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Abstract

T'-convergence techniques combined with techniques of 2-scale convergence are used to give a char-
acterization of the behavior as & goes to zero of a family of integral functionals defined on LP(£2; R%)
by

/f(x,f,Vu(x)) de ifue WP RY),
T.(u):={ '@ ¢

o0 otherwise,

under periodicity (and nonconvexity) hypothesis, standard p-coercivity and p-growth conditions with
p > 1. Uniform continuity with respect to the x variable, as it is customary in the existing literature,
is not required.
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1 Introduction and main result

The analysis of the limiting behavior of ordinary or partial differential (systems of) equations with oscillat-
ing and periodic coefficients was initiated using asymptotic expansions (see Bensoussan, Lions and Papan-
icolau [9], Jikov, Kozlov and Oleinik [39] and Sanchez-Palencia [52]), and it evolved toward more general
situations through the concepts of G-convergence introduced by Spagnolo (see [53]), H-convergence due
to Murat and Tartar (see [48] and [54]), I'-convergence due to De Giorgi (see [27] and [29]), and of 2-scale
convergence introduced by Nguetseng (see [42], [49] and [50]), further developed by Allaire and Briane
(see [2] and [3]) and generalized by many other authors.

From a variational point of view the asymptotic analysis or homogenization of integral functionals, as
it is referred in the literature, rests on the study of the equilibrium states, or minimizers, of a family of
functionals of the type

T.(u) = /Q f-(, V() da,

where the functions f. are increasingly oscillating in the first variable as the parameter € goes to zero, 2
is an open bounded set in RY with N > 1, and u is a scalar or vector-valued function in some Sobolev
space. The understanding of the effective energy carried by these functionals leads to a “homogenized”
functional Zyon, such that a sequence of minimizers u. of Z. converges, as £ goes to zero, to a limit u
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Figure 1: Typical example

that is a minimizer of the functional Zy,,,. Hence 7o captures the limiting behavior of equilibria, and
a main quest in the Calculus of Variations is to obtain explicit characterizations of this functional, in
particular to reach an integral representation formula of the type

T = | ooz, Vu(e) dz
Q
where the effective energy density fhom is to be determined.

Our aim here is to characterize the behavior as € tends to zero of the family of functionals Z. :
LP(;RY) — [0, 00] defined by

- /Qf (%%,Vu(x)) de if u € WIP(Q;RY),

T (u) :== (1.1)

00 otherwise,

under periodicity (and nonconvexity) hypothesis, p-coercivity and p-growth conditions with p > 1. Z.(u)
can be interpreted as the energy under a deformation u of an elastic body whose microstructure is periodic
of period ¢ (Figure. 1). We seek to approximate, in a I'-convergence sense, the microscopic behavior of
this kind of material by a macroscopic, or average, description. We combine a I'-limit argument with
techniques of 2-scale convergence.

In the sequel given © an open bounded set in RY with N > 1, we define A(2) as the family of all
its open subsets, and the notation I'(L?(2))-limit stands for the I'-convergence with respect to the usual
metric in LP(Q;RY) (d > 1). The space R¥*¥ will be identified with the set of real d x N matrices,
Q := (0,1)" is the unit cube in RY, and £ or | - | stands for the usual Lebesgue measure in RY. Given
¢ € R we denote its integer part by [¢]. Throughout the text [ represents a generic constant and ¢, €,
are small positive numbers.

Functionals of the type (1.1) have been already studied in the I-convergence sense by many authors
within the Sobolev and BV settings. In a Sobolev setting and for functionals of the form

/Q f(%, Vu(x)) dx

we refer to Marcellini [44] and Carbone-Sbordone [21] for the scalar case, where it is assumed that
f = f(y,&) is Borel measurable, Q-periodic with respect to y and convex with respect to £ (see also
Cioranescu, Damlamian and De Arcangelis [23]). In the vectorial (and nonconvex) case we refer the
reader to Miiller [47] and Braides [12]. In [11] Braides studied functionals of the form

/Qf(% g,u(m’), Vu(x)) dz,

for scalar-valued u under the assumptions that the integrand f = f(z,y,s, &) is convex in £, and that
there exist a locally integrable function b and a continuous positive real function w, with w(0) = 0, such
that



If(x,y,s,ﬁ) - f(x’,y,s',f)\ < w(|x - ZE,| + ‘S - S,|)(b(y) + f(x,y, 855)) (12)

for all z, 2/, y € RY and s, s € R In addition f is assumed to be Borel measurable and Q-periodic
with respect to y.

A sketch of the proof of an analogous result in the vectorial setting for f = f(z,y,£) can be found
in Braides and Defranceschi [15] (convex and nonconvex case) and also in Braides and Lukkassen [17]
(convex case).

We refer also to Lukkassen [41], Braides and Lukkassen [17], Braides and Defranceschi [15], Fonseca
and Zappale [38], Berlyand, Cioranescu and Golovaty [10], and Babadjian and Bafa [5] for other multiscale
problems in the I'-convergence and Sobolev setting.

Using 2-scale convergence techniques we will substantially weaken the continuity hypothesis (1.2)
required in the previous works without any convexity assumptions. We prove the following result.

Theorem 1.1. Let f: Q x RN x RN R be a function such that

Hy) f(-,y,-) is continuous in Q x RN for a.e.y € RY;

f
Hy) f(x,-,€) is measurable for all x € Q and for all £ € RN
f

H3) f(z,-,€) is Q-periodic for all x € Q and for all £ € RN ;

(H1)
(Hz)
(Hs)
(Hy) there exist a real number p > 1 and a constant a > 0 such that

@—a<f(x < al P
o S 9,8) < a1+ [€]P),

for all x € Q, for a.e.y € RN and for all £ € RN,

If u € LP(;RY) then

from (z, Vu(x))dx if u e WHP(Q;RY),
Tuom(w) = T(LP(Q)- i Z. () = { /% (13)

o0 otherwise,

where

T—oo ¢

Srom(x,&) := lim inf {TlN/ flz,y, 6+ Vo(y)) dy, ¢ € W&’P«O?T)N;Rd)} (1.4)
(0,7)N

for all x € Q and all £ € RN . Moreover, fuom is a Carathéodory function, satisfies similar p-coercivity
and p-growth conditions to those of f, and fuom(z, -) is quasiconvex for all x € €.

As for quasiconvex envelopes, there are very few explicit examples of homogenized densities in the
literature. A classical explicit derivation of the function fhon, for elliptic operators in the homogeneous
case, that is, for integrands f that do not depend on the variable z, can be found in De Giorgi and
Spagnolo [31] (see also the book of Dal Maso [25] and references therein).

The proof of Theorem 1.1 uses the direct method of I'-convergence. The existence of I'-converging
(sub)sequences rests on the integral representation theorem of Buttazzo and Dal Maso (Theorem 2.10),
and arguments of two-scale convergence are used to derive an upper bound for the integrand of this
functional. To get the other bound we invoke the fact that, under hypotheses (Hy)-(Hy), f is “uniformly
continuous up to a small error”. The argument rests on the Scorza Dragoni Theorem (Theorem 2.8), the



periodicity of f on @, and the Decomposition Lemma (Theorem 2.20) that allows us to select minimizing
sequences with p-equi-integrable gradients.
Two more remarks are worthy of note. First, it can be shown that for all z € Q and for all £ € R¥*V

1
from (2, &) = TiléfNigf {TN /(O,T)N flx,y,6+Vo(y)) dy, ¢ € Wol’p((O,T)N;Rd)} (1.5)

and

~infinfd L Lp N.Rd
fhom(xv g) - %Iéfl‘\l lgf { TN /(O,T)N f(l‘, yag + V¢(y)) dy7 ¢ € Wper ((Oa T) 7R ) (16)
(see [47] and [15]; see also Lemma 3.3). Secondly, we observe that under the additional hypothesis that
f(z,y, -) is convex for all x and a.e. y, (1.5) or equivalently (1.6) simplify to read

o) =it { [ o€+ Vo). 6 € WZ(Q:EY| (11)

Identity (1.7) asserts that for convex integrands it is sufficient to consider variations which are periodic
in one cell @, while for nonconvex integrands f it is necessary to consider variations which are periodic
over an infinite ensemble of cells. As noted by Miiller, (1.7) hold for scalar u without assuming any
convexity hypothesis on f, and do not hold in the general vector-valued nonconvex case (see Section 4 in
[47]). Moreover, by hypothesis (Hy), the p-growth condition in (Hy4) and by a variant of the Dominated
Convergence Theorem (see e.g. Theorem 4 in section 1.3 of Evans and Gariepy [34]) (1.4), (1.5)-(1.7)
hold if the admissible test functions are taken in any smooth dense subset of T/VO1 P ((O,T)N ;Rd) and
Wplé’r’(((), T)N;R%), respectively.

The fundamental property of I'-convergence, and its main link to other homogenization techniques, is
that under certain compactness properties approximate minimizers of Z. converge to a minimizer of the
limiting functional Zj,o,,. This is made precise in the following corollary of Theorem 1.1.

Corollary 1.2. The functional ITnom has a minimum on V, = {u e WHe(Q;RY) - w— € WP (Q; Rd)}
and
in 7, =1l inf Z.(u).
a2y Trom () = Iy Jof Ze(v)

Moreover, given e, — 0 and {uy}, C V,, such that

lim Ien (un) = min Ihom (U),
n— o0 u€Vy,

then (up to a subsequence) {u,}, WYP-weakly converges to a minimum of Tnom on V.

