October 18, 2000

AN ASYMPTOTIC STUDY OF THE DEBONDING OF THIN FILMS

KAUSHIK BHATTACHARYA, IRENE FONSECA, AND GILLES FRANCFORT

Abstract. We examine the asymptotic behavior of a bilayer thin film using the notion of Γ−convergence. We allow for debonding at the interface, but penalize it using an interfacial energy; thus the functional we consider consists of the elastic energy of the two layers and the interfacial energy with penalizes debonding. We show that the asymptotic theory or Γ−limit depends on the particular form of the interfacial energy, and derive detailed results for both the cohesive and the brittle interface.

Keywords : dimension reduction, Γ-convergence, thin films, relaxation, fracture, debonding.

1998 Mathematics Subject Classification: 35E99, 35M10, 49J45, 74B20, 74K15, 74K20, 74K35.

1. Introduction

Thin films and coatings are being used in an ever increasing variety of applications. These films are often subjected to severe internal stresses due to a host of reasons including differential thermal expansion and epitaxial mismatch. These stresses in turn can lead to failure: the interface between the film and substrate can fail leading to the debonding of the film from the substrate, the film may fracture, the substrate may fracture and finally mismatch dislocations can form in the case of heteroepitaxial films. Clearly such failure is undesirable from the point of view of applications, and thus it has received much attention. A striking feature of thin films is the existence of a critical thickness below which they do not appear to fail, and much theoretical effort has gone into identifying this critical thickness, as well as the factors which enable one to increase it.

The idea of critical thickness is intuitively clear from the point of view of scaling. Consider for example a stretched film bonded to an infinite rigid substrate. The elastic energy of this film scales as its thickness. If the film debonds from the substrate, the elastic energy goes to zero, but it creates a new surface which costs an interfacial energy. Thus debonding relieves elastic energy which decreases with thickness, but adds interfacial energy which is independent of thickness. Consequently, there is a thickness below which the cost of interfacial energy is greater than the gain of elastic energy, thus rendering debonding energetically unfavorable.

A systematic review of the fracture of thin films is provided by Hutchinson and Suo [14]. They find the critical thickness for a variety of configurations and failure modes in terms of some empirical parameters. A typical analysis begins with an ansatz about the (macroscopic) state of stress, assumes the existence of a crack, and finds the conditions under which it is energetically advantageous for the crack to grow. While these results have been found to be very useful in applications, the validity of the ansatz and the assumption of the pre-existing cracks remain to be justified.

Similar issues arise in heteroepitaxial films where the substrate and the film are made of different materials but are atomistically contiguous. Such films are widely used in modern electronics and they fail by the formation of misfit dislocations at the film-substrate interface; but once again there is a critical thickness below which such failure does not occur. This has also been studied quite extensively, see Freund [13] for a recent review. A 1

typical analysis starts with an ansatz about the (macroscopic) state of stress, and studies the growth of a suitable dislocation loop. A slightly different approach was undertaken by Frank and van der Merwe [12] and more recently by Leo and Hu [17]; they too start with an ansatz about the state of stress, assume a particular arrangement of dislocations and compare the energies between the dislocated and undislocated states.

In this paper we examine the asymptotic behavior of a bilayer thin film allowing for the possibility of debonding using the notion of Γ−convergence. This notion has been used successfully in recent years to rigorously obtain the limit behavior of various thin films (see for example, [3, 5, 6, 11, 16, 18]), including homogeneous, heterogeneous and rough films, but do not allow possible interfacial debonding.

Consider a bilayer film consisting of two regions Ω^+_ε = ω×(0, εh) and Ω^−_ε = ω×(−εs, 0) for some given ω ⊂ R^2 . The total energy of the film under a deformation y : Ω^+_ε ∪Ω^−_ε → R^3 is given by

Ẽ_ε = ∫ Ω+ε W^+(Dy)dz + ∫ Ω−ε W^−(Dy)dz + ε^α ∫ ω Ψ(|[y]|)dz1dz2, where ε is a (small) real number, W^+, W^− : R^{3×3} → R are the elastic energy densities of the two regions, ε^αΨ : R^3 → R is the interfacial energy which penalizes the jump in the interfacial deformation |[y]| := y(z1, z2, 0^+) − y(z1, z2, 0^−) across the interface between Ω^+_ε and Ω^−_ε , and α is a real number. Notice that we have allowed for the interfacial energy to scale with the overall thickness with some exponent α where α = 0 if the interfacial energy is independent of thickness. We have chosen both layers to be of comparable thickness (i.e., h/s = O(1)). Often the film is much smaller than the substrate; we comment on that case in Section 6.

We assume that the equilibrium state of the film is described by the minimizer of this functional over all admissible deformations y. We are interested in the behavior of a very thin film. Therefore, we consider some sequence {ε} of strictly decreasing real numbers with limit 0, and study the asymptotic behavior of the minimizers of Ẽε as ε ↘ 0. In order to do so, it is convenient to make the following change of variables:

x1 = z1, x2 = z2, x3 = 1 ε z3, u(x) = y(z(x)), Eε = 1 ε Ẽ_ε. Thus, Eε = ∫ Ω+ W^+ ( Dαu| 1 ε D3u ) dz + ∫ Ω− W^− ( Dαu| 1 ε D3u ) dz + ε^{α−1} ∫ ω Ψ(|[u]|)dx1dx2, where Ω^+ := ω × (0, h), Ω^− := ω × (−s, 0), Dαu is the 3 × 2 matrix of partial derivatives ∂ui/∂xα, i = 1, 2, 3, α = 1, 2, (A|a) is a 3 × 3 matrix whose first two columns are those of the 3 × 2 matrix A, the last column is the 3−vector a, and, as before, |[u]| := u(x1, x2, 0^+) − u(x1, x2, 0^−). In this paper, we study the limit behavior of Eε as ε → 0 within the framework of Γ−convergence. See Section 2 for a precise statement of the problem.

We now give a brief and non-technical description of our main results. We begin by considering the case α < 1, which includes the case α = 0 when the interfacial energy is independent of thickness. Here, the interfacial energy is very strong and goes to infinity unless the limit deformation is continuous across the interface. Further, under polynomial coercivity conditions on W^±, we observe that the bulk energy goes to infinity unless the limit transformation satisfies D3u = 0. Thus, the limiting functional E (the Γ−limit of Eε) is finite only if the limit deformation is continuous across the interface and independent of x3. We show in Theorem 2.2 that for such transformations the Γ−limit E of Eε is ‘local’ so that we can write E = ∫ ω W̃ (D_αu)dx_α for some function W̃ that we call the effective energy density of the film. The characterization of W̃ depends critically on the interfacial energy.

We consider in detail two types of interfacial energy. The first, studied in Section 3, is the cohesive type which includes the case where the surface energy increases continuously from zero with the jump in the deformation across the interface; for example Ψ(t) = C|t|^γ , γ > 1 − α, α < 1. There (see Theorem 3.1)

W̃ (F ) = hQW^+(F ) + sQW^−(F )

where W^±(F ) := min_{a∈R}3 W^±(F |a), and QW^± is the quasiconvexification of W^±. We will explain this result momentarily.

The second, studied in Section 4, is Griffith’s brittle type interfacial energy,

Ψ(0) = 0 and Ψ(t) = 1, t ≠ 0.

