, + o (0

2s
7/' c
ecl'y, c
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To bound the term 73, we use the Cauchy-Schwarz inequality, Young’s inequality, and the
inequality (2.5), which yield

2
u u C u T’U/ u
T < CHIrlia + 8 D TG, (A.18)

e€0Qver | |

The term T}' is bounded with the help of Cauchy-Schwarz inequality, Young’s inequality, and
the approximation inequality (2.2):

h2 min(ry+1,s4)

u 1 u *
ITil < £ll7 log +C (A.19)

2s
oY

Using the Cauchy-Schwarz inequality and the inverse inequality (2.7), we first bound 73" by

T2 < DM€ sl()allo s < D NENoeh™ ol llo = T3 (A.20)

Ee&;, Ee&;,

We then use Young'’s inequality, the assumption (3.2), and the approximation inequality (2.2) to

obtain
h2 min(re+1,5¢)—2

~U 1 u *
T5 < 1_6”T |’§,Q+C (A.21)

rgscf4
The term T§ is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.3), and
the approximation inequality (2.2):

. . 7,.3 2 *thin(rc—i—l,SC)
T <y Y ;|H[T oo+ C"——5— (A.22)

‘ TQSC

eeaﬂver ¢
The last term 7% is similar to term 7Y, estimated in (5.27). Hence,

h2 min(ry+1,8,)—2

(A.23)

2
u u Tu U 2 *
T <Cy o) @H[T Jllo.. +C

’1“28“74
e€l',U0Qver u

After obtaining the estimates (A.15) and (A.17)—(A.23), we plug them into (A.14) and use the
assumption h < 1 to obtain

) w||2 i U U U U Ty ul||2 U U c||2
1_6HT 0.0 + (0w — Cf = Cf = C§ — C7 = () Z HH[T o < (1 +C5+C5)Im°o 0
e€l',U0Qver
1 . ) . 7"3 J . thin(rc+1,sc)—2 h2min(ru+1,su)—2
+ NI+ 05 Y I+ o (P — + ) sy
eel'y, c u

In the same way as we have derived the estimate (A.24), we can establish the following bound:

r

) v (|2 v v v v v 5 v1|(|2 v v cl|2
1_6HT HO,Q"‘(UU_Cl —Cy —Cs = C7 = (%) Z EH[T ]Ho,e <(A+C+ )l HO,Q
e€l L, U0Qnor
1 . 5 ) 7,.3 - i thin(rc+1,sc)—2 h2min(m,+1,s1,)—2
FRIEIE, + 05 NI + € (e — + ) )

ecl'y
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Next, we use Lemma 2.4 to bound HTCHaQ on the RHS of (A.24) and (A.25). This results in

) wu||2 U i i i U TZ uy||2
1_6”T loo + (0w —CY = Cf = Cg — CF = C¥) Z E”[T Mo.e
e€l',U0Qver
1 i i cl|12 U i i r? c1112
< (3 + KO+CE+a)IIVrille + (@ + KO+ 3 +C2) 3 =6l
ecl'y,
. thin(rc+1,sc)—2 h2min(ru+1,su)—2
+ o ( T ) , (A.26)
and
) v (|2 v v v v v T121 v1||2
1_6HT HO,Q + (00 = C7 = Cf = C¢ = C7 = %) Z H”[T ]”o,e
e€l L, U0Qnor

1 7"3 c
< (3+ KA+ +CIIVrellita + (€ + KA +C5+C) reylltrIla.

ecly,

+
28c.—2 28y —4
T'c (& ’r‘v v

h2min(rc+1,sc)f2 h2min(rv+1,sv)72
+ C,, ( > : (A.27)
We then multiply both sides of (A.26) and (A.27) by 16/5, choose the appropriate penalty
parameters o, and o,, integrate with respect to time from 0 to 7', and use the estimate (A.12)
to obtain

T 2
2 T 2
[(rBa+ ¥ )
0 e€l', U0Qver
h2min(rp+1,sp)—2 thin(rc+1,sc)—2 thin(ru—f—l,su)—Q h2min(m,+1,s1,)—2
11T
<cC ( 25,4 + 254 + 25u—4 + 2504 )(A‘QS)
Tp c u v
and
T 2
2 T 2
[(mEa+ ¥ ies.)
0 e€l LU0 or
h2min(7“p+1,sp)—2 thin(rc+1,sc)—2 h2min(ru+1,su)—2 h2min(rv+1,s1,)—2
I\
=¢ ( ! L )’(A.QQ)

where "' and C'V are constants that depend on [|pll oo rpy.z2r 126l o= o720
HCH(LOO([O,T});H?(Q))’ ||Ct||(L<>o([o,T});L2(Q))> ||u||(L°°([O,T]);L2(Q))> HUH(LOO([O,T]);LQ(Q))? and T" only.

We now estimate the RHS of (A.24) in a different way: we apply the inequality (2.5) and the
inverse inequality (2.7), which yield

5 2 T2 2
S+ u-ct-ci-Gi-cr-cn ¥ R,
e€l',U0Qver
4 2min(re+1,s:)—2 2min(ry+1,5,)—2
T 2 h h
< K“h_ZHTCHop +C ( o + )
c

25y —4
T
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We then take the supremum over ¢, choose the appropriate penalty parameters o, and o,, and
use the estimate (A.12) to obtain

2
u||2 Ty v7]|2

sup | ||T + g — T e)

0.7] (H HO,Q |€| H[ ]HO,

e€l' L, U0Qver
h2 min(r,+1,s,)—4 h2 min(re+1,s.)—4 h2 min(ry+1,8,)—4 h2 min(ry+1,s,)—4
<C ( + + + >
- 25,—8 250 — 28— 28y —
Tp P Tcsc 8 rusu 8 TUSU 8

Finally, using the assumptions on r, s, and h, we conclude that

2
wn2 Ty ) %719 1 1 1 1
o (Il + 3 IFIR) <G (Gt b)) (A30)
0,7] ( 08 eerhuzagver le] * reoore rh T
where the constant C is independent of & and 7.
The bound on 7Y is obtained similarly:
2
) T, v1n2 %72 1 1 1 1
- <Ch|++—=+—= A3l
p (17 0+ S UG <0 (G g gg) (D

e€l LU0 or

where C} is independent of A and 7.
According to the definition on page 9, the estimates (A.28)—(A.29) and (A.30)—(A.31) ensure
that (6%, %) € .
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