We note that if €2 is assumed to be Lipschitz then the I'-limit of the previous functionals for u €
WP (Q;R?) would be the same if the weak W !P-topology had been considered in place of the strong
LP-topology. For p = 1 our argument fails to characterize this I-limit for u € W11 (€;R?), either with
the strong L'-topology or with the weak W'!-topology, since sequences whose gradients are bounded in
L' (see (H4)) are not necessarily compact in W as the argument carried out in Step 2 of the proof of
Proposition 4.6 requires. These sequences are relatively compact only in the space of functions of bounded
variation. The homogenization of functionals of linear growth in the framework of I'-convergence and
in the space of (special)bounded variation functions has been considered, among others, by Bouchitté
[18], Braides and Chiadd Piat [14] and Carbone, Cioranescu, De Arcangelis and Gaudiello (see [22] and
references therein) in the convex case; in the nonconvex case it has been treated by De Arcangelis and
Gargiulo [4] and Bouchitté, Fonseca and Mascarenhas [19].



We remark that an analogous result to that of Theorem 1.1 holds if we assume the integrand f =
f(z,y,&) to be measurable in z, continuous with respect to the pair (y, £), and Q-periodic as a function of
the variable y (see Section 5). This case was presented in detail in Bafa and Fonseca [6]. Recently, in an
independent work, Pedregal [51] prove Theorem 1.1 in the scalar and convex case using Young measures
techniques (see also Barchiesi [8]).

The overall plan of this work in the ensuing sections will be as follows: Section 2 collects the main
definitions and auxiliary results used in the proof of Theorem 1.1. In Section 3 we record the properties of
fhom for later use. These properties can be deduced from previous works but we present here alternative
proofs for the sake of completeness. The proof of Theorem 1.1 is given in Section 4, and finally in Section
5 we present a similar result under a different set of hypotheses.

2 Preliminaries

The purpose of this section is to give a brief overview of concepts and results that are used throughout
this work. All these results are stated without proofs as they can be readily found in the references given
below.

2.1 TI'-convergence of a family of functionals

We start by recalling De Giorgi’s notion of I'-convergence and some of its basic properties (see De Giorgi
and dal Maso [27] and De Giorgi and Franzoni [29]). We refer to Braides [13] and Dal Maso [25] for a
comprehensive treatment and bibliography on the subject.

Throughout this subsection (X, d) denotes a metric space.

Definition 2.1. (T-convergence of a sequence of functionals) Let {Z,}, be a sequence of functionals
defined on X with values in R. The functional T : X — R is said to be the T-liminf (resp. I'-limsup) of
{Z,,}n. with respect to the metric d if for every u € X

Z(u) = inf { liminf 7, (u,) : un € X, up — u in X} (resp. limsup).

{un} n—oo n—oo

In this case we write
Z =T-liminfZ, (resp. 7 =T'-limsup In) .

n—oo n— oo

Moreover, the functional I is said to be the I'-lim of {Z,}, if

Z =T-liminfZ, = I'-limsupZ,,

n—00 n— oo

and in this case we write
Z=T1m Z,.

n—oo
For every € > 0 let Z. be a functional over X with values on R, Z, : X — R.

Definition 2.2. (I-convergence of a family of functionals)
A functional T : X — R is said to be the I'-liminf (resp. T'-limsup or I'-lim) of {Z.}. with respect to
the metric d, as € — 0, if for every sequence €, — 0

Z =T-liminf7, (resp. Z =T-limsupZ,, or Z =T-lim Ln) )

n—oo n—oo n—oo

and we write



7= 1"—limi(€1fI6 (resp. I =T-limsupZ. or I = F—lirr(l)IE) .
£— E—

e—0

The next result states that a metric space (X, d) satisfies the Urysohn property with respect to T'-
convergence.

Proposition 2.3. GivenZ : X — R and e, — 0, T =T- lim Z., if and only if for every subsequence
n—oo

{en; }; there exists a further subsequence {;, }i such that {Z.; }, I'-converges to I.

If, in addition, (X, d) is a separable metric space then the following compactness property hold.

Theorem 2.4. Each sequence e, — 0 has a subsequence {ey,}; such that I'-lim Isnj exists.
N J—00

Proposition 2.5. IfZ =T'-lim i(I)lfIE (or T-limsup) then T is lower semicontinuous (with respect to the
e e—0

metric d). Consequently, if T = F-liH(l) I then T is lower semicontinuous.
E—

Definition 2.6. A family of functionals {Z.}. is said to be equi-coercive if for every real number \ there
exists a compact set Ky in X such that for each sequence €, — 0,

{ue X: I, (u) < A} C K for everyn € N.

As mentioned before, one of the most important properties of I'-convergence is that under appropriate
compactness properties it implies the convergence of (almost) minimizers of a family of equi-coercive
functionals to the minimum of the limiting functional. Precisely, we have the following result.

Theorem 2.7. (Fundamental Theorem of I'-convergence) If {Z.}. is a family of equi-coercive functionals
on X and if
Z=T-limZ,,
e—0

then the functional Z has a minimum on X and

minZ(u) = lim inf Z,(u).

ueX e—0 ueX
Moreover, given e, — 0 and {u,}, a converging sequence such that

lim 7. (u,)= lim inf Z. (u), (2.1)

n— o0 n—oo ueX
then its limit is a minimum point for T on X.

If (2.1) holds then {uy}, is said to be a sequence of almost-minimizers for Z.

2.2 Quasiconvex functions

We recall that a Borel measurable function f : RN — R is said to be quasiconvez at a point x € RN
if
f@) < [+ Vo) dy
Q

for every ¢ € Wol’OO(Q; R?) and for every open bounded set Q C RY with £V (99) = 0, where WOI’OO(Q; R%)
is the space of Lipschitz functions in Q with values on R? and zero trace on 9€2. The function f is said



to be quasiconver if it is quasiconvex at any x € R¥¥ (see Morrey [46]). As it is known, if 1 < p < oo
and if f: RN — R is quasiconvex and there exists v > 0 such that

0< f(E <v(1+[EF)

for all £ € RN then the p-Lipschitz condition

[f(2) = F)] < B+ 2P~ + [y~ H)]a — ] (2.2)
holds for all z, y € R and some 3 > 0 (see Marcellini [45]).

2.3 Carathéodory functions

Given  an open subset of RN, N > 1, and B a Borel set of R, [ > 1, a function f : Q x B — R is said
to be a Carathéodory integrand if

i) x— f(x,€) is measurable for every £ € B,
ii) &€ — f(x,€) is continuous for almost all z € Q.

In this work we deal with Carathéodory integrands where [ = N + (d x N). We will use the following
characterization.

Theorem 2.8. (Scorza-Dragoni Theorem) (see Ekeland and Teman [33]) Let Q € RN, N > 1, be an
open set. A function f: Q xRl — R, [ > 1, is Carathéodory if and only if given a compact set K C Q
and a positive number €, there exists a compact set K. C K such that LN (K \ K.) < € and the restriction
of f to K. x R! is continuous.

The following result shows that every Carathéodory integrand is (equivalent to) a Borel function.

Proposition 2.9. (see Proposition 3.3 in Braides and Defranceschi [15] or Ekeland and Teman [33]) Let
Q C RN, N > 1, be an open set, and let B be a Borel set of R', | > 1. Every Carathéodory integrand
f:Qx B — R is (equivalent to) a Borel function, that is there exists a Borel function g : 2 x B — R
such that f(xz,-) = g(z,-) for a.e. x € Q.

2.4 An integral representation theorem for functionals defined over Sobolev
spaces

In this section we recall an integral representation theorem for local functionals depending on Sobolev
functions and on open sets obtained by Buttazzo and Dal Maso. It provides abstract conditions under
which a functional 7 admits an integral representation of the form

I(u,A):/Af(x,Vu(x))dx

for some Carathéodory integrand f (see Theorem 1.1 in [20] and references therein).

Theorem 2.10. Let 2 be an open subset of RN, N > 1. Let T: W1P(Q;R?) x A(Q) — R, with d > 1
and 1 < p < oo, where A(QY) is the set of open subsets of Q, satisfy the following properties

i) T is local on A(Q), i.e. Z(u, A) = I(v, A) whenever A € A(Q), u,v € WHP(Q;R?) and u = v a.e.
on A;

ii) T is a measure on A(Q), i.e. for every u € WHP(Q;RY) the set function I(u,.) is the restriction to
A(Q) of a finite Radon measure;



iii) T satisfies a growth condition of order p, i.e. if p < oo then there exist a € L*(2) and b > 0 such
that for every A € A(Q) and every u € WHP(Q;R?),

|Z(u, A)| < /A[a(ac) + b|VulP] dz,

and if p = oo then for every r > 0 there exists a, € L*(Q) such that

|Z(u, A)| g/aT(z)dx

A

for every A € A(Q) and every u € WHL°(Q; R?Y) with |Vu| <7 a.e. in A;
i) T is translation invariant, i.e. for every A € A(Q), u € WIP(Q;R?), c € R?,

Z(u+c,A) =TI(u,A);

v) for every A € A(Q), the function Z(-, A) is s.w.l.s.c on WIP (s.wx.ls.c if p= o0).
Then, there exists a function f:Q x RN — R such that

a) for every A € A(Q) and every u € WHP(Q;RY) the integral representation formula holds

I(u,A):/Af(x,Vu(x))d:c;

b) f is a Carathéodory integrand;

c) f(x,z2) satisfies a growth condition of order p, that is, when p < oo there exist d € L*(Q) and 3 = 0

such that
|f(z,2)] < d(z) + Bz,

for a.e. x € Q and for all z € RN | and when p = oo for every r > 0 there exists d, € L' () such

that
|f(z,2)] < dr(z)

for a.e. x € Q and for all z € RN with |z| < r.

Remark 2.11.

i) Conditions a), b), ¢) imply i), ii), iii), iv) but not v). Nevertheless, the integral representation
theorem does not hold if we drop hypothesis v) (see examples in Buttazzo and Dal Maso [20]).

ii) Conditions a), b), ¢) and v) imply that for a.e. x € Q the function £ — f(z,€) is quasiconvex (see
Statment IL.5 in Acerbi and Fusco [1]).