In Theorem 4.1 we prove that

W̃ (F ) = Ŵ (F ) := inf_{φ,λ} 1 s + h ∫ (−1/2,1/2)2×(−s,h) W (F + Dαϕ|λD3ϕ, x3)dx where W (F, x3) := { W^+(F ) x3 > 0, W^−(F ) x3 < 0,

and the infimum is taken over λ > 0, and φ ∈ C^∞([−1/2, 1/2]^2 × [−s, h]) with φ = 0 on ∂[−1/2, 1/2]^2 × [−s, h]. We note that we need a irksome technical hypothesis (H8) to prove this result.

We also show that these two types of interfacial energy are extremal. In fact (see Lemma 2.4), for any Ψ satisfying some mild hypothesis, hQW^+(F ) + sQW^−(F ) ≤ W̃ (F ) ≤ Ŵ (F ). To understand these results, recall the case of a homogeneous thin film of thickness 2ε with no fracture [16]. Here, the relevant sequence of functionals, after a change of variables as above, is Eε(u) = ∫ Ω W ( Dαu| 1 ε D3u ) dx, where Ω := ω × (−1, 1) and the Γ−limit of this functional is

E(u) = 2 ∫ ω QW (Dαu)dxα. Physically, as the thickness goes to zero, the deformation in the x3 direction tends to be affine. Subsequently one can minimize this affine deformation out to obtain W . It turns out that W̄ may not be quasiconvex even if W is, due to “wrinkling” of the film. Therefore, quasiconvexification is required.

Let us now return to our bilayer film with a cohesive interface. The effective energy is hQW^+ + sQW^−; each part of the film has relaxed independently in spite of the absence of overall debonding. Physically, the cohesive interface allows small debonding with small energy, consequently the deformation in each layer can develop oscillations independently as long as they are small. Thus each part relaxes to the extent allowed by a common overall deformation. This suggests that in this case one should not expect a critical thickness; instead the amount of debonding would become smaller and smaller with thickness.

The situation is quite different in the case of a brittle interface. Here, the effective energy Ŵ is exactly that obtained in the case of a bilayer film with no possibility of debonding [6, 18]. Physically, even a small debond costs large energy. This suggests the existence of a critical thickness below which the minimizer is continuous. Unfortunately our Γ−convergence results do not prove it, and such a result would require stronger techniques.

We turn to the case α ≥ 1 in Section 5. The interfacial energy is now weak, and thus the limit energy can be finite even if the limit deformation is not continuous across the interface. However, it is still true that D3u = 0 for finite limit energy, and thus the meaningful limit deformations are u(x1, x2, x3) = { u^+(x1, x2) x3 > 0, u^−(x1, x2) x3 < 0. When α > 1, the limit energy is oblivious to the presence of the interfacial energy, while in the critical case α = 1 it contains both bulk and interfacial energy terms (see Theorem 5.1).

Finally, Section 6 addresses the case of a thin film on a thick rigid substrate. In the remainder of the paper, → will denote strong convergence, while ⇀ will stand for weak, or weak–* convergence; points in ω will be designated by xα or x_β unless there is some ambiguity.

2. Local character of the limit energy

Consider two continuous non-negative elastic energy densities W^+, W^− : R^9 → R such that (H1) 1/C|F |^p − C ≤ W^±(F ) ≤ C(1 + |F |^p), F ∈ R^{3×3} , 1 < p < ∞, a lower semi–continuous function Ψ : R^3 → R such that (H2) Ψ(t) > 0, t ≠ 0, Ψ(0) = 0, (H3) Ψ is subadditive: Ψ(a + b) ≤ C(Ψ(a) + Ψ(b)), a, b ∈ R^3 , (H4) t → Ψ(t) increases with |t|, and a real number α with (H5) α < 1.

Let ω be an open, bounded, connected subset of R^2 with Lipschitz boundary. We define, for any open subset A of ω and any u ∈ L^p(Ω; R^3 ),

Eε(u; A) :=

∫ A×(−1,0) W −(Dαu|1/εD3u) dx + ∫ A×(0,1) W +(Dαu|1/εD3u) dx + ε^{α−1} ∫ A Ψ(|[u]|)dxα, u ∈ X(A), ∞, otherwise, where X(A) := W^{1,p}(A × (−1, 0); R^3 ) ∩ W^{1,p}(A × (0, 1); R^3 ), and consider J_{{ε}}(u; A) := inf_{{vε}} { lim inf_ε Eε(vε; A) : vε → u strongly in L^p(Ω; R^3 ) } . (2.1)

A straightforward rescaling enables us to set h = s = 1 with no loss of generality.

Remark 2.1. If J_{{ε}}(u; ω) < ∞, then, in view of the coercivity property (H1), there exists a sequence {vε} ⊂ X(ω) such that a subsequence — still indexed by ε— satisfies vε ⇀ { u^− in W^{1,p}(ω × (−1, 0)); R^3 ) u^+ in W^{1,p}(ω × (0, 1)); R^3 )

, u^−, u^+ ∈ W^{1,p}(ω; R^3 ),

so that D3u = 0 on ω ×((−1, 0) ∪ (0, 1)) where u := { u^− on ω × (−1, 0) u^+ on ω × (0, +1)

. Furthermore,

by continuity of the trace and compactness, { vε(xα, 0^−) → u^− strongly in L^p(ω; R^3 ), vε(xα, 0^+) → u^+ strongly in L^p(ω; R^3 ).

Now, the finiteness of J_{{ε}}(u; ω) also implies, since α < 1 (cf. (H5)), that

lim_ε ∫ ω Ψ(|[vε]|)dxα = 0, and Fatou’s lemma then yields ∫ ω Ψ(u^+ −u^−)dxα = 0; appealing to (H2), we conclude that u^+ = u^−, and thus that u ∈ W^{1,p}(ω; R^3 ). Conversely, if u ∈ W^{1,p}(ω; R^3 ), take it as test sequence in the definition of J_{{ε}}(u; ω); (H1) immediately implies that J_{{ε}}(u; ω) < ∞.

In conclusion, provided that (H5) holds true, J_{{ε}}(u; ω) < ∞ if and only if u ∈ W^{1,p}(ω; R^3 ). We will restric our analysis to such us in Sections 3 and 4, and will refrain from explicitly imposing (H5) unless necessary. In other words we will in those sections only discuss the Γ(L^p)–liminf of J_{{ε}}(·; A) for target functions u ∈ W^{1,p}(ω; R^3 ). As mentioned before, this is the only non trivial case if α < 1. Section 5 will partially fill the gap when α ≥ 1.

In the spirit of [6], Section 2, we introduce a countable collection C of open subsets of ω such that, for any δ > 0 and any open subset A of ω, there exists a finite union CA of disjoint elements of C with CA ⊂ A and L^2(A) ≤ L^2(CA) + δ. If R denotes the countable collection of all finite unions of elements of C, then, with the help of a general argument of Γ–convergence (cf. [4]), we conclude that there exists a subsequence {ε^R} ⊂ {ε} such that J_{{ε}R_}(·; C) is actually the Γ(L^p)–limit of E_{{ε}R_}(·; C), for any C ∈ R.

We are now in a position to prove that the limit functional is local.

