A NOTE ON MEYERS’ THEOREM IN Wk!

IRENE FONSECA, GIOVANNI LEONI, AND ROBERTO PARONI

ABSTRACT. Lower semicontinuity properties of multiple-integrals
k,1 .d k
u € WP (Q;RY) »—>/ f(zyu(z), -, Viu(z)) dz
Q

are studied when f grows at most linearly with respect to the highest order derivative, V*u, and admissi-
ble Wk:1(Q;R?) sequences converge strongly in W*—1:1(Q;R?). Tt is shown that under certain continuity
assumptions on f, convexity or 1-quasiconvexity of & — f(xo,u(xo), -, VF  u(zo), &) ensure lower semi-
continuity. The case where f(zo,u(z0), -, V* 1u(zo),") is k-quasiconvex remains open except in some
very particular cases, as an example when f(z,u(z), -, VFu(z)) = h(z)g(VFu(z)).

1. INTRODUCTION

In a classical paper Meyers [23] proved that k-quasiconvexity is a necessary and sufficient condition for
(sequential) lower semicontinuity of a functional

UH/f(x,u(x),--- , V() d,
Q

with respect to weak convergence (resp. weak * convergence if p = oo) in W*P?(Q; R?) and under appropriate
growth and continuity conditions on the integrand f, thus extending to the case k£ > 1 the notion of quasi-
convexity introduced by Morrey when k = 1. Here € is an open, bounded subset of RY, with N > 1, and
k,d € N, 1 < p < 0co. Meyers’ theorem uses results of Agmon, Douglis and Nirenberg [1] concerning Poisson
kernels for elliptic equations. A different proof was later presented by Fusco in [21] using De Giorgi Slicing
Lemma. These results have recently been improved by Braides, Fonseca and Leoni in [8], who obtained a
general relaxation result in W*P(Q; R%) with respect to weak convergence.

In most applications, the lower semicontinuity results mentioned above are completely satisfactory when
p > 1 since bounded sequences in W*?(€; R?) admit weakly convergent subsequences. However, when p = 1
due to loss of reflexivity of the space W*1(Q; R?) one can only conclude that an energy bounded sequence
{un} € WhL(Q;RY) with

sup [ty < o0
n

admits a subsequence (not relabelled) such that

(1.1) Uy —u  in WFLLHQ;RY),

where u € WF=L1(Q;RY) and VF~1u is a vector-valued function of bounded variation. In this paper we

seek to establish lower semicontinuity in the space W#!(Q; RY) under this natural notion of convergence.
When k = 1 the scalar case d = 1 has been extensively treated, while the vectorial case d > 1 was first

studied by Fonseca and Miiller in [18] where it was proven (sequential) lower semicontinuity in W11 (Q;R?)
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of a functional
U / flz,u(z), Vu(z)) d
Q

with respect to strong convergence in L!(Q;R?) (see also [4], [19], [16], [17] and the references contained
therein). The approach in [18] is based on blow—up and truncation methods.

Similar truncation techniques have been used quite successfully in the study of existence and qualitative
properties of solutions of second order elliptic equations and systems (see e.g. the work of [7] and the
references contained within). Their main drawback lies in the fact that they cannot be easily extended to
truncate gradients or higher order derivatives. This may explain in part why several important results for
second order elliptic equations have no analog for higher order equations.

The main result of this paper extends Meyers’ Theorem to the case where weak convergence in W1 (€2; R9)
is replaced by (1.1) together with a weak form of coercivity of the convex or 1-quasiconvex density f (see
Theorem 2 below). We start with the case where f depends essentially only on x and on the highest order
derivatives, that is V¥u(z). This situation is significantly simpler than the general case, since it does not
require to truncate the initial sequence {u,,} € W*1(Q;R?). Using the notation and terminology introduced
in Section 2, we state the following:

Theorem 1. Let [ : Q xE[k 1 x E¢ — [0,00) be a Borel integrand. Suppose that for all (zg,vo) € QXE[%CA]

and € > 0 there exist 6 > 0 and a modulus of continuity p, with p(s) < Co(1+ s) for s > 0 and for some
Co > 0, such that

(1.2) f(@o,v0,8) = f(,v,§) <e(1+ f(z,v,£)) + p(lv = vol)

for all x € Q with |z — xg| < do, and for all (v,§) € E[,C 1 X Ed. Assume also that one of the following three
conditions is satisfied:
(a) f(zo,vo,-) is k-quasiconvez in Ef and

(13) Sl = C1 < S0 0, S CLO+Ie)  for all€ €,
where Cy > 0;

(b) f(z0,vo,) is 1-quasiconvex in EZ and

(1.4) 0< flwo,v0,) SCr(1+[E])  for all € €E,
where C > 0;

(¢) f(xo,vo,) is convez in E{.
Letu € BVE(Q;RY) and let {u,} be a sequence of functions in W1 (€; R?) converging to u in WE=11(Q; R9).
Then

/f dx<hm1nf/fxun,... Fup) d.

n—oo

Here V¥4 is the RadonNikodym derivative of the distributional derivative D*u of V*~1u, with respect to
the N-dimensional Lebesgue measure £V. An important class of integrands which satisfy (1.2) of Theorem
1 is given by

f=1(,8) = h(x)g(E),

where h(z) is a nonnegative lower semicontinuous function and ¢ is a nonnegative function which satisfies
either (a) or (b) or (¢). The case where h(x) = 1 and g satisfies condition (a) was proved by Amar and De
Cicco [2]. Theorem 1 extends a result of Fonseca and Leoni [17] to higher order derivatives. Related results
when & = 1 where obtained previously by Serrin [25] in the scalar case d = 1 and by Ambrosio and Dal
Maso [4] in the vectorial case d > 1 (see also Fonseca and Miiller [18], [19]). Even in the simple case f = f(&)
it is not known if Theorem 1(a) still holds without the coercivity condition

1
f(&) = alﬁl—
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When the integrand f depends on the full set of variables in an essential way, the situation becomes
significantly more complicated since one needs to truncate gradients and higher order derivatives in order to
localize lower order terms. The main result of the paper is given by the following theorem:

Theorem 2. Let [ : Q X E[k 1 X Ed — [0,00) be a Borel integrand, with f(x,v,-) 1-quasiconver in E{,
such that

(1.5) 0< flz,v,&) <C(1+€)) for all (z,v,£) € x Eiq] x B,

where C' > 0. Suppose that for all (xg,vo) € O X E[Cfcfl] either f(xo,vo,&) =0 for all £ € E{, or for every
e > 0 there exist Cy, §g > 0 such that

(16) f(:Eo,Vo,E)*f(IE,V,ﬁ) §5(1+f($avag))a
(17) §@v.9) = Cilel -

for all (z,v) € Q x Eﬁc_l] with | — xo| + |v — vo| < &g and for all ¢ € EY. Let u € BVF(Q;RY), and let
{un} be a sequence of functions in W*(Q;R?) converging to u in WF=L1(Q;RY). Then

/f(x,u,...,v x<hm1nf/fxun,... Fuy) dr.
Q

n—oo

A standing open problem is to decide whether Theorem 2 continues to hold under the weaker assumption
that f(x,v,-) is k-quasiconvex, which is the natural assumption in this context. The main tool in the proof
of Theorems 1-3 is the blow—up method introduced by Fonseca and Miiller [18], [19], which reduces the
domain €2 to a ball and the target function v to a polynomial. Rather than using a smooth truncation of
the sequence {u,} within the space W*1(€;R?), we consider one of the type u, 1g, where 1p, denotes
the characteristic function of some set F,,, and thus we need to enlarge the class of admissible functions to
include special functions of bounded variation of order k. A truncation of this type has been introduced by
Carriero, Leaci and Tomarelli in [10].