2.5 Sufficient conditions for a set function to be a Radon measure

The following lemma provides sufficient conditions for a set function II : A(X) — [0,00) to be the
restriction of a Radon measure to A(X), where A(X) is the set of open subsets of a topological space X.
It is close in spirit to De Giorgi-Letta’s criterion (see [30]) and it is of importance to apply the Direct
Method of T'-convergence as well as for the use of relaxation methods that strongly rely on the structure
of Radon measures.

Lemma 2.12. (see Fonseca and Maly [36]; also Fonseca and Leoni [35]) Let X be a locally compact
Hausdorff space, let 11 : A(X) — [0,00), and let u be a finite Radon measure p on X satisfying

(nested-subadditivity) 11(D) < II(D\B) + II(C) for all B,C,D € A(X) with B cC C C D;

1

ii) Given D € A(X), for all € > 0 there exists D. € A(X) such that D. CC D and II(D\D,) < ¢

I(X) > p(X);
(D) < (D) for all D € A(X).

iii

i)
i)
i)
iv)

Then IT = p| 4(x)-

2.6 The notion of 2-scale convergence

In this section we present in a schematic way the main properties of two-scale convergence introduced by
Nguetseng [49] (see [42] and also [50]) and further developed by Allaire and Briane (see [3] and Lukkassen,
Nguetseng and Wall [42]).

Definition 2.13. (Periodic function) A function f : RY — R, with N > 1, is
i) Q- periodic if f(-) = f(- +le;) for all | € Z, where {e1,...,en} is the canonical basis of RN ;
ii) kQ- periodic (or k- periodic), with k € N, if f(k-) is Q-periodic.

We denote by Cpe:r(Q) the Banach space of all Q-periodic continuous functions defined in RY with values
in R endowed with the supremum norm, and by Wgélr’ (kQ) the WhP-closure of all kQ- periodic and
C'-functions defined in R with values in R endowed with the W1 P-norm.

Given Q an open bounded subset of RN and 1 < p < oo, we denote by LP(2;Cper(Q)) (resp.
LP(Q; W, 2(kQ))) the space of all measurable functions f : Q@ — Cpher(Q) (resp. f: Q — WLE(kQ))

such that
100t = [ @I, do < o0

e AL ||W1ka)dx<oo)

where
T 1= ma; x,
I1£( )||cper(Q) yec>2<|f( Y|

(resp. 1SNy gpa) = [ eyt [ 9uste )l i),

Clearly a function f € LP(; Cper(Q)) (vesp. LP(Q; WLP(kQ))) may be identified with the function

per

defined on Q x RY via f(x,y) := f(2)(y) (V,f denotes its derivative with respect to the second argument
Y)-



Similarly, L2, (Q; C(Q)) stands for the space of functions f = f(y)(x) = f(y, =) that are measurable,

p-summable, and Q-periodic in y, with values in the Banach space of continuous functions on €2, with

18 oy = | O

and
Hf(y)Hc(ﬁ) = T§g|f(y»$)|~

Generalized versions of the Riemann-Lebesgue Lemma hold for functions in LP(£; Cper(Q)) and in

L5 (Q;C(Q), p> 1.

Lemma 2.14. (see Lemma 5.2 in Allaire [2] and Theorem 3 in Lukkassen, Nguetseng and Wall [42]; see
also Bensoussan, Lions and Papanicolaou [9] and Donato [32]) Let f € LP(Q; Cper(Q)) and let {e,}n be a
sequence of positive numbers converging to zero. Then for every n € N the function f(-, E> 18 measurable

in €,
lr(-2)
En/ (o)
X p o p
f(xg) dx/ﬂ/@lf(z,y)l dy da.

Lemma 2.15. (see Corollary 5.4 in Allaire [2]) Let f € L2, (Q;C()) and let {e,}, be a sequence of

per
positive numbers converging to zero. Then for every n € N the function f(;, -) is measurable in Q,
< Ol p@ic@))

e
En L ()
f(”””x) dx—/Q/Q|f<y,x>|pdydx.

Let p and ¢ be real numbers such that 1 < p < co and % + % =1, and let {e,}, be a sequence of
positive numbers converging to zero.

<l Lr(@:Cper (@)

and

lim
n—oo Q

for some C = C(R2) >0, and

lim
n—oo Q

Definition 2.16. (Two-scale convergence) A sequence of functions {fn}n in LP(Q)) is said to two-scale
converge to a limit f € LP(2 x Q), and we write f, 2 f,if

[ fa@o(e ) o= [ [ s oty

as n — 00, for all € L1(Q; Cper (Q)).

Lemma 2.17. (see e.g. Lukkassen, Nguetseng and Wall [42]) Let {f,}» C LP(Q) be such that f, = 7.
Then

[ h@o(Zw)de— [ [ st dya

as n — oo, for all ¢ € L (Q; C(Q)).

10



Lemma 2.18. (see e.g. Lukkassen, Nguetseng and Wall [42]) Every sequence {fn}n bounded in LP(Q)
admits a subsequence (still denoted by {fn}n) such that f, 2 f for some f € LP(Q x Q).

For sequences weakly convergent in WP (Q) the following compactness result holds.

Theorem 2.19. (see Allaire [2] or Nguetseng [49]) Let {fn}n be a sequence weakly convergent to a

function f in WYP(Q). Then f, 2 f, and there exist a subsequence (still denoted by {f,}n ) and
f1 € LP(Q; WP(Q)) such that

per

Vi BVf+V,fi.

2.7 The Decomposition Lemma

We recall that a sequence of functions {u,} C L*(Q) is said to be equi-integrable if for all ¢ > 0 there
exists 6 > 0 such that

sup/ |un|dz <
neNJ A

whenever A C Q with LV (A) < 6.

As a consequence of the next theorem, each sequence with bounded gradients in LP, for 1 < p < oo,
admits a subsequence that can be decomposed as a sum of a sequence with p-equi-integrable gradients
and a remainder that converges to zero in measure. This property turns out to be an important tool for
the asymptotic analysis of integral functionals relying on localization arguments.

Theorem 2.20. (Decomposition Lemma) (see Fonseca and Leoni [35]; see also Fonseca, Miiller and
Pedregal [37] and Kristensen [43]) Assume that 0Q is Lipschitz, let 1 < p < oo and let u, — vg in
WLP(Q;R). Then there exist a subsequence {un, }x of {un}n and a sequence {vi}r C WH(RN;R%)
such that
i) vp — vo in WHP(Q;RY),
i1) vy = v in a neighborhood of OX2,
i11) {Vug i is p-equi-integrable,

iv) kh_}rrolo LY {z € Q:vg(w) # up, (7)}) = 0.

3 Properties of fiom

In this section we turn our attention to the main properties of the function fyom defined in (1.4). By
hypothesis (Hy) replacing f by f 4+ « we may assume throughout that f is nonnegative.

We start by showing that the limit in (1.4) is well defined. This fact follows as a consequence of the
next lemma, whose argument is analogous to that used in Bouchitté, Fonseca and Mascarenhas [19] and
relies on Lemma 6.1 presented in Appendix.

Lemma 3.1. Let f: Q x RN x RN R be a function such that
(Hy) f(x,y,-) is continuous in RN for all z € Q and for a.e. y € RN,

and hypotheses (Ha), (H3) and (Hy) hold. Then for all ¢ € RN there exists

1
lim inf{TN/(o,T)N flx,y, €+ Vo(y))dy, ¢ € Wolvp((O,T)N;]Rd)}. (3.1)

T—oo ¢
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Proof. (see also Braides and Defranceschi [15]) Let (x,&) € Q x RN and let

stay=int{ [ flo.ne + oty o€ Wi (A}

for A € A(RY). Under the assumptions on f the function S : A(RY) — R* satisfies the hypotheses of
Lemma 6.1 with T'= Z" and M = 1. Hence we conclude that the limit

S0, 7))
R

or, equivalently, (3.1) exists. ]

In particular, if f satisfies (H;)-(Hy) the conclusion of Lemma 3.1 holds. We want to show that under
these hypotheses fhom is a continuous function. We start by showing that if f satisfies hypotheses (Hi)
and (H)-(Hy), then fuom(z, ) is continuous for all 2z € 2. This task would be greatly simplified if f would
satisfy a p-Lipschitz condition of the form (2.2). As quasiconvex functions under hypothesis (Hy) satisfy
inequality (2.2), the first step will be to verify that foom = (Qf)hom Where Qf : Q x RV x RN R
denotes the usual quasiconvexification of f with respect to the last variable £, and which is known to be
quasiconvex in this last variable (see Dacorogna [24]). We recall that

Qf(x,y,@:igf{ /Q [, €+ V(=) d : ¢EW§”’(Q;Rd)} (3.2)

for all (x,y,&) € Q x RY x RN (see Dacorogna [24] and Ball and Murat [7]) and that, consequently,
Qf satisfies conditions (Hs) and (Hy4). The following properties of Qf are of interest for the argument
that follows.