Theorem 2.2. Assume that (H1), (H3), (H4) hold true. For any open subset A ⊂ ω, J_{{ε}R_}(·; A) is the Γ(L^p)–limit of E_{{ε}R_}(·; A), and there exists a Carathéodory function W_{{ε}R_} : R^2 × R^{3×2} → R such that, for any u ∈ W^{1,p}(ω; R^3 ), J_{{ε}R_}(u; A) = ∫ A W_{{ε}R_}(xα; Dαu)dxα. Proof. The proof is very close to that of a related result in [6] (see Theorem 2.5 there). We therefore merely outline it and emphasize the differences. In a first step a slicing method à la De Giorgi is used to prove that attainment sequences for a given u ∈ W^{1,p}(ω; R^3 ), C ∈ R, can be modified so as to coincide with u in a neighborhood of the boundary ∂C. A second step proves the claim of Γ(L^p)–convergence. A third one establishes that J_{{ε}R_}(u; ·) extends to a finite non–negative Radon measure. A short fourth step establishes the integral representation through a direct application of Theorem 4.3.2 in [7]. Step 1.

Lemma 2.3. Given u ∈ W^{1,p}(ω; R^3 ), C ∈ R, there exists a sequence {w_εR } such that w_εR → u strongly in L^p(Ω; R^3 ),

J_{{ε}R_}(u; C) = lim_{εR} E_εR (w_εR ; C), and w_εR = u on C \ K for some compact subset K ⊂ C.

Proof. The proof relies on De Giorgi’s slicing argument and is identical to that of Lemma 2.6 in [6], up to the addition of the term involving the surface energy, i.e.,

(ε^R)^{α−1} ∫ A Ψ(|[u]|)dxα. Consider an attainment sequence {v_εR } such that

J_{{ε}R_}(u; C) = lim_{εR} E^R_ε (v_εR ; C).

The argument hinges on the choice of adequate cut–off functions φ_εR : ω → (0, 1), independent of the transverse variable x3, such that the energy associated to the sequence

{w_εR }, with w_εR := φv_εR +(1−φ)u, is asymptotically the same as the original one. Consequently, we have to compare (ε^R)^{α−1} ∫ A Ψ(|[φ_εR v_εR ]|)dxα with (ε^R)^{α−1} ∫ A Ψ(|[v_εR ]|)dxα. But, in view of (H4),

(ε^R)^{α−1} ∫ A Ψ(|[φ_εR v_εR ]|)dxα ≤ (ε^R)^{α−1} ∫ A Ψ(|[v_εR ]|)dxα, which permits to carry the proof of Lemma 2.6 of [6] over to the current setting. Step 2. The proof is identical to that of a similar claim in Theorem 2.5 of [6]. Step 3. For any u ∈ W^{1,p}(ω; R^3 ), the inner regularity of J_{{ε}R_}(u; ·) is, as in the proof of Theorem 2.6 in [6], implicit in Step 2. The subadditivity of J_{{ε}R_}(u; ·) follows closely that in Step 3 of the proof of Theorem 2.6 in [6], but for the addition of the surface energy term. In the notation of that proof, we have to control from above a term of the form

(ε^R)^{α−1} ∫ Lδζ Ψ(|[(φ^δ_ζ v^{Dδ}_εR + (1 − φ^β_ζ v^{Bδ}_εR )]|)dxα. This latter task is immediately accomplished upon noting that, with the help of (H3– H4),

(ε^R)^{α−1} ∫ Lδζ Ψ(|[(φ^δ_ζ v^{Dδ}_εR + (1 − φ^β_ζ v^{Bδ}_εR )]|)dxα

≤ (ε^R)^{α−1}C (∫ Lδζ Ψ(|[v^{Dδ}_εR ]|)dxα + ∫ Lδζ Ψ(|[v^{Bδ}_εR ]|)dxα ) . Thus J_{{ε}R_}(u; ·) is inner regular, subadditive. Let {w_εR } be an attainment sequence for J_{{ε}R_}(u; ω). Upon extracting a suitable subsequence {ε} of {ε^R}, we may find a Radon measure μ on ω as the weak–* limit of W^−(Dαwε|1/εD3wε)L^3⌊ω × (−1, 0) + W^+(Dαwε|1/εD3wε)L^3⌊ω × (0, 1) +ε^{α−1}Ψ(|[wε]|)H^2⌊ω × {0}. Setting, for any open subset A ⊂ ω, μ̂(A) := μ(A × [−1, 1]), it is immediately checked that J_{{ε}R_}(u; ω) ≥ μ̂(R^2 ), J_{{ε}R_}(u; A) ≤ μ̂(A), A open ⊂ ω, hence, according to De Giorgi–Letta’s criterion [8] — see also Lemma 7.3 in [6] —, J_{{ε}R_}(u; ·) is a finite Radon measure. Further, the sequence {un} with un := u is a valid test sequence in the definition of J_{{ε}R_}(u; A); thus, according to (H1), J_{{ε}R_}(u; ·) is absolutely continuous with respect to L^2⌊ω.

Step 4. Theorem 4.3.2 in [7] immediately applies in the present setting, and it yields the desired integral representation.

Our goal is to identify W_{{ε}R_}(xα; F ) for any F ∈ R^{3×2} .

Here and in the remainder of the paper, for any Borel measurable function Z : R^N → R^P , QN,P Z stands for the quasiconvexification of Z, that is, for any F ∈ R^{P ×N} , QN,P Z(F ) := inf_φ {∫ Q Z(F + D_β φ) dxα : φ ∈ C^∞_0 (Q; R^P ) } , (2.2)

where Q := (−1/2, 1/2)^N .

For F ∈ R^{3×2} , define W (F ) := inf_{z∈R3} W (F |z),

(2.3) and Ŵ (F ) := inf_{φ,λ>0} {∫ Q′×(−1,0) W^−(F + D_β φ|λD3φ) dxα+ ∫ Q′×(0,1) W^+(F + D_β φ|λD3φ) dxα : φ ∈ C^∞(Q^′ × [−1, 1]; R^3 ), φ = 0 on ∂Q^′ × (−1, 1) } , (2.4)

where Q^′ := (−1/2, 1/2)^2.

We begin by proving the following easy bounds:

Lemma 2.4. Assume that (H1), (H3), (H4) hold true. Then

Q2×3W^+(F ) + Q2×3W^−(F ) ≤ W_{{ε}R_}(xα; F ) ≤ Ŵ (F ),

for every F ∈ R^{3×2} and a.e. x0 = (xα) ∈ ω.

Proof. Let x0 ∈ ω be a Lebesgue point for W_{{ε}R_}(·; F ). We first prove the lower bound for W_{{ε}R_}((x0)α; F ). Consider, for δ small enough, a sequence {v^δ_{εR} } ⊂ X(Q^′(x0, δ)) such that v^δ_{εR} → F · x strongly in L^p(Q^′(x0, δ); R^3 ) and J_{{ε}R_}(F · x; Q^′(x0, δ)) = lim_{εR} E_{{ε}R_}(v^δ_εR ; Q^′(x0, δ)), where Q^′(x0, δ) := x0 + δQ^′. This is possible according to Theorem 2.2. Then, in view of (2.3), ∫ Q′(x0,δ) W_{{ε}R_}(xα; F ) dxα ≥ lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(D_β v^δ_εR ) dx

+ ∫ Q′(x0,δ)×(0,1) W^+(D_β v^δ_εR ) dx }

≥ lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(D_β v^δ_εR ) dx }

+ lim inf_{εR} {∫ Q′(x0,δ)×(0,1) W^+(D_β v^δ_εR ) dx }

≥ δ^2 ( Q3×3W^−(F ) + Q3×3W^+(F ) )

≥ δ^2 ( Q2×3W^−(F ) + Q2×3W^+(F ) ) , where the third inequality holds since the quasiconvexification of W^{+−} is the lower semi– continuous envelope of W^{+−} (cf. e.g. [1]), and the last one results from a straightforward application of Fubini’s theorem in definition (2.2). Dividing the above inequality by δ^2 and passing to the limit as δ ↘ 0 proves the lower bound on W_{{ε}R_}((x0)α; F ) since x0 is a Lebesgue point for W_{{ε}R_}(·; F ).