As in Theorem 1, conditions (1.5) and (1.6) can be considerably weakened if we assume that f(x,v,") is
convex rather than 1-quasiconvex. Indeed we have the following result:

Theorem 3. Let f: Q x Eﬁcil] x E¢ — [0,00] be a lower semicontinuous function, with f(z,v,-) convex
in E. Suppose that for all (zg,vo) € Q x Eﬁﬁl] either f(xo,vo,&) = 0 for all £ € EE, or there exist C1,
80 > 0, and a continuous function g : B(xo,d) X B(vo,80) — E{ such that

(18) f(l‘,V,g(Z,V)) €L> (B(xﬂaé()) X B(V0750);R)7
(19) fav.8) > Cilel -

for all (z,v) € Q x Eﬁc—l] with |z — zo| + |v — vo| < &o and for all & € E. Let u € BVF(Q;RY), and let
{un} be a sequence of functions in W*(Q;R?) converging to u in WF=L1(Q;RY). Then
/f(a:,u,...,v x<hm1nf/f:cun,... Fu,) da.
Q

n—oo

It is interesting to observe that without a condition of the type (1.8) Theorem 3 is false in general. This
has been recently proved by Cerny and Maly in [12].

2. PRELIMINARIES

We start with some notation. Here Q C R¥ is an open, bounded subset, £ and H~N~! are, respectively,
the N dimensional Lebesgue measure and the N — 1 dimensional Hausdorff measure in RY. Given v €
SN=1.={z e RN : |z| =1} let {v1, - ,un_1,v} be an orthonormal basis of RY varying continuously with
vyand let Q, == {z e RN : |z 1| < 1/2, |z-v| < 1/2,i=1,--- ,N — 1} be a unit cube centered at the
origin with two of its faces orthogonal to the direction v. We set Q,(zg,¢) := xo + Q..
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We recall briefly some facts about functions of bounded variation which will be useful in the sequel. A
function u € L'(Q;R?) is said to be of bounded variation, and we write u € BV (Q; Rd) yifforalli=1,---d,
and j =1,--- N, there exists a Radon measure p;; such that

/Qui(x)%@j(x) dx = —/Qtp(x) ey

for every ¢ € C}(Q;R). The distributional derivative Du is the matrix—valued measure with components
Hij. Given u € BV (;RY) the approrimate upper and lower limit of each component u;, i = 1,---d, are
given by

uf (z) == inf {t eR: Elir(r)lJr eiN |{y € QN Q(x,¢e) : ui(y) >t} = 0}
and
u; (z) := sup {t eR: Elir(l)lJr ELN |{y € QN Q(z,¢) : uwi(y) <t})| = O} ,

while the jump set of u, or singular set, is defined by
d
S(u) == U{m €0 u; (z) < (x)}.
i=1
It is well known that S(u) is N — 1 rectifiable, i.e.
S(u) = |J K. UE,
n=1

where HN~1(E) = 0 and K,, is a compact subset of a C' hypersurface. If x € Q\S(u) then u(z) is taken
to be the common value of (uf (z),---,u}(x)) and (uy (z),---,uy (x)). It can be shown that u(z) € R?
for HN=1 a.e. x € Q\S(u). Furthermore, for HV~1 a.e. x € S(u) there exist a unit vector v, (x) € SN,
normal to S(u) at x, and two vectors v~ (z), ut(z) € R? (the traces of u on S(u) at the point x) such that

N / Ju(y) — u* (@)Y Vdy =0
=707 J{yeQ(o.): (y—a)-vu(2)>0}
and

Ju(y) —u™ ()M N Vdy = 0.
=0 el /{yEQ(io,E)i (y—z)-vu () <0}
Note that, in general, (u;)* # (u*); and (u;)~ # (u™);. We denote the jump of u across S(u) by [u] :=
uT —u~. The distributional derivative Du may be decomposed as
Du=Vul™ + (@t —u") @v, HN 71 S(u) + C(u),

where Vu is the density of the absolutely continuous part of Du with respect to the N—dimensional Lebesgue
measure £V and C(u) is the Cantor part of Du. These three measures are mutually singular.