Lemma 3.2. Let f satisfy hypotheses (H,) and (Hy)-(Hy). We have that
i) Qf(x,-,-) is a Carathéodory function for all x € §;
i) (Qf ) hom (2,€) = from(z,€) for all (z,£) € Q x RN,

Proof. i) Let (x,€) € Q x RN, We can write

Qf(x,y,§) = inf gy(y)

PEST

where

9s(y) == /Q ey €+ Vo(2)) dz

and Sy is a countable subset of C2°((0,T)N;R%) dense in Wy ((0,T)N;R%). By Tonelli’s Theorem the
functions g, are measurable, and so is Qf(z,-, ) as the infimum of a countable family of measurable
functions. The upper semicontinuity of Qf(z,y,-) for all x €  and for a.e. y € RV follows from (3.2),
hypotheses (H;) and (Hy). Its lower semicontinuity can be obtained using an argument analogous to
that of Lemma 4.3 in Dal Maso, Fonseca, Leoni and Morini [26].

ii) As a consequence of i) and of Lemma 3.1 we remark that

(Q/ hom(®,€) 1= lim inf igf{TlN | orwe+ Vo) dy, ¢eW&"’(<o,T>N;Rd)}

= lim inf{TlN/ Qf(x,y,§ +Vo(y)) dy, ¢ € W&’p((O,T)N;Rd)}
¢ (0,T)N

T—o00
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for all (z,¢) € Q x RN,
Let (z,&) € Q x RN Obviously fuom(z,&) >
Let n € N and let T;, € N and ¢,, € W, P((0,T;,)";

(Qf hom(@.6) + + > Of (.36 + Véu(y)) dy.

=
N
n Tn 0,T,)N

(2 )nom(z,€). Let us prove the converse inequality.
R?) be such that

Thus .
(@ hom(a,) > limnsup v [ Qf(w i+ Von(w) do. (33)
(0,T)N

To compare (3.3) with fhom(z, &) we apply the Relaxation Theorem of Acerbi and Fusco (Statement II1.7
in [1]) and the Decomposition Lemma (Theorem 2.20). As a consequence of the first result, for every n
fixed there exists a sequence {¢, x}x C WHP((0,T,)";RY) such that ¢, x ?@L in WLr((0,T,,)V; R?)
and

L Of (z,y;€ + Von(y)) dy = lim % / f(@, ;€ + Voni(y)) dy. (3.4)
(0,7,)N

TTZLV 0,T,,)N k—oo T

n

By Theorem 2.20 we can now find a subsequence (still denoted by {¢n x}x) and a sequence {9 x}x C
Wy (RV;R?) such that ¢k — ¢p in WHP((0,T,)V; R?) with

{IV¢n P} equi-integrable (3.5)
and
ﬁN{y € (OyTn)N : wn,k(y) 7é ¢n,k(y)} kjo)o 0. (36)
As f is nonnegative, by (3.5), (3.6) and (Hy)
. 1
Jim T~ /(o,mw f@,y: 6+ Vonr(y)) dy
. 1
> limsup / f(@, 9§+ Vo i (y)) dy
k—oo n {y€(0,T0)N: Y 1k (¥)=¢n,k(y)}
. 1
= lim sup T~ / flz,y; &€+ Vo 1 (y)) dy. (3.7)
k—oo n (07Tn N

Thus from (3.3), (3.4) and (3.7)

n— 00 k—oo n

(Qf)hom(zaf) = limsup limsup TLN AOT ) f(I7y7§+ vwn,k(y)) dy P fhom(xag)'

[ |
We note now the following result.

Lemma 3.3. Let f satisfy (Hy) and (Hy)-(Hy), and let fio., from : 2 x RN — [0, 00) be defined by

From (@,€) = inf inf {TlN | e Vow)dy, o W&vp«o,T)N;Rd)}
(o,mN

TeN ¢

and

: o1 | .
Jhom(@,€) = inf inf {TN /(O,T)N f(z, 9,6+ Vo(y)) dy, ¢ € W;}e’r’((O,T)NRd)} ,

for all (z,€) € Q x RN, Then fuom = from = fhom.

13



Proof. Let (z,£) € Q@ x RN We first show that from(,€) = frem(®,€). It is clear that fuom(z,£) >
From (,€). To prove the other inequality, fixed § > 0 and let T € N, ¢ € Wy ((0,T)N; R%), be such that

1

Fron(@ 902 o [ Sy 6+ Vo) dy 33

Extend ¢ periodically to R with period T. Using Riemann-Lebesgue’s Lemma, and by (H3),

1
TN

1
lim ——
20TV Jo

[ 4 0 Vet dy (o L+ v (1)) do

el
— i oy /(o,z)N Fla, 2, €+ V0.(2)) dz, (3.9)

where 0.(2) := Lp(ez) € Wol’p((O, %)N;Rd). Therefore, from (3.8) and (3.9) we have

e—0 6

- v T\N
From(@,&) +6 > lim inf{;N/ f(w 2,6+ V0(2))dz, 0 € W ((0,2) ;Rd)}
(07%)1\7 g

= fhom(xag)'

Letting § — 0 we conclude that B
fhom(‘rvg) 2 fhom($7§)'

Finally we show that fi,.,(2,€) = fhom(z,€) (see also Braides [15] and Miiller [47] for an alternative
justification). It is clear that fi,.(7,€) = from(®,&).

To verify the opposite inequality, fix § > 0 and find T € N, ¢ € ng;((o, T)N; Rd), such that

1

i@ +02 gy [ S 6+ ey (3.10)

By hypothesis (Hs3) the function f(z,-,& + V(+)) is (0, T)N-periodic, and thus

o [ fee s Setina = iy [ nLervio(L))a
= lm Qf(f’fvgf*V%(y))dy, (3.11)

where ¢ (y) := sgo(%). For each € > 0 define

0. = {y €Q: dist(y, Q) > e}.

Let 0. € C°(Q, [0, 1]) be such that 0. =1 in Q. and

V0. ||p~ < Be? (3.12)
for some 8 > 0. Then
. y s y
timsup [ (o264 VO000)) dy =timswp [ f(o L6+ Vo) dp (313)
e—0 JQ € e—0 : €
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since by the p-growth condition in (Hy) and (3.12) we have

/Q\QE f(x’ %f + V(ee%)(y)) dy

< 5/ (L€ + VY ()P + e Plee(y)?) dy
Q\Q-

= s(raie ], [re® e [ ) )0

N
Hence by (3.10)-(3.13), defining ¢.(y) := 1 (6.1:)(ey) € Wolvp((o 1) ;]RN), we obtain

e

Frn( )+ 2 T | f(a 64 V000) dy

e—0
> limsup EN/ N f(%%f + V¢e(y)) dy
e—0 (O é)

> ?hom(m7 5)

Letting 6 — 0 we conclude that fuom(z,€) > flom(7,&).
|
We are now in a position to prove the continuity property of fuom with respect to its second variable.

Lemma 3.4. Let f satisfies hypotheses (Hy) and (Ha)-(Hy). Then fuom(x,-) (or equivalently (Qf nom (z, )
is continuous for all x € 1.
Proof. (see also Braides [15]) Fix z € Q. Let ¢ € RN and ¢, — ¢ in RN, We first establish that
(upper semicontinuity)

fhom(fvf) > hmsup fhom(xagn)' (314)

n—oo

Fixed 6 > 0 and, in view of Lemma 3.3, choose T € N and ¢ € W, ?((0, T)N; R%) such that

from(@,6)+8 >z [ flen & Vy) dy
(0,7)N

1
= v i y JrSn \Y% d
TN 0% J oz f(@,y, 6+ Vely)) dy

> lim sup fhom(xvfn)a
n—oo

as a consequence of a variant of the Dominated Convergence Theorem. Letting § — 0 we get (3.14).
We show now the converse inequality (lower semicontinuity), i.e.

fhom(xag) < lim inf fhom(xué-n)' (315)
Given n € N consider T}, € N and ¢,, € W, *((0,T,,)"; R%) such that
1 1
om$7n+7 2 - N x,,n—i-Vn d
Jiom (@, &n) + — T Jom f(@,y, € bn(y)) dy
1
> / QF (.. & + Véu(y)) dy

n (OaTn)N

/Q Qf (&, Ty, En + Vo (Toy)) dy

/Q OFf (&, Ty, €n + Vibu(y)) dy, (3.16)

15



where ¥, (y) = T%qun(Tny), v, € Wol’p(Q;Rd). By the p-coervivity property of Qf the sequence
{IVYnllLr(@ray} is bounded. We write

/Q Qf (2. Ty, &n + Vibu (1)) dy
/Q QF (2. T € + Vb () — QF (. Ty € + Vb (y)) dy (3.17)
+ / Of (2, Ty, € + Vibn(y)) dy.

Q

We claim that that the term (3.17) goes to zero as n goes to infinity. Using the p-Lipschitz condition
(2.2) and Hoélder Inequality we have

lim sup /Q 1QF (2, Tt bn + Vi (y)) — QF (2, Ty, € + Vibu(y)) | dy

n—oo

n—oo

< B limsup /Q (14 1& 4+ Vo ()P + €4+ Viu ()P € — €| dy

n—oo

<3 limsup / (14 [V ()P |En — €] dy
Q
<A lim g~ €[ =0,

which, together with (3.16), leads to

n—oo

fhom(xagn) + % = limSUP/Q Qf(maTnyvf + an(y)) dy > (Qf)hom(xvé-) = fhom(xvf)v

where in the last equality we used Lemma 3.2 ii). Inequality (3.15) follows by letting n — oo.
[ |
In particular if f satisfies hypotheses (H1)-(Hy) then fhom(x,-) is continuous for all z € Q. We show
now that under these conditions fhom(+,&) is continuous for all £ € R4xN,

Lemma 3.5. Let f satisfies (Hy)-(Hy). Then the function fuom(-,€) is continuous for all & € RPN,

Proof. Let ¢ € RN The upper semicontinuity of this function follows as a consequence of Lemma
3.3 by an argument analogous to that of Lemma 3.2. Let us see that fhom(+, &) is lower semicontinuous.
Let 2 € RN and z,, — . Let n € N and let T}, € N and ¢, € W, ?(Q;R) be such that

S|

From (@ &) + = > /Q F (@ Ty, €+ Viou(y)) dy.