Next we establish the upper bound. Given η > 0, there exist λη > 0, φη ∈ C^∞(Q^′ × [−1, 1]; R^3 ), with φ = 0 on ∂Q^′ × (−1, 1), such that

Ŵ (F ) + η ≥ {∫ Q′×(−1,0) W^−(F + D_β φη |ληD3φη ) dx+ ∫ Q′×(0,1) W^+(F + D_β φη |ληD3φη ) dx } .

Extend φη by xα–periodicity to R^2 × (−1, 1) and set v^η_{εR} (xα, x3) := F · x + λη ε^Rφη ( x_α λη ε^R ; x3 ) . Then, as ε^R ↘ 0, v^η_{εR} → F · x strongly in L^p_{loc}(R^3 ; R^3 ), hence, by the very definition of J_{{ε}R_}(F · x; Q^′(x0, δ)), ∫ Q′(x0,δ) W_{{ε}R_}(xα; F ) dxα = J_{{ε}R_}(F · x; Q^′(x0, δ))

≤ lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(D_β v^η_{εR} |1/ε^RD3v^η_{εR} ) dx

+ ∫ Q′(x0,δ)×(0,1) W^+(D_β v^η_{εR} |1/ε^RD3v^η_{εR} ) dx }

= lim_{εR} {∫ Q′(x0,δ)×(−1,0) W^− ( F + D_β φη ( x_β λη ε^R , x3 ) |ληD3φη ( x_β λη ε^R , x3 )) dx

+ ∫ Q′(x0,δ)×(0,1) W^+ ( F + D_β φη ( x_β ληε^R , x3 ) |ληD3φη ( x_β λη ε^R , x3 )) dx }

= δ^2 {∫ Q′×(−1,0) W^−(F + D_β φη |ληD3φη ) dx

+ ∫ Q′×(0,1) W^+(F + D_β φη |λη D3φη ) dx }

≤ δ^2Ŵ (F ) + η.

In the previous string of (in)equalities there is no surface energy term because the constructed sequence is smooth across the interface x3 = 0, while the last equality holds true because a rescaled periodic function converges weakly to its mean as the rescaling goes to 0. Letting η tend to 0, dividing by δ^2 and letting δ tend to 0 yields the result because x0 is a Lebesgue point for W_{{ε}R_}(·; F ).

3. Cohesive interface

In this section, we consider an interfacial energy density which in the case where α < 1 corresponds to a cohesive interface where the surface energy increases continuously from zero with the jump in the deformation across the interface. We assume that (H6) Ψ(t) ≤ C|t|^γ , γ > 1 − α. Under assumption (H6), we show that the limit energy density coincides with the lower bound established in Lemma 2.4. This agrees with our mechanical intuition, as explained in the Introduction. Specifically, we obtain the following theorem.

Theorem 3.1. Assume that (H1), (H3), (H4), (H6) hold true. Then, for a.e. x ∈ ω,

W_{{ε}R_}(xα; F ) = Q2×3W^+(F ) + Q2×3W^−(F ).

Proof. Fix η > 0. In view of (H1), of the density of C^∞_0 (Q^′; R^3 ) into L^p(Q^′; R^3 ), and using a measurability selection criterion, we may find pairs φ^{+,−}_η , ξ^{+,−}_η ∈ C^∞_0 (Q^′; R^3 ) such that

Q2×3W^+(F ) + Q2×3W^−(F ) + η ≥ ∫ Q′ ( W^−(F + D_β φ^−|ξ^−) +

W^+(F + D_β φ^+|ξ^+) ) dxα. (3.1)

Extend φ^{+,−}_η , ξ^{+,−}_η by xα–periodicity to R^2 and set

v_εR (xα, x3) := F · x + (ε^R)^{11+σ} (φ^− + ε^Rx3ξ^−) (_x α (εR) 1 1+σ ) in ω × (−1, 0), F · x + (ε^R)^{11+σ} (φ^+ + ε^Rx3ξ^+) (_x α (εR) 1 1+σ ) in ω × (0, 1),

with σ > 0 to be chosen later. Clearly, v_εR → F · x strongly in L^p(ω × (−1, 1); R^3 ). Now, if x0 ∈ ω is a Lebesgue point for W_{{ε}R_}(·; F ) and δ is small enough, ∫ Q′(x0,δ) W_{{ε}R_}(x_β ; F ) dxα = J_{{ε}R_}(F · x; Q^′(x0, δ))

≤ lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(Dαv_εR |1/ε^RD3v_εR ) dx + ∫ Q′(x0,δ)×(0,1) W^+(Dαv_εR |1/ε^RD3v_εR ) dx

+ (ε^R)^{α−1} ∫ Q′(x0,δ) Ψ(|[v_εR ]|)dxα }

≤ lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(F + Dαφ^− + ε^Rx3Dαξ^−|ξ^−) ( xα (ε^R)^{11+σ} ) dx

+ ∫ Q′(x0,δ)×(0,1) W^+(F + Dαφ^+ + ε^Rx3Dαξ^+|ξ^+) ( xα (ε^R)^{11+σ} ) dx

+ (ε^R)^{α−1} ∫ Q′(x0,δ) Ψ(|[v_εR ]|)dxα } . The functions W^−, W^+ are continuous, hence uniformly continuous on compact sets, and, since F + Dαφ^−, ξ^−, x3Dαξ^− (resp. F + Dαφ^+, ξ^+, x3Dαξ^+) take their value in compact sets of R^{3×2} and R^3 , the last term in the previous string of inequalities reduces to

lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(F + Dαφ^−|ξ^−) ( xα (ε^R)^{11+σ} ) dx

+ ∫ Q′(x0,δ)×(0,1) W^+(F + Dαφ^+|ξ^+) ( xα (ε^R)^{11+σ} ) dx

+ (ε^R)^{α−1} ∫ Q′(x0,δ) Ψ(|[v_εR ]|)dxα }

≤ lim inf_{εR} {∫ Q′(x0,δ)×(−1,0) W^−(F + Dαφ^−|ξ^−) ( xα (ε^R)^{11+σ} ) dxα

+ ∫ Q′(x0,δ)×(0,1) W^+(F + Dαφ^+|ξ^+) ( xα (ε^R)^{11+σ} ) dxα + CC(ε^R)^{α−1}δ^2(ε^R)^{γ1+σ} } , where C is a constant that only depends on ||φ^+||L_∞ + ||φ^−||L_∞ + ||ξ^+||L_∞ + ||ξ^−||L_∞ . But a rescaled periodic function weakly converges to its mean so that, in view of (3.1), ∫ Q′(x0,δ) W_{{ε}R_}(x_β ; F ) dxα ≤ δ^2 { Q2×3W^+(F ) + Q2×3W^−(F ) + η }

+ CCδ^2 lim sup_{εR} (ε^R)^{α−1+ γ1+σ} .