The space SBV (;RY) of special functions of bounded variation, introduced by De Giorgi and Ambrosio
[14], is the space of all functions u € BV (€2;R?) such that

Du=VulY + (ut —u") @ v, HN 1 S(u).

For any multi-index o = (a1, ... ,ay) € NV, we use the notation

lex]
A\ 9

= 7&6?1 pE o =a1 4+ ...+ an
S0z

and for each j € N the symbol V/u stands for the vector-valued function whose components are all the
components of the V*u for || = j. If u is C* then for j > 2 we have that V/u(z) € Ef, where Ef stands

— Rde

for the space of symmetric j-linear maps from RY into R%. We set E{ : and

Ef_=RI'xEfx-- xEf.
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For any integer k > 2 we define
BVF(;RY) i= {u e WY (RY) : V" lu e BV(Q EE_ )},
SBVF(Q;RY) := {u € SBV(;RY) : Viue SBV(QGE)) j=1,... k—1},

where V71 is the Radon-Nikodym derivative of the distributional derivative Diu of V71, with respect to
the N-dimensional Lebesgue measure £V.

We recall that a function f : E,‘ci — R is said to be k-quasiconver if

£ < /Q F(E+ VFu(y)) dy

for all ¢ € E¢ and all w € C§°(Q; RY) .

The following theorem was proved in the case kK = 1 by Ambrosio and Dal Maso [4], while Fonseca and
Miiller [18] treated general integrands of the form f = f(z,u, Vu), but their argument requires coercivity.
The case k > 2 is due to Amar and De Cicco [2]. For completeness we give a proof for all & > 1.

Proposition 1. Let f : Eg — [0,00) be a k-quasiconvex function, such that

(2.1) 0< fE)<C(1+g),
for all £ € E,‘j Moreover, when k > 2 assume that
(2.2) F(&) =Cilgl for [€] large.

Let {u,} be a sequence of functions in W*(Q;R?) converging to 0 in W*=11(Q;R?). Then

< lim inf / f(v un

n—oo

Proof. We start with the case k > 2. Without loss of generality we may assume that
hnrgloréf/ f(VFu, d:vfnhﬁrgO Qf( Fuy,) dr < oo
so that by condition (2.2)
K = sup/Q \VFu,|dz < co.

Let ¢ > 0, M € N, and decompose L := Q\ (1 —¢) @ into M layers with mutually disjoint interiors,
L =0;11Q\a;Q,s0that 1 —e = a1 < az < ... < apy <1=:ap4.Since

M
Z/ (14 |VFup|) dz < K + 1
i=17Li
for all n € N, there exists i € {1,..., M} and a subsequence of {u,} (not relabelled) such that

(2.3) / (1+|VFu,|) de < K+l

ie

for all n € N.

Let o € C* (Q;1]0,1]) with o(x) =1 in ;. Q, p(z) =01if & ¢ a;_11Q. Since f is k-quasiconvex

<hm1nf/ F(VF (ouy))

n—oo

gliminf/ f(v un)d:ch/ £(0)dx
n=ee JQ Q\ i 41Q

+ C’limsup/ (1+[V* (pun) |) da,

where we have used (2.1). As u,, — 0 in W*=L1(Q;RY) strongly, we have

limsup/ (1+|VF (puyn)|) dz < limsup/ (1+|VFuy,|) dz <
L L

n—oo n—oo

K+1
M

ie ie
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by (2.3). We conclude that

K41
i1 (0 <hnn3£f/f undx+7+,

and the result now follows by letting first ¢ — 0% and then M — oo.
Next we prove the result when k = 1. As before, let € > 0, M € N and decompose L := Q\ (1 —¢)Q
into M layers with mutually disjoint interiors L= a;11Q\;Q,s0that l —e =1 <as < ... < ay <