Due to condition (Hy) and by the Decomposition Lemma (Theorem 2.20) we may assume, without lost

of generality, that {|V¢,|P}, is equi-integrable. Let a;,, € ZV, i € {1, ey [Tn]N}, be such that

5
e

(az’,n + Q) =T1,Q

i=1

and the cubes a;, + @ are mutually disjoint. Then changing variables
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TN

Jhom (T, ) +% = TLNZR:/ +Qf(xn,y,§+V<pn(Ti)) dy (3.18)
noj=1v%n n

(3.19)

= TZVj_il/Qf(xmya§+Vson(y+TZi’"))dy (3.20)

due to the periodicity hypothesis (H3). Let r > 0 be such that B(z,r) C Q. Let 6, € C5(RY)
be such that 6, = 1 in B(x,r) and 6, = 0 in RY \ B(z,2r). Define f. := ff,.. By Scorza-Dragoni’s
Theorem (Theorem 2.8) applied to f, : RY x Q@ x RN — R, given m € N let K,, CC Q be a
compact set with |Q \ K,,| < 1/m and such that f. : RY x K,, x R¥>*¥ — R is continuous. Then
fr: B(z,r) x K,,, x B(0,m) — R is uniformly continuous. Let n € N be such that |z, — z| < r. For each
méeN

N
From(zn, &)+ > leé_;/ (0. + Vo (L0 ) dy

m,i,n
where

Qm,in = {y €Kp: |Vl (y;L%) < m}.

We write

[, e ()

m,i,n

|:fr (xn,y,er V@n(%)) — fr (x,yf + V%(W))} dy (3.21)

e ety

m,i,n

y

As f. : B(z,r) X K, X B(0,m) — R is uniformly continuous, (3.21) goes to zero as n — oo.
Thus
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TN

i inf fuom (7, €) > liminf uminfiNi/ f(x,y,£+V<pn(m)>dy

m— o0 n— oo
no ;=1 m,i,n

TN

n

1
= liminf liminf @ z; /ai‘n—‘er‘jm f(.’L‘, Y- ai,na§ +Ven (%)) dy

m—oo  M—00 4
=
N

= liminf liminfii/ f(m,y,§+vgan(i))dy

m—oo n—oo Té\’ =1 11,7L+Qm,,i,n Tn
= lminf it g, (BT VW) B2
i=1 Tn
by the periodicity condition (H3). Note that
it i [ (5 T V) dy = 329
i=1 Th

Indeed, by hypothesis (Hy)

Flo T+ Vo) dy< [ L OO Vel dy (324)

TN (a5 n+Qm,i,n) TN
/Q\U11 i,n Tnnz i,mn Q\Ui:l e~

In addition,

Ty
(ai,n + Qm,i,n)

since
(it Qi) | ] (@0 + Q) | ( )
" Ain + m,i,n - Ain + Q Qin + Qm,i,n
‘Q \ L:J1 i < ; R -
1 T’lev
nog=1
1 I
< 7w 2 (1@ Kl + 1K\ Quninl
nog=1
and
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1
Ty

N

TN
1 1 1 & y+a;
Y Vnp(i“")d
m+mPTéVi=1/Km| #nl T, y

TN
1 1 & y
+ — =5 / IV%I”(*) dy
mP T711V ; a;ntQ T,

1
m
1 1 1 Y

S L L e p(L)a
m+mPT,§V/TnQ @n| 7. )W
1

ry
>[I0\ Kol + 1Ko\ Qi
i=1

N

N
\
_l_
|
1
e}

as m — oo, independently of n. Hence (3.23) holds by the equi-integrability property of {Vy,}, and
(3.24). Then, by (3.22) we get that

fiminf fuom(@0,€) > tmint [ (T8 + Von(0)) dy > rom (2.8,
n—oo Q

n—oo

which asserts the claim.
[ |

Remark 3.6. We note that fyp, satisfies growth and coercivity conditions similar to the ones of f which,
together with the continuity properties of fhom, imply by standard arguments (approximation of W1-?
by piecewise affine functions together with the invariance of the domain of fiom) that this function is
quasiconvex with respect to the last variable.

As a consequence of Lemmas 3.4 and 3.5, Remark 3.6 and of the p-Lipschitz condition (2.2) we
conclude the following result.

Lemma 3.7. If f satisfies (Hy)-(Hy4) then fuom 1S continuous.

We will show next that in the convex case it suffices to consider one cell period for the definition of
fhom (1.4) (see also Braides and Defranceschi [15] or Miiller [47] for alternative proofs). We define for all
(7,€) € Q x RN

onw ) =t { [ g+ Vo), 0 € W@

Lemma 3.8. Assume in addition to the hypotheses (Hy)-(Hy) on f that f(x,y,-) is convex for all x € Q
and for a.e. y € RN. Then

from = [ 1om- 3.25)

Proof. We show that fhom = f#pom- Let (z,€) € Q x RN, By Lemma 3.3 fuom(2,€) < f#pom (7, ).
To prove the opposite inequality, for each n € N choose T;, € N and a function ¢,, € VVO1 P((0, Tn)N ; Rd)
such that
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fon@ O+ 2ok [ f e Vo)

(3.26)
= | $ T 5 V) dy
where ¥, (y) = T%@l(Tny), Yn € WyP(Q;RY). We note that by the p-growth condition in (Hy) the

sequence {||vwn‘|['/p(Q;Rd,)}n is bounded, and so is {||tn|lw1.r(Qra)}n by Poincaré Inequality. Hence,
there exists a subsequence (still denoted by {¢y,},) such that

wip

Y — ¢
for some ) = ¢(y) € WO1 P(Q;RY). As a consequence, by Theorem 2.19 and up to a subsequence

=)

and

Vip, 22V + V.5
for some ¢ = (y, 2) € LP (Q; WLr(Q; Rd)). We divide the rest of the proof in two steps.

per
Step 1. We follow an argument of Allaire [2], assuming in addition that

%(m‘,y,ﬁ) exists for all (x,7,£) € Q x RV x RN

(Hs) : ?Té(x,-,-) S Lger(Q;C(RdXN))7 % 4 % =1, forallzeQ,
q
%(x,yvf) <A1+ [£]P), v >0, for all (z,y,&) € Q x RY x RIXN,

Let ¢ = ¢(y,2) € CF (Q X Q;RdXN) and extend ¢(y, -) Q-periodically to RY. Since f is convex in the
last variable then

/ Sz, Ty, £+ Vipn(y)) dy = / f(z, Ty, €+ o(y, Tay)) dy
Q Q

+/Q %g(x,Tny,ng@(y,Tny)) - (Vn(y) = o(y. Ty)) dy,

for each n € N. By Lemmas 2.15 and 2.17 we have

liminf/Qf(x,Tny,f—Fvwn(y)) dy 2/

n—oo Q

[/Qf(a:,z,ﬁ—i—@(y,z)) dz | dy
(3.27)

; /Q [ /{D2 %g<x,z,g+¢<y,z>> (Vib(y) + V(. 2) — (. 2)) dz | dy,

where we used the fact that

(4,2) — %Qas, 26t oy, 2)) € L (Q: C(@Q)).
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Let now {pg }r C C° (Q X Q; RdXN) be a sequence convergent to V) 4+ V) in LP (Q X Q; RdXN). From
(3.27) we have

limint | f (2, Ty, € + Vibu(y)) dy > / { / 226+ ouly,2)) dz | dy
Q Q Q

+/Q [/Qg(x,z@%-@k(y,z)) (VY(y) + Vab(y, 2) —tpk(y,z))dz} dy,

af

for every k € N, which, together with the growth conditions on f and e implies that

n—oo

iminf [ f(o T+ Vou() dy > [ { / f($,275+V1/1(y)+Vzt/}(y72))d2}dy~ (3.28)
Q Q Q

By Jensen’s Inequality and Fubini’s Theorem, for each z € @

| fne+ VoW + V0w dy > f(on [ [+ Vol)+ V.0.2)] dy)
Q Q
= 2, E+ V. U(y,z)dy) ). 3.29
(609 P2 ) (3:29)
Thus by (3.26), (3.28), (3.29) and once more Fubini’s Theorem,

(@) 2 [ (.26 V(| T 2)dv)) s > 100

Step 2. Now we address the general case when (Hs) may not be satisfied. For each € > 0 set (.(n) :=
E%,((g) where ¢ € C°(R4*Y) denotes the standard mollifier, that is,

Bexp (pr—) if nl <1,
C(n) = <n 1)

0 if |n| > 1,
and the constant (3 is selected so that [p..x ¢(7)dn = 1. Let
fan®)i= [ G- mdy
B(0,¢)

for all £ > 0 and all (z,y,¢) € Q x RY x RN Tt is straightforward to show that f. satisfies conditions
(H1)-(Hs). Fixed 6 > 0, by density let T € N and ¢ € W°°((0,T)";R¢) be such that

1

fhom QC,E +5 > TN
( ) TN (07T)N

[z, 9,6+ Vi(y)) dy.

Then
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i@ +3 > lmare [ e+ Vow)dy

e—0 TN

> limsup (fs)hom(zvf)

e—0

= limsup (fs)}#fom(x’g)

e—0

f#hom(x7 6)

where we used Step 1 to obtain the equality, and the fact that f. > f in the last inequality. We remark
that f. > f as a consequence of the convexity of f and Jensen’s Inequality in Banach spaces (see e.g.
Lemma 23.2 in Dal Maso [25]).

WV

|
In the scalar case, that is when d = 1, the identity (3.25) still holds independent of any convexity
assumption on f (see also Miiller [47]). Precisely, we have the following result.