We now choose σ > 0 so that γ > (1 + σ)(1 − α), which is possible by virtue of (H6). Then, the last term in the above inequality is 0 and the desired result is obtained upon letting η tend to 0, dividing by δ^2, letting δ tend to 0 and recalling that x0 is a Lebesgue point for W_{{ε}R_}(·; F ).

Remark 3.2. Note that the result is independent of the value of α as long as hypothesis (H6) holds. Of course, for α > 1, J_{{ε}}(u; ω) may be finite for u ∈ L^p(ω × (−1, 1); R^3 ) \ W^{1,p}(ω; R^3 ) (see Remark 2.1 and Section 5).

4. Brittle interface

We now consider a brittle interface where the surface energy is of Griffith’s type, i.e., it is constant except when the deformation is continuous. Assume that

(H7) Ψ(0) = 0 and Ψ(t) = 1, t ≠ 0.

To proceed further in this case, we need an additional assumption about the nature of the two elastic energies, namely,

(H8) W^+ (resp. W^−)(Fα|F3) = W^+ (resp.W^−)(Fα| − F3).

We believe that this additional assumption is unnecessary and is simply an artifact of our strategy of proof. One should be able to remove it, but we confess to our inability at doing away with it. We note however that this hypothesis is consistent with a wide class of materials, including any material which has the film plane to be a plane of reflection symmetry.

We show that, under hypotheses (H7) and (H8), the limit energy density is in fact equal to the upper bound established in Lemma 2.4. Specifically,

Theorem 4.1. Assume that (H1), (H3), (H4), (H5), (H7) and (H8) hold true. Then, for a.e. x ∈ ω, W_{{ε}R_}(xα; F ) = Ŵ (F ). Proof. Let x0 be a Lebesgue point for W_{{ε}R_}(·; F ). Then, for q large enough so that Q^′(x0, 1/q) ⊂ ω, we have ∫ Q′ ( x0, 1q ) W_{{ε}R_}(x_β ; F ) dxα = J_{{ε}R_} ( F · x; Q^′ ( x0, 1 q ) ) . (4.1)

According to Theorem 2.2, there exists a sequence {w^q_{εR} } ⊂ X ( Q^′ ( x0,^1_q )) such that

w^q_{εR} → 0, ε^R ↘ 0 strongly in L^p ( Q^′(x0,^1_q ) × (−1, 1); R^3 ) and

J_{{ε}R_}(F · x; Q^′ ( x0, 1 q ) ) = lim_{εR} {∫ Q′ ( x0, 1q ) ×(−1,0) W^−(F + Dαw^q_{εR} |1/ε^RD3w^q_{εR} ) dx + ∫ Q′ ( x0, 1q ) ×(0,1) W^+(F + Dαw^q_{εR} |1/ε^RD3w^q_{εR} ) dx + (ε^R)^{α−1} ∫ Q′ ( x0, 1q ) Ψ(|[w^q_{εR} ]|)dxα } .

(4.2)

Set w_{q,ε}R := qw^q_{εR} ( x0 + 1 q xα, x3 ) , xα ∈ Q^′.

Then, according to (4.1), (4.2), and since Ψ is homogeneous of degree 0,

W_{{ε}R_}((x0)α; F ) = lim_q lim_{εR} {∫ Q′×(−1,0) W^− ( F + Dαw_{q,ε}R | 1 qε^R D3w_{q,ε}R ) dx + ∫ Q′×(0,1) W^+ ( F + Dαw_{q,ε}R | 1 qε^R D3w_{q,ε}R ) dx + (ε^R)^{α−1} ∫ Q′ Ψ(|[w_{q,ε}R ]|)dxα } .

(4.3)

Thus, in view of (4.3), (H5), (H7), and by a straightforward diagonalization argument, there exists a sequence {vq := w_{q,ε}R_{(q)}} with vq → 0 strongly in L^p(Q^′ ×(−1, 1); R^3 ), q ↗ ∞, such that 1 qε^R(q) ≥ q, (4.4)

lim_q L^2({xα ∈ ω : |[vq]| ≠ 0}) = 0,

(4.5)

while

W_{{ε}R_}((x0)α; F ) ≥ lim sup_q {∫ Q′×(−1,0) W^− ( F + Dαvq| 1 qε^R(q) D3vq ) dx + ∫ Q′×(0,1) W^+ ( F + Dαvq| 1 qε^R(q) D3vq ) dx } . (4.6)

Recalling definition (2.4) for Ŵ , the proof would be complete if vq ∈ W^{1,p}(ω × (−1, 1); R^3 ) and vq = 0 on ∂Q^′(0, 1) × (−1, 1). Unfortunately, such may not be the case and we must modify vq accordingly. In contrast to the setting of [6], a slicing argument does not work due to a lack of control of the energy on the transverse strips {x ∈ ω : |[vq]| ≠ 0} × (−1, 1). We thus appeal to the following lemma applied to the sequences {uq := F · x + vq} and {ε(q) := qε^R(q)}:

Lemma 4.2. Let A be an open subset of ω, let {ε(q)} be a sequence of nonnegative real numbers such that ε(q) −→_{q→∞} 0, and let {uq } be a sequence in W^{1,p}(A × (−1, 0); R^3 ) ∩

W^{1,p}(A × (0, 1); R^3 ), p > 1, such that

uq −→_{q→∞} u strongly in L^p(A × (−1, 1); R^3 ), with u ∈ L^∞(A; R^3 ), ∫ A×(−1,0) ( |Dαuq |^p +^1_{ε(q)p} |D3uq |^p ) dx + ∫ A×(0,1) ( |Dαuq |^p +^1_{ε(q)p} |D3uq |^p ) dx ≤ C < ∞, L^2 ( {|[uq ]| ≠ 0} ) −→_{q→∞} 0.

(4.7)

Then, under assumption (H8), for any η > 0, there exists a sequence {u^η_q } in W^{1,p}(A × (−1, 1); R^3 ) such that

u^η_q −→_{q→∞} u strongly in L^p(A × (−1, 1); R^3 ),

lim inf q→∞ { ∫ A×(−1,0) W^− ( Dαuq | 1 ε(q) D3uq ) dx + ∫ A×(0,1) W^+ ( Dαuq | 1 ε(q) D3uq ) dx }

≥lim inf q→∞ { ∫ A×(−1,0) W^−(Dαu^η_q |D3u^η_q ) dx + ∫ A×(0,1) W^+(Dαu^η_q |D3u^η_q ) dx } − η.