1 =: apr41 and, in addition a1 — o = M, i=1,...,M. Fix

M= M, = [n/ (14 [Vun]) dx} L,
Q

where [-] denotes the integer part, and let ¢; € C° (Q; [0, 1]) with ¢;(x) =1 in 0Q, pi(z) =0if ¢ ¢ a;11Q,
Vil <24, i=1,..., M. We have

/ (Y (prun)) dor < / F(Vup) de + / £(0) da
Q Q Q\ait1Q
2M
+C’/Li (14 [V ) dx—i—CE/Li |

Thus

52 [ o< [ p@ugdss [ po)ds

Q\a1@Q

+£/ (14 [Vuyl) d:c+g |y, | dx
M Jo\ai € Jo\aQ
1 C
g/ f(Vun)dx+O(€)+—+—/ (| da
Q e JQ\aiQ

We may, therefore, find i = i(n,e) € {1,..., M} such that

1
/f (piun) dx</fVun dx—|—O()—|— +9 || dz,
Q\ 1@

and the conclusion follows by letting n — co and then ¢ — 0. O

Next we present two approximation results for convex functions.

Proposition 2. Let M be a closed set of RP, let V' be a reflerive and separable Banach space. Let f :
M xV — (—o00,400] be a M x (w — V) sequentially lower semicontinuous function, convexr in the last
variable and such that there exists a continuous function vy : M — V with

(2.4) (f(00())" € L=(M;R).
Then there exist two sequences of continuous functions
a; : M — R, bj : M — V",
where V* is the dual space of V', such that
ft,0) = Sup (a;(t)+ < b;(t),v >)
for allt € M and v € V.. Moreover if f is bounded from below, then (2.4) can be weakened to
(2.5) (f(00())" € Liso(M;R).

Proposition 2 was proved by Fonseca and Leoni in [17], following closely the argument of Ambrosio in
[3], who studied the case where (2.4) is replaced by the assumption that f(-,vg(+)) is continuous.

The following result is due to Serrin (cf. [25]).
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Proposition 3. Let A be an open set of RP and let f: A x R? — [0,+00) be a continuous function, convex
in the last variable. Then for every pair of positive numbers L, €, and every compact set C' of A, there exists
a function g(t,v) with compact support in A, satisfying the same hypotheses as f, and such that

(i) g(t,v) < f(t,0) + (1 + [v]).
(ii) |g(t,v) — f(t,v)| <e fort € C and |v| < L.
(iii) There exist constants Cy and Cy such that

0<g(t,v) <Ci(l+u]),  lg(s,0) —g(t,v)] < Cols — £ (1 + [v]).

The following result is due to Fonseca and Miiller (see Lemma 2.6 in [18]; see also [22]).

Proposition 4. Letv € Wl1 I(RN R%), let 0 < a < 3 < L, and let K > 0 be such that

(2.6) / Vol dy < K.
{lvI<L}INQ
Then

N—1 — K
essinfl ™ (ly € @ Pl = 1)) < o370y

3. PROOF OF THEOREMS 1-3

Proof of Theorem 1. Without loss of generality we may assume that

liminf/ flx,un(z), ..., VFu,(2))de = lim [ f(z,un(2),...,VFu,(2))dz < co.
Q

n—oo n—oo [o
Passing to a subsequence, if necessary, there exists a nonnegative Radon measure p such that
F@un (@), o, VU, (2)) LY [ Q 2> p
as n — 0o, weakly x in the sense of measures. We claim that
d ,E
(3.1) dﬁ—MN(Io) = Elir(IJl+ %ﬂ > f(wo, u(xo), - .. , VFu(x0)) for LN a.e. zo € Q,

where @, (2o, ¢€) := o+ Q,. If (3.1) holds, then the conclusion of the theorem follows immediately. Indeed,
let ¢ € C.(;R), 0 < p < 1. We have

n—oo

dp
:/(pduz/tp Ndx>/gpf(x,u,...,vku)dx.
Q dc Q

By letting ¢ — 1, and using Lebesgue Dominated