Corollary 3.9. Let f: Q x RY x RN — R satisfy hypotheses (Hy)-(Hy). Then

fhom = f#hom'

Proof. Clearly fuom < f#pom- To see that fhom = f7 0, We remark that an argument similar to that
of Lemma 3.2 ii) yields

f#hom = (Qf)#hom'

As d = 1 we have that Qf = Cf, hence (Qf)*
of f, and by Lemma 3.8

vom = (C ), ... where C f stands for the convex envelope

(Cf)hom = (Cf)#hom'
Thus

fhom P> (Cf)hom = (Cf)#hom = (Qf)#hom = f#hom‘

4 Proof of Theorem 1.1

By hypothesis (Hy) replacing f by f + a we may assume throughout that f is nonnegative. Due to the
p-coercivity condition in (Hy), to prove Theorem 1.1 it suffices to show that

T(LP(2))- hmI / Joom (z, Vu(x)) dx (4.1)
for all u € WHP(Q; R?), where fuom is the function defined in (1.4), since
T(LP(Q))- lir%IE(u) =00

for all u € LP(Q; RN)\WHP(Q; R?). The idea behind the proof of identity (4.1) is to use the direct method
of I'- convergence, first outlined by De Giorgi (see [28]; see also Dal Maso [25] and De Giorgi and Dal
Maso [27]). Accordingly, we start by localizing the functionals Z. in order to highlight their dependence
on the domain of integration, that is, we consider a family of functionals Z. : LP(€2; R?) x A(Q) — [0, o0]
defined by
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/ f (:E, £7Vu(m)) dr if u € WHP(A;RY),
T.(u; A) := A ¢

00 otherwise.

Our goal is to show that
L(LP(Q))- lintl)Is(u, A) = / Shom(z, Vu(x)) dz,
E— A

for all u € WHP(Q;R?) and A € A(Q). In particular (4.1) will follow by taking A = Q.
The next step toward the proof of Theorem 1.1 is to establish a compactness property that ensures
the existence of I'-converging subsequences of Z..

Proposition 4.1. For every sequence {ey },, converging to zero there exists a further subsequence {en, }; =
{e;}; such that
T(LP(A))- lim T, (- A)(u) =: T} (u; A) (4.2)
j—o0

ezists for all u € WHP(Q,R?) and all A € A(Q).

The proof of this proposition follows an argument analog to the one used in Braides, Fonseca and Francfort
[16], but for completeness we present it here.

Let C be a countable collection of open subsets of 2 such that for any § > 0 and any A € A(Q) there
exists a finite union C4 of disjoint elements of C satisfying

Cy C A,

LN(A) < LN (Ca) + 6.

We may take C as the set of open squares with faces parallel to the axes, centered at points z € Q N QN
and with rational edge lengths. We denote by R the countable collection of all finite unions of elements
of C, i.e,

k
R:{UC,»: keN,CieC}.
i=1

The next lemma is the starting point for the proof of Proposition 4.1.

Lemma 4.2. For every sequence {e,}n, converging to zero there exists a further subsequence {Enj i
(depending on R ) such that the T'-limit

D(LP(C))- lim I, (5 O)(u) = T} (u; ©) (4.3)

exists for all u € WHP(Q,R?) and all C € R.

Proof. Let C € R. From Proposition 2.4 and as LP(£;R?) is separable, there exist a subsequence
{en,; }; (depending on C) such that the I'(LP(C))-limit of T, (5 C) exists for all u € Whr(Q,RY). A
diagonalization procedure yields a subsequence {e,, }; (depending on R) such that (4.3) holds.

[ |

Let now {e,}, be a fixed sequence of positive real numbers converging to zero and let {¢;}; be a
subsequence for which (4.3) holds.
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In order to prove that the I'-limit in (4.2) exists for all A € A(Q), it is crucial to establish the existence
of recovering sequences for the I'-limit in (4.3) with identical values on the boundaries of the elements of
R.

Lemma 4.3. Given u € WHP(Q;RY) and C € R there exists a sequence {w;} C WHP(C;RY) such that

i) w; — u strongly in LP(C;R?);

ii) F(LP(C))-jIeroloIEj(-;C)(u) = jhﬂrgo Cf <x, :j,ij(x)> dz;

iii) w; =wu on C'\ K; for some compact subset K; C C' with |C\K;| — 0, for every j € N.

Proof. The proof relies on De Giorgi’s slicing argument introduced in De Giorgi [28]. Let C' € R and let
{v;} € WHP(Q;RY) be a sequence given by Lemma 4.2 such that ||u — vj||rs(c) — 0 and

7 (u; ) = lim 7o, (vj; C).
J—00
Set

wwi=sup [ (1+[Dul?)ds < o0 (by (1)
J C

1
KJ . ‘ [1 ‘|
||vj — |2 L?(C)

M,
C; = {x € C: dist(z,0C) < KJ}

J

and define for j € N

el

and

We observe that by definition K; — oo and £V (C;) — 0 as j — oo. For each j subdivide C; into M,
disjoint subsets

; i i i+1 ,
Ci = {xECj: dist(z, 0C) € [KJ’KJ>}’ i=0,..,M; —1,

and choose i; € {0,..., M; — 1} such that
1
/A (1+ | Do, ?) dz < 7/ (1+ D, |?) do
C;j MJ Cj
forall ¢ =0,...,M; — 1. Then

7o
(14 |Dvj|P)dx < —. 4.4
/C’lj | ]l) M] ( )

J

Let ¢; € C3°(C) be such that 0 < ¢; < 1, ||Dojlr < K

1 if dist(z,0C) > 4

¢j = ‘
0 if dist(z,0C) < I%,
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7K ks
""""""""" }‘JKJ‘
i
G
C
TS ks
oL/ N
s 1K

and define w; = ¢jv; + (1 — ¢;)u € WHP(C;RY). Clearly w; — u strongly in LP(C;R%), w; = u in
C\K;, with K; = {x € C: dist(z,00) > 7} and |C\K,| — 0.

Consequently,

(14 |DulP) dz

I{sj}(u; ) > limsup/ f (x,:,ij) dx — 3 limsup
e} J

j—o0 j—o0 /C'jﬂ{$: dist(z,0C)< E:rl }
i

Jj—00 Jj—00

-3 limsup/cij (1 + |Dv;|P)dx — B limsupKf/Cij |v; — ul? dx

> limsup/ f (amx,ij) dx
j—oo JC €j

= limsup 7, (w;; C),

Jj—00

where we have used (4.4) and the fact that

2
KE [ oy =l de <l = ull o
C.J

for each j € N and i; € {0,..., M; — 1}. We conclude that
D(LP(C))- lim Z.,(C)(u) = lim [ f <x,:,ij(x)> da.
C J

Jj—o0 Jj—o0

Proof of Proposition 4.1. We wish to show that for all A € A(Q) and u € WhP(Q,R?)
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inf < liminf [ f x,i,Vu- z))dz: u; € WHP(A,RY), u; AR )u 4.5
e J J J

J—00 A
wd
=inf{ limsup/ 7 (. 2 Vus(@)) de s g e WhP(ARY,uy S >u},
j—o0 A €j
Fix A € A(Q) and u € WP(Q,R?). To prove (4.5) it suffices to show that for all § > 0 we can find a

1 P LP(A;R?)
sequence {v;}; C W'P(A,R%) with v; = —> ~ u and such that

P d
5+inf{ liminf/ f (xvf,vw(x)> de: uj € WHP(ARY), u; O )u}
A J

j—00
(4.6)
> limsup/ f (az, x,ij(x)) dz.
j—oo JA €j
od
Choose {z;}; C W1P(A;R?) with z; EPAED L such that
liminf/ f (x, x,V@(x)) dx (4.7)
J—=o0 Ja Ej

P(ARY )
ginf{ liminf/ f(m,:,Vuj(x)> dr : uy EWl,p(A,Rd)’ujL (AR )u}—i—
A J

j—o0 2

Let C° € R be such that €% ¢ A and £N(A\ C?%) << 1, so that

0

1 P giv
[ v <

where « is the constant in (Hy). By Lemma 4.3 consider a sequence {w;?}j € Whr(C% R?) such that

s LP(CORY)
i T W

D(LP(C)- lim T (- C)(u) = Jim [ f (:g,:j,Vw;?(x)) da,

Jj—oo Cs

and w? = u outside a compact subset IC? of €% with \C"s\IC§| — 0 (we could also have used Proposition 11.7

P pd
in Braides and Defranceschi [15]). Extend w? by u outside C? (still denoted by w;s) so that w? LARD ..
As f is nonnegative
liminf [ f (x, ,sz(x)> dr > liminf f (95, ,sz(x)) dx
J—00 A e’;‘j J—00 ol 5j
> lim f (x, x,Vw?(w)) dx
J—=o0 Jos €j
> limsup {/ f (a:, x,Vw?(x)) dx — a/ (14 |Vul|?)dx
j—o0 A €j A\C?
. x 5 0
> limsup [ f (2, —,Vw;(z) ) dz— . (4.8)
j—oo Ja €j 2
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Thus (4.7) and (4.8) yield (4.6).
]

We now seek to ensure that Z{¢7}, regarded both as a functional on Whr(Q, Rd) and as a set function,
admits an integral representation of the form

70 (u; A) = / 913 (&, Vu(z)) da.
A

We will verify that the hypotheses of Theorem 2.10 hold. By Proposition 2.5 the functional Z{=}(., A)
is lower semicontinuous with respect to the LP- topology for all A € A(), hence it is sequentially lower
semicontinuous with respect to the weak topology in WP, Thus the only hypothesis that needs to be
checked is that Z{=i} (u;.) is a measure.

Lemma 4.4. For each u € WP (Q;R?), T} (u;.) is the restriction to A(Q) of a finite, positive Radon
measure.

Proof. Let u € WhP(Q;R?). In view of Proposition 4.1 let {u;} C W1P(€; R?) be a sequence such that

7 (w; Q) = lim [ f (z, x7vuj(g:)) dz,
Q &j

J—00

and consider p; := f(-, =, Vuj)XQ(-)LN. By (Hy), and up to a subsequence (still denoted by p;), there
J
exists a finite positive Radon measure on R" such that

*

a2

We claim that 71} (u;.) | A(Q) = p, that is Z{=} (u; A) = pu(A) for all A € A(Q). We apply Lemma 2.12
with TI(-) = Z{&} (u; ).