Let us postpone for now the proof of Lemma 4.2 and complete the proof of the theorem. In view of (4.4), (4.5), (4.6) and (H1), Lemma 4.2 is applicable. Denote by {F · x + v^η_q } the sequence produced by Lemma 4.2. Then, by virtue of (4.6),

W_{{ε}R_}((x0)α; F ) ≥ lim inf_q {∫ Q′×(−1,0) W^−(F + Dαvq|D3v^η_q ) dx + ∫ Q′×(0,1) W^+(F + Dαvq |D3v^η_q ) dx } − η. (4.8)

We still have to cure the potential failure of v^η_q in taking the value 0 on ∂Q^′ × (−1, 1). This latter task is achieved by appropriately cutting the values of v^η_q near ∂Q^′ × (−1, 1) with a smooth cut–off. We do not go into the details of that process since it is verbatim that described in the proof of inequality (3.8) in the proof of Theorem 3.1 in [6]. Thus,

Ŵ (F ) ≤ lim inf_q {∫ Q′×(−1,0) W^−(F + Dαv^η_q |D3v^η_q ) dx + ∫ Q′×(0,1) W^+(F + Dαv^η_q |D3v^η_q ) dx } . (4.9)

Recalling (4.8), (4.9) and letting η tend to 0^+, we finally conclude that W_{{ε}R_}((x0)α; F ) ≥ Ŵ (F ). The proof of the theorem is complete, provided that Lemma 4.2 holds true. This is the object of the proof below.

Proof. (Lemma 4.2) Assume that (4.7) holds. Set

S^q_i := { A × ((i − 1)ε(q), iε(q)), N(q) ≥ i ≥ 1, A × (iε(q), (i + 1)ε(q)), −N(q) ≤ i ≤ −1, where the number N(q) of layers is

N(q) = 1 ε(q) , if^1_{ε(q)} is an integer, [ 1 ε(q) ] + 1, otherwise.

Further define, with sgn(t) denoting the sign of t ∈ R, F^q_i : S^q_i → S^q_{sgn(i)}, (xα, x3) → ( xα, (−1)^{i+1}x3 + (−1)^isgn(i) [_{|i|} 2 ] 2ε(q) ) , and F^q (xα, x3) := { F^q_+(xα, x3), x3 ≥ 0, F^q_−(xα, x3), x3 ≤ 0, where F^q_+ : A × (0, 1) → S^q_1 , F^q_+ := N(q)∑

1 χ_Sq_{i ∩(A×(0,1))}F^q_i , and F^q_− : A × (−1, 0) → S^q_{−1}, F^q_− := −1∑ −N(q) χ_Sq_{i ∩(A×(−1,0))}F^q_i .

Also set ûq := û^+_q (xα, x3) := uq ( xα,^1_{ε(q)} x3 ) , (xα, x3) ∈ S^q_1 , û^−_q (xα, x3) := uq ( xα,^1_{ε(q)} x3 ) , (xα, x3) ∈ S^q_{−1}. Note that, in view of the bound on the gradients in (4.7), a trivial^1_{ε(q)} –dilation yields 1 ε(q) ∫ Sq1 |Dû^+_q |^p dx ≤ C, 1 ε(q) ∫ Sq−1 |Dû − q |^p dx ≤ C. (4.10)

Also note that

|[ûq ]| = |[uq ]| across x3 = 0.

(4.11)

Finally define Uq (xα, x3) := ûq (F^q (xα, x3)), for (xα, x3) ∈ Q^′ × (−1, 1). (4.12)

Then, Uq ∈ W^{1,p}(A × (−1, 0); R^3 ) ∩ W^{1,p}(A × (0, 1); R^3 ) and, in view of (4.11),

|[Uq ]| = |[uq ]| across x3 = 0.

(4.13)

Furthermore, by virtue of (4.10), ∫ A×(0,1) |DUq |^p dx = ∫ A×(0,1) |Dû + q (F^q_+)DF^q_+|^p dx

= N(q)∑

1 ∫ Sqi ∩(A×(0,1)) |Dû^+_q (F^q_+)|^p dx ≤ N(q)∑

1 ∫ Sq1 |Dû^+_q (y)|^p dy (4.14) = N(q) ∫ Sq1 |Dû^+_q (y)|^p dy ≤ N(q)^1_{ε(q)} C ≤ 2C, where the second equality holds because

DF^q_+ =

1 0 0 0 1 0 0 0 ±1 . (4.15)

A similar estimate holds true in A × (−1, 0). Finally, remark that the target u does not depend upon x3, thus ∫ A×(0,1) |Uq − u|^p dx = ∫ A×(0,1) | | |uq ( xα, F^q_+(x)3 ε(q) ) − u(xα) | | |^p dx

= N(q)∑

1 ∫ Sqi | |u_q (x_α, F^q_i (x)3 ε(q) ) − u(xα) | |^p dx

= N(q)∑

1 ∫ Sq1 | | |uq ( xα, x3 ε(q) ) − u(xα) | | |^p dx = N(q)ε(q) ∫ A×(0,1) |uq(xα, x3) − u(xα)|^p dx ≤ 2C ∫ A×(0,1) |uq (xα, x3) − u(xα)|^p dx, so that, since a similar computation could be performed on A × (−1, 0),

Uq → u, strongly in L^p(A × (−1, 1).

(4.16)

Recalling (4.13), (4.14), (4.16), and the second limit in (4.7), we conclude that Uq ∈ SBV (A × (−1, 1); R^3 ), that S(Uq ) ⊂ {|[uq]| ≠ 0} ∪ Eq , with H^2(Eq) = 0, and that

Uq −→ u strongly in L^p(A × (−1, 1); R^3 ), H^2(S(Uq )) −→ 0, ∫ A×(−1,1) |DUq | p dx ≤ C < ∞. (4.17)

Note that, in view of (H8), (4.15), together with the definition (4.12) of Uq , ∫ A×(−1,0) W^− ( Dαuq | 1 ε(q) D3uq ) dx + ∫ A×(0,1) W^+ ( Dαuq | 1 ε(q) D3uq ) dx (4.18) = 1 ε(q)N(q) { ∫ A×(−1,0) W^−(DαUq |D3Uq ) dx + ∫ A×(0,1) W^+(DαUq |D3Uq ) dx } . Fix η > 0. Since u ∈ L^∞(A; R^3 ), we may replace {Uq } by {W^η_q } with W^η_q := T_{k(q,η)}(Uq ), where {k(q, η)} is a well–chosen subsequence of Z^+ such that k(q, η) ≤ M(η) (a positive constant independent of q) and where, for each k ∈ Z^+ , T_k ∈ W^{1,∞}_0 (R^3 ; R^3 ) is such that

T_k(x) := { x, |x| ≤ e^k, 0, |x| > e^{k+1}, while ||∇T_k(x)|| ≤ 1. A proper choice of M(η) and {k(q, η)} (see, for example, the proof of Proposition 2.8 in [10]) permits to ensure that {W^η_q } still satisfies (4.17), while

lim inf_q { ∫ A×(−1,0) W^− ( DαW^η_q | 1 ε(q) D3W^η_q ) dx + ∫ A×(0,1) W^+ ( DαW^η_q | 1 ε(q) D3W^η_q ) dx }

(4.19)

≤ lim inf_q { ∫ A×(−1,0) W^−(DαUq |D3Uq ) dx + ∫ A×(0,1) W^+(DαUq |D3Uq ) dx } + η. Now ||W^η_q ||_L∞_{(A×(−1,0))} ≤ e^{M(η)} while, in view of the second limit in (4.17) applied to W^η_q , H^2(S(W^η_q )) −→ 0, thus the singular part of the measure DW^η_q is such that |DsW^η_q |(A × (−1, 1) −→_q 0. (4.20)

By virtue of (4.17) (for W^η_q ), (4.20), we are in a position to apply an equiintegrability lemma (see Lemma 2.1 of [15]; see also [2]) to conclude to the existence of a sequence {uq } in W^{1,p}(A × (−1, 1); R^3 ) such that

{uq } is bounded in W^{1,p}(A × (−1, 1); R^3 ),

{|Duq|^p} is equiintegrable,

L^3 ( {W^η_q ≠ uq } ∪ {∇W^η_q ≠ Duq } ) → 0, (4.21)

where ∇W^η_q = DW^η_q |_{{(xα,x3):x3≠0}}.