We start by proving that condition i) in Lemma 2.12 holds, that is Z1%3} (u; .) is nested-subadditive. Given
A, B, C € A(Q) with C CcC B C A we have to show that

I{sj}(u; A) < I{ej}(u; B) +I{5-7’}(u; A\ C).

Let By € A(Q), By € B\ C, be such that £LN(9By) = 0, and for § > 0 choose C% and D° € R with
COcByand D c A \ By such that

/ (14 |Vul?)dz < 6.
A\(COUD?)

By Lemma 4.3 there exist two sequences {cha }; € WEP(C% R?) and {vJDs}j C WhP(D%; R?) satisfying

5 8
||U]C —ullpeesmay — 0, |Jof —ullpo(psray — O,
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) . 5 _ ) s
T w; €)= lim T, (v C%), - T9H(w; D) = lim T, (v75 D°),

S5 8
UJC = on 9C° and ij = on &D°.

Extend vjcé and vjpé by u to all A and set

c® :
Wi () = ’ujbé(z) 1.f z € By, o
vy (x) if z € A\ Bo.

Clearly ||w§ —ul|pp(aray — 0 and, if o is the constant in hypothesis (H4), we have that

7 (u; A) - < liminf liminf 7, (w?;A)

6—0 j—o00
< limsup ZU&3} (u; €Y+ limsup Z&} (u; D°) + o lim (14 |VulP)dx
50 5§—0 6—0 JA\(csuD?)

< 7} (u; B) + 7t} (u; A\ ©).
To establish condition ii) in Lemma 2.12: Given A € A(f2) and ¢ > 0, consider A. € A(Q) such that A,

C A and B
a1+ [VuP) LN [(Q)(A\A,) < e.

Due to the growth conditions (Hy)

Jj—oo

Tt (u; A\AL) < liminf/ f (:&x,VU(ﬂU)) dz
A\A, €j

< a/ (14 |Vu(x)?) dx
A\A,

<L e

To show iv) fix A € A(Q2). We have

J—00

Tt (u; A) < liminf/ f <x, x,Vw(z)) dx
A €j

= liminf ;;(A)

j—o0
< p(A).

Finally, to establish iii) take ' C RY such that Q CC . As {y;}; converges weakly to u
() < lim p;(RY) = lim f(x, g, Vuj(x)) de = 7} (u; Q).
J

j—o0 j—00 Q

Therefore

§(Q) < T4 (0 )
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for all such €. Hence Z{%}(u;Q) > p(RY), and as a consequence of Lemma 2.12 we conclude that
Tieit (u; A) = p(A) for all A € A(Q).
]

As a consequence of the integral representation Theorem 2.10 and Remark 2.11 we derive an integral
representation formula for Z{¢i},

Lemma 4.5. There exist a Carathéodory function
glE QxRN [0, 00)

quasiconvez with respect to its second variable for a.e. x € ), satisfying similar growth conditions to those
of f, and such that

I{E-f}(u,A):/g{sf}(x,Vu(x)) dx
A

for all u € WHP(Q;R?) and A € A(Q).

The remaining of this section is devoted to showing that

g{Ej}(xvf) = fhom(x7€)
for a.e. € Q and for all £ € R, Let T € N and let Sy denote a countable subset of C2°((0,T)Y; R?)
dense in W&’p((O, T)N;R?). Let L be the set of Lebesgue points zq for all functions

g m) (4.9)

T — / flx,Ty,n+ Vo(Ty)) dy, (4.10)
Q

with ¢ € Sz, € QPN and T € N. We have |Q\ L| = 0.
Proposition 4.6. ¢} (z0,£) = fuom (0, &) for all zo € L and &€ € Q¥*V,

Proof. Consider zy € L and ¢ € Q™*N. We denote by Q(zp,d) the cube in RY centered at zo and of
radius § > 0. By (4.9) we have

1
{e;} 7 {e;}
gt (zo,§) = lim g\ (z,§) da
5—0 5N Q(z0,0)

. I{Ej} €;Q O?é
= ]1m ( N (m ))

Step 1. We first establish the upper bound inequality for the I-limit of {Z;,}, i.e.

g{ej}(mOa 5) < fhom(xoa g)

Given n € N, by Lemma 3.3 let T), € N and ¢,, € Wy"*((0,T,,)N; R%) be such that
1
TN
By conditions (H;) and (H,) and by the density of Sz, in Wy ?((0,T,,);R?%) we may take ¢, € Sr,

with

fhom(x(bg) + %

=

/ f(zo,y,&+ Vo, (y)) dy.
(0,Tn)N
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1 1

om ) 72
/h (l’of)Jrn TN

/ F (20,9, € + Vn(y)) dy
0,Tn)N

Extend ¢,, periodically with period T}, to RY (still denoted by ¢,,). For € RV define

uf(z) =& w+ 5j¢n(§)7

J

and let § > 0 be small enough so that Q(z¢;8) C Q. For fixed n we have lim u” = v in LP(Q(z0;6); R?)

J
where v(x) = £ - z. Hence by (4.11)

J—00

1 T T

{Ej} . . . . - - -

g7 (29,€) < liminf lim inf / f (gc, &+ Von < )) dz. (4.12)
5—0 Jj—o0 5N Q(20:9) €j Ej

Define now h,(y,x) := f(z,Thy,& + Vo, (Thy)) for all z € Q and a.e. y € RY, and for all n € N. By

hypotheses (H;)-(Hy) we have h,, € L (Q; C(Q(z0;0))) for n € N, and so by Lemma 2.15

per

lim f<x,x,§+v¢n (x» dx lim By < 5” )dx
i=00 JQ(w0:6) €j € 7= JQ(w0:6) Taej’
/ / hn(y, x) dy dx

:EQ 5)

/ 5 /Q flz, Thy, & + Voo (Thy)) dy dx. (4.13)

Therefore by identities (4.10), (4.12) and (4.13)

§—0

. o]
9 eoe) <lipipts [ [ T4 VoG dyda

— /Cgf(a:o,Tny,f—FV(bn(Tny))dy

1

= Von(y))d
TnN [0,T7L)N f(I05y7£+ ¢ (y)) Y

< From (20,6 +

Letting n — oo we deduce that
g{gj}(ang) < fhom(moag)' (414)
Step 2. We now show that the converse inequality holds, that is

915} (20,€) = from (0, €).
Fix § > 0 small enough so that Q(z¢;6) C Q, and consider {ul}; € WhP(Q(x0;6); RY) with  lim uf =0
J—00
in LP(Q(z0; 6); R?) and

7€ Q(x0;6)) = lim f (x, g,f + Vu‘;(x)) dx.
J

770 JQ(x0:6)
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By (4.11)
g{ej}(xo,g) = lim lim (;V/Q(

T

1
= lim — f (x, &+ Vs (x)) dx
=00 Jowes '\ €460) 7o

. zo + dy
= lim f (l‘o + 6ya 75 + V’Uf(é) (y)> dy7
=0Jq i(®)
where vf((;)(y) = %u?((s)(zo + d0y) € WHP(Q; R?), and where using a diagonalization argument we choose
the sequence {j(d)}s in such a way that
5 1 . k)
5o > 5 and %13(1) 1055l e (@sra) = 0. (4.15)

For simplicity denote j(d) = 6, ’U?(ﬁ) = vs and u?(é) = ugs. In view of the coercivity hypothesis (Hy), by
the Decomposition Lemma (Theorem 2.20) there exists a subsequence of {vs}s (still denoted by {vs}s)
and a sequence {ws}s C WH(RY; R?) such that

ws — 0in WP, ws = 0 in a neighborhood of 9Q,

{] Vws |P}s is equi-integrable (4.16)
and
[{y € @Q: vs(y) # ws(y)} |= 0. (4.17)
As f is nonnegative, we have

o + dy
es

gt} (20,6) > limsup

/ £+ Vwa(?/)) dy
§—0 {yeQ: vs(y)=ws(y)}

f ('TO + 52%

1)
= limsup/ f <xo+6y, ot y»§+vw5(y)> dy
§—0 JQ €s

from (4.16), (4.17) and (Hy). Write

To
— =mgs + Ss
€s
with ms € ZN and s5 € [0,1)", and define
xTrs = ;;6 S5 (4‘18)

Note that by (4.15) s — 0 as 6 — 0. After changing variables, by the periodicity hypothesis (H3) and
the fact that % =mg € Z", we obtain
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xo + 0y

S

s (x T oy, 7s+Vw5<y>) dy

wo + 6(y + s)
€

<xo oy + ). e Vw5<y+x5>) dy

/ {zs}
J

1)
(xo +6(y +x5), —y, & + Vuws(y + xa)) dy.
{zs} €5

Since

N

5
/ f(xo+5(y+x5),y,€+Vw5(y+xa)) dy ﬁ/ (1+Vw5(y+$5)lp>dy
Q\(Q@—{zs}) &s A\(Q—{zs})

:ﬁ/ <1+|Vw5(z)p)dz—>0
(Q@+{=s)\Q
(4.19)

as 6 — 0 (once again because {|Vws|P}s is equi-integrable and |(Q + {z5}) \ Q| — 0 as § — 0), we get

)
g{Ej}(x(hf) > limi(r)lf/ f <:c0 +0(y + xs), e—y,f + Vws(y + x5)> dy. (4.20)
Q P

6—

Let a; € ZV, i € {17 s [T(;]N} (Ts := & /es) be such that

[Ts]Y

U (a; + Q) €

i=1

9
3

Q

>

and the cubes a; + @@ are mutually disjoint. Changing variables, and due to the periodicity hypothesis
(Hs), we have

0
/ f <xo +0(y + xs), gy,f + Vws(y +x5)> dy
Q
N
/ f<m0+sgz+5x5,z§+Vw5<5z+x5>) dz

5

>=Q
N [Ts)Y c

/ f<xo—|—55z+5a:5,z,£—|—Vw5(5z+x5>> dz
N a.+Q (5

N [Ts]Y
= (?) Z / (xo—l—gts(z—i—az) + dxs, 2, §+Vw§< 5 (z+ a;) +x5)) dz.

Let 7 > 0 be such that Q(zo,r) C Q and

es(1+ mlax{|ai\}) +dlas| < r
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for § small enough; note that here we use the fact that es|a;| = O(e5T5) = O(6). Let 6, € C(RY) be
such that 6, = 1 in Q(wzg,r) and 6, = 0 on RY \ Q(zg, 2r). Define f,. := f0,.

By the Scorza-Dragoni Theorem (Theorem 2.8) applied to f,. : RV x @ x RN — R, given m € N
let K,, be a compact subset of @ such that |Q \ K,,| < % and such that f, : RN x K,, x RN S R is
continuous. Define

Qm,i,§ = {Z € Ky, : |vw5‘ (E; z—i—ai) —|—x5> < m}

for i € {1,...,[T5]V}. Then

/f(xo—i—e(;(z—i—al)—l—éx(;,z §—|—Vw5(6 (z—l—al)—i—x(;)) dz
Q

WV

/ f<x0+€5(z+al)+6x5,z§+Vw5(5(z+al)+x5)> dz
Qvni&

:/ fr<x0+55(z+az)+5x5,z§+Vw5<;(z+a1)+x5>> Ir (xo,z §+Vw5(§(z+az)+;v5>>
Q

m,i,8

—|—/Q f(:vo,z {—i—Vw(;(;(z—f—al)—i—xg))

m,i,8

As f : Q(x0,7) X K x B(€,m) — R is uniformly continuous, the first term above goes to zero as § — 0.
Thus, from (4.20) and by the periodicity of f we have

N [Ts]Y
¢ a0, €) > limsup limsup <55> Z / (mo,z £+ Vw5< 2z +ap) +x5>) dz
1) Q 0

m— 00 6—0 m,i,8

(T5]™
0
= limsup limsup Z / f (Io, §—|—Vw5(y+:l:5)> dy,
m—oo §—0 i=1 Y Km,is
where
Koss = {€ 20+ a0 [Vully+22) <.
Note that
lim sup hmsup‘Q\ U Kpn,is|=0
because
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(5] £s N s T5]N
Q\ 91 E(Kerav) =(%) |50\ ‘L:Jl (Ko + a;)
N (751N Ny TN ()™
<(2) [fo U@ral+(#) | U@ran( Uwnra)
1= = j=

as 6 — 0 and then m — oo. In addition we have that

1
{yEQ: |Vw5(y+$5)>m}</ |Vws| dy — 0.
Q—{za}

m

when 6 — 0 and then m — oco. Thus

)
glet (z9,8) > liminf/ f(xo, —y,& + Vws(y + ma)) dy. (4.21)
5—0 Q 55

To compare gl&it(z9,€) with fuom(zo,€) we need to modify ws(- + z4) close to the boundary of @ in
order to be admissible for f,om. For this purpose, define the sets

Ls:={y € Q: dist(y,0Q) <zs]}, Ms;={yeQ: dist(y,0Q) > 2[xsl},
and
Ss ={y € Q: dist(y,0Q) € (|zs],2[z5])}.
Let ¢s € C°(Q;R) with ||V¢s]|ee < & be such that

|zs]

1B

0" — g
_ M 3h7

VR

|

Ss

1 if y e Ms,
os(y) =

0 if y € Ls,

and set 15(y) == ¢s(y)ws(y + z5) + (1 — ds(y))ws(y) € Wy ™°(Q; RY). The goal is to show that
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. o 1
g a€) > tmint [ f (o 2.6+ Tusw) do (122)
ie.
{e;} o &s N
= (w0,6) > timint ()7 [ (0,564 V) dy
3 ._ 0 €s l,00( 6 . Od
with G5(y) == Zs(Sy) € Wy (QQ,R ), and, consequently,
g{sj}(x()ag) > fhom(moag)'
To prove (4.22) we observe that
o o o 5
liminf [ f (2o, —9,£+ Ves(y) | dy < liminf [ f{zo, —y. &+ Vws(y + x5) | dy
6—0 Q Es §—0 Q Es
+4 limsup/ (14 |Vws(z)|?) dx
d—0 Ls
49 timsup [ (Vo +2)] + [Vus(z)?) do
0—0 Ss
+0 limsup ||V¢5||€O/ |lws(z + z5) — ws(x)|Pdr.  (4.23)
d—0 Ss
Due to the integrability property of {|Vws|?}s we have
}ir% (14 |Vws(z)P)dx =0= ;ir% (IVws(x + z5)|P + |Vws(2)|P) dz. (4.24)
— Ls — Ss
Moreover,
I} Y dws (z + txs) P
|V s |2 |ws(z + 5) — ws(z)|P de < ———— 22 dt| dw
Ss |1-6|p Ss 0 dt
/8 1
< —/ / |[Vws(z + tas)|P . |xs|P dt de
lzsP Js, Jo
1
= /8/ / |Vws(z + tas)|P dt dz
35 Jo
1
= [ [ IVeswPdyar
0 Ss+txs
< B [Vws(y)lP dy,
Ns
where

N5:{$EQZ

and consequently, as above,

dist(x, 0Q) < 3|zs|},
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;in%) ||V¢5H§O/ |ws(x 4+ x5) — ws(z)|P dz = 0. (4.25)
— Ss
Hence (4.22) holds by (4.21) and (4.23)-(4.25).

As a consequence we derive the equality (a.e.) of the density functions gt} and fuom.
Corollary 4.7. g{%i}(2,£) = fuom(z,€) for a.c. x € Q and for all € € RN,

Proof. In view of Proposition 4.6 we have that for a.e. 2 € Q and for all ¢ € Q™*N, gl&i} (2;€) = from (2 €).
Since g%} (x; -) and fhom(x; -) are continuous, the equality g{%i}(z;€) = fuom(;€) holds true for all
x € Q and for all £ € RN,
|
The proof of our main result is now straightforward.

Proof of Theorem 1.1 As a consequence of Corollary 4.7 the functional Zyy, is well defined and T'(LP(A))-
limit of Z. (-; A) is equal to Zyom(-,A). In particular, since it does not depend upon the extracted
subsequence, in view of Proposition 2.3, the whole sequence Z.(-; A) T'(LP(A))-converges to0 Thom( -; A4).
Taking A = Q we conclude the proof of Theorem 1.1. |

5 A different set of hypotheses

As mentioned in the Introduction, it is possible assuming that the integrand f = f(z,y,€) is mea-
surable in 2z, continuous with respect to the pair (y,¢), and Q-periodic as a function of the variable y.
Precisely, the following result holds.

Theorem 5.1. Let f: Q x RN x RN R be a function such that

(H1) f(z,-,-) is continuous a.e. x € §;

(H) f(-,y,€) is measurable for all y € RN and & € RN,
(H3) f(z,-,€) is Q-periodic for a.e. x € Q and all £ € RN,
(Hy) there exist a real number p > 1 and a constant « > 0 such that

@7 < < afl p
o a\f(xayaﬁ)\a( +|£‘ )7

for a.e.x € Q, ally € RN and ¢ € RN,

For each € > 0 define the functional T, : LP(Q; R?) — [0, 00] by
/f (m,f,vu(x)) dv if ue WhP(Q;RY),
T.(u) =14 79 €

00 otherwise.

If u € LP(;RY) then

/ fhom(x; vu(l')) dx qu € WLP(Q; Rd)’
Ihom (U) = F(LP(Q))- lim IE (U) = Q

e—0
400 otherwise,
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where the integrand fnom @S given by

from(x,&) := lim inf {TlN/ flz,y, €+ Voly))dy, ¢ € W&’P((O,T)N;Rd)} (5.1)
0,7)N

T—4oc0 ¢

for a.e. x € Q and all ¢ € RN, Moreover fuom is (equivalent to) a Carathéodory function, satisfies
sitmilar p-coercivity and p-growth conditions to those of f, and funom(z, -) is quasiconvex for a.e. x € ).

The argument of the proof follows closely that of the proof of Theorem 1.1, although, it is somewhat
less technical. In particular, in (3.27) we need now to ensure that

(v,2) — %(x,z,w<y,z>> € L9(Q: Cyper(Q))

and Scorza Dragoni’s Theorem in Proposition 4.6 must be used in a different way (see Bafa and Fonseca
[6] for details).

6 Appendix

In this section we recall an auxiliar lemma of use for the proof of Theorems 1.1 and 5.1. First we invoke
a lemma by Licht and Michaille [40] that allowed us to justify that the function fhom given in (1.4) and
(5.1) is well defined (see Lemma 3.1 above).

Lemma 6.1. Let N € N with N > 1 and let S : ARY) — Rt be such that
i) S(A) < BLN(A), for all A € ARN), where 3 is a positive constant,
ii) S(C) < S(A)+ S(B) for all A,B,C € ARYN), with ANB#(,C=AUB,
iii) there ewists T C RN and M > 0 such that T + [0, M) = RN and S(A+ 1) = S(A) for all
Ac ARYN) and T €T.

Then, for any cube A of the form [a,b)" there exists the limit of the sequence {%} as s — oo and

) S(sA) .. S([0,5)N)
M NGy T N

Furthermore, if {Sp}r is a family of set functions satisfying i),4), i) for C, T and M independent of
L, then the above limits are attained uniformly with respect to L.
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