Then, in view of (4.18), (4.19), together with (H1),

lim inf q→∞ { ∫ A×(−1,0) W^− ( Dαuq | 1 ε(q) D3uq ) dx + ∫ A×(0,1) W^+ ( Dαuq | 1 ε(q) D3uq ) dx }

≥ ( lim_{q→∞} 1 ε(q)N(q) ) [ lim inf q→∞ { ∫ A×(−1,0) W^−(DαW^η_q |D3W^η_q ) dx + ∫ A×(0,1) W^+(DαW^η_q |D3W^η_q ) dx } − η ]

≥lim inf q→∞ { ∫ (A×(−1,0))\{∇W ηq ≠Duq } W^−(Dαuq |D3uq ) dx + ∫ (A×(0,1))\{∇W ηq ≠Duq } W^+(Dαuq|D3uq ) dx } − η ≥lim inf q→∞ { ∫ (A×(−1,0)) W^−(Dαuq |D3uq ) dx + ∫ (A×(0,1)) W^+(Dαuq |D3uq ) dx }

−C lim sup q→∞ { ∫ {∇W ηq ≠Duq } (1 + |Dαuq|^p + |D3uq )|^p) dx } − η.

But the last term in the last inequality above tends to 0 when q ↗ ∞ by virtue of (4.21). Lemma 4.2 is proved.

Remark 4.3. Equality (4.18) would fail in the absence of (H8) because of the presence of minus signs in front of the x3–derivatives of Uq on even layers S^q_i when going from the first two integrals to the second two integrals. Also note that this is the only place in the proof of Lemma 4.2 – and in that of Theorem 4.1 – where (H8) is used.

5. Weak interface

In this section we investigate the impact of dropping assumption (H5), namely that α < 1; hence we assume that α ≥ 1 unless otherwise noted in this section.

Note firstly that, in view of Remark 2.1,

J_{{ε}}(u; ω) < ∞ if and only if u = { u^+ in ω × (0, 1), u^− in ω × (−1, 0),

(5.1)

where u^+, u^− ∈ W^{1,p}(ω; R^3 ).

Theorem 5.1. Assume that (H1) holds true and that α > 1. Then (5.1) is satisfied and further, for such u’s,

J_{{ε}}(u; ω) = ∫ ω { Q2×3W^+(Dαu^+) + Q2×3W^−(Dαu^−) } dxα.

Proof. The lower bound is straightforward; indeed, for some subsequence of {ε} — still

denoted by {ε} — there exists a sequence {uε} with uε → u = { u^+ in ω × (0, 1), u^− in ω × (−1, 0), strongly in L^p(ω × (−1, 1); R^3 ), such that

J_{{ε}}(u; ω) = lim_ε { ∫ ω×(−1,0) W^− ( Dαuε| 1 ε D3uε ) dx + ∫ ω×(0,1) W^+ ( Dαuε| 1 ε D3uε ) dx +ε^{α−1} ∫ ω Ψ(|[uε]|) dxα }

≥ lim inf_ε { ∫ ω×(−1,0) W^−(Dαuε) dx + ∫ ω×(0,1) W^+(Dαuε) dx }

≥ lim inf_ε { ∫ ω×(−1,0) W^−(Dαuε) dx } + lim inf_ε { ∫ ω×(0,1) W^+(Dαuε) dx }

≥ ∫ ω { Q2×3W^+(Dαu^+) + Q2×3W^−(Dαu^−) } dxα, where the last inequality holds since the quasiconvexification of W^{+−} is the lower semi– continuous envelope of W^{+−} (see the beginning of the proof of Lemma 2.4 above for a detailed justification of the last inequality).

Conversely, if u = { u^+ on ω × (0, 1), u^− on ω × (−1, 0),

, then, by virtue of (H1) together with the

measurable selection criterion and the density of C^∞_0 (ω; R^3 ) into L^p(ω; R^3 ), for any η > 0 there exist a pair ξ^+, ξ^− ∈ C^∞_0 (ω; R^3 ) such that ∫ ω {W^+(Dαu^+) + W^−(Dαu^−)}dxα ≥ ∫ ω {W^+(Dαu^+|ξ^+) + W^−(Dαu^−|ξ^−)}dxα − η. Defining as test sequence for J_{{ε}}(u; ω) uε := { u^+ + εx3ξ^+, in ω × (0, 1), u^− + εx3ξ^−, in ω × (−1, 0), and remarking that |[uε]| = |[u]| across x3 = 0, we conclude, through an easy application of Lebesgue’s Dominated Convergence theorem and because α > 1, that J_{{ε}}(u; ω) ≤ ∫ ω W^+(Dαu^+) dxα + ∫ ω W^−(Dαu^−) dxα + η. Letting η → 0, we obtain J_{{ε}}(u; ω) ≤ ∫ ω W^+(Dαu^+) dxα + ∫ ω W^−(Dαu^−) dxα. (5.2)

But, since J_{{ε}}(·; ω) is, in particular, sequentially weakly lower–semicontinuous at u for sequences {un} of the form un := { u^+_n in ω × (0, 1), with u^+_n ∈ W^{1,p}(ω; R^3 ) and u^+_n → u^+ strongly inL^p(ω; R^3 ), u^− in ω × (−1, 0), (5.2) implies J_{{ε}}(u; ω) ≤ ∫ ω Q2×3W^+(Dαu^+) dxα + ∫ ω W^−(Dαu^−) dxα. Repeating the argument for W^− finally yields J_{{ε}}(u; ω) ≤ ∫ ω Q2×3W^+(Dαu^+) dxα + ∫ ω Q2×3W^−(Dαu^−) dxα. The proof of the theorem is complete.

We finally investigate the case α = 1. In such a case, the surface energy explicitly remains in the expression for J_{{ε}}(u; ω):

Theorem 5.2. Assume that (H1) holds true and that α = 1. Then (5.1) is satisfied and further, for such u’s, J_{{ε}}(u; ω) = ∫ ω { Q2×3W^+(Dαu^+) + Q2×3W^−(Dαu^−) } dxα + ∫ ω Ψ(|[u]|)dxα. Proof. The proof of the lower bound is nearly identical to that in the proof of Theorem 5.1. Upon noting that the liminf of a sum is greater than or equal to the sum of the liminfs, the additional term to control is lim inf ε ∫ ω Ψ(|[uε]|)dxα which, by virtue of the lower–semicontinuous character of Ψ and Fatou’s lemma, is greater than or equal to ∫ ω Ψ(|[u]|)dxα. The proof of the upper bound is exactly that in the proof of Theorem 5.1. Note that the surface energy term is then exactly equal, for all ε’s, to ∫ ω Ψ(|[u]|)dxα. 6. Thick substrate

We conclude by discussing briefly the case of a thin film bonded to a thick rigid substrate. The displacement in the thick rigid substrate is identically zero (or equivalently the deformation is identity), hence we need only to consider the elastic energy of the film and the surface energy at the film-substrate interface. Thus, after a suitable change of variables as in the introduction, we obtain the following problem. Let Ω = ω × (0, 1). We define, for any open subset A of ω and any u ∈ L^p(Ω; R^3 ),

Eε(u; A) := ∫ A×(0,1) W +(Dαu|1/εD3u)dx + ε^{α−1} ∫ A Ψ (u(x1, x2, 0) − {x1, x2, 0}) dxα, u ∈ W^{1,p}(A × (0, 1); R^3 ), ∞, otherwise.

We define J_{{ε}R_}(u; A) as before (see Section 3). We obtain the following theorem, the proof of which follows those in the previous sections.

Theorem 6.1. Assume that (H1), (H3), (H4) hold true. For any open subset A ⊂ ω, J_{{ε}R_}(·; A) is the Γ(L^p)–limit of E_{{ε}R_}(·; A).

If α < 1 then J_{{ε}R_}(u; A) = { |A|W_{{ε}R_}(I) u ≡ id, ∞ otherwise,

where W_{{ε}R_}(I) ∈ R satisfies

QW^+(I) ≤ W_{{ε}R_}(I) ≤ Ŵ^+(I).

Further, if (H6) holds then

W_{{ε}R_}(I) = QW^+(I),

while if (H7) and (H8) hold then

W_{{ε}R_}(I) = Ŵ^+(I).

If α > 1 then J_{{ε}R_}(u; A) = ∫ ω Q2×3W^+(Dαu)dxα u ∈ W^{1,p}(ω; R^3 ), ∞ otherwise,

while if α = 1 then

J_{{ε}R_}(u; A) = ∫ ω { Q2×3W^+(Dαu) + Ψ(u(x1, x2)) } dxα u ∈ W^{1,p}(ω; R^3 ) ∞ otherwise. .

7. Concluding remarks

Finally, we would like to summarize the results of this study. The reader is referred to the Introduction for a mechanical interpretation. We have assumed throughout that W^± are continuous, satisfy (H1) and that Ψ is lower semicontinuous. Then, 1. If α < 1, then the only targets that give rise to a finite energy are in W^{1,p}(ω; R^3 ); 2. If α ≥ 1, then the only targets that give rise to a finite energy are of the form u = { u^− on ω × (−1, 0), u^+ on ω × (0, 1),

with u^± ∈ W^{1,p}(ω; R^3 );

3. If α < 1 and (H3), (H4) hold true, then the limit behavior is local in the sense of Theorem 2.2 and the energy bounds of Lemma 2.4 are satisfied;

4. If α < 1 and (H3), (H4), (H6) hold true, then we obtain the cohesive model of Theorem 3.1;

5. If α < 1 and (H3), (H4), (H7), (H8) hold true, then we obtain the brittle model of Theorem 4.1;

6. If α > 1, then we always obtain the decoupled model of Theorem 5.1; 7. If α = 1, then we always obtain a model coupled by the surface energy term as in Theorem 5.2;

8. If one of the layers is identified as a rigid substrate, then we obtain all previous results upon replacing the bottom part of the target deformation field, u^−, by id, which will force the entire deformation u to be id in all cases where it is continuous across the interface.

Acknowledgements This work progressed through various visits: GAF to Caltech in Summer 1998, KB to Paris-Nord in Spring 1999, all authors to the Isaac Newton Institute in Fall 1999, and finally GAF to Carnegie-Mellon in Fall 2000. We are grateful to these institutions for their hospitality. We are glad to acknowledge the partial financial support of the US National Science Foundation (KB: CMS 9457573, IF: DMS 9731957 and Center for Nonlinear Analysis grant DMS 9803791), and the Charles Lee Powell Foundation (KB).

References

[1] E. Acerbi, N. Fusco. Semicontinuity problems in the calculus of variations. Arch. Rat. Mech.

Anal., 86, 1984, 125–145.

[2] L. Ambrosio. On the lower semicontinuity of quasiconvex integrals in SBV (Ω; R^k ). Nonlinear Anal., 23, 1994, 405–425.

[3] K. Bhattacharya, R.D. James. A theory of thin films of martensitic materials with applications to microactuators. J. Mech. Phys. Solids 47, 1999, 531–576.

[4] A. Braides, A. Defranceschi. Homogenization of multiple integrals. Oxford Lecture Series in Mathematics and its Applications, 12, Oxford, 1998.

[5] A. Braides, I. Fonseca. Brittle thin films. To appear in: Applied Math. and Optimization. [6] A. Braides, I. Fonseca, G.A. Francfort. 3D–2D asymptotic analysis for inhomogeneous thin films. To appear in: Ind. U. Math. J..

[7] G. Buttazzo. Semicontinuity, relaxation and integral representation in the calculus of variations. Pitman, London, 1989.

[8] E. De Giorgi, G. Letta. Une notion générale de convergence faible pour des fonctions croissantes d’ensemble. Ann. Sc. Norm. Sup. Pisa Cl. Sci.,4, 1977, 61–99.

[9] L.C. Evans, R.F. Gariepy. Measure theory and fine properties of functions. Studies in Advanced Mathematics, CRC Press, Boca Raton, 1992.

[10] I. Fonseca, G.A. Francfort. Relaxation in BV versus quasiconvexification in W^{1,p}; a model for the interaction beetween fracture and damage. Calc. Var. 3, 1995, 407–446.

[11] I. Fonseca, G.A. Francfort. 3D-2D asymptotic analysis fo an optimal design problem for thin films. J. Reine Angew. Math. 505, 1998, 173–202.

[12] F.C. Frank, J.H. van der Merwe One-dimensional dislocations : I. Static Theory and II.

Misfitting monolayers and oriented growth Proc. Royal Soc. London A 198 205–216 and 216–225.

[13] L.B. Freund. The mechanics of dislocations in strained-layer semiconductor materials. Adv.

Appl. Mech. 30, 1994, 1–66.

[14] J.W. Hutchinson, Z. Suo. Mixed mode cracking in layered materials. Adv. Appl. Mech. 29, 1992, 63–191.

[15] C. Larsen. On the representation of effective energy densities. To appear in: ESAIM:COCV. [16] H. Le Dret, A. Raoult The nonlinear membrane model as variational limit of nonlinear three dimensional elasticity. J. Math. Pures. Appl. 74, 1995, 549–578.

[17] P.H. Leo, J. Hu. A continuum description of partially coherent interfaces. Cont. Mech.

Thermodyn 7, 1995, 39–56.

[18] Y.C Shu. Heterogeneous thin films of martensitic materials. Arch. Rat. Mech. Anal 153, 2000, 39–90.

(Kaushik Bhattacharya) Division of Engineering and Applied Science, California Institute of Technology, Pasadena, CA 91125, USA

E-mail address, K. Bhattacharya: bhatta@caltech.edu

(Irene Fonseca) Department of Mathematical Sciences, Carnegie Mellon University, Pittsburgh, PA 15213, USA

E-mail address, I. Fonseca: fonseca@andrew.cmu.edu

(Gilles Francfort) L.P.M.T.M., Université Paris-Nord, 93430 Villetaneuse, France E-mail address, G. Francfort: francfor@lpmtm.univ-paris13.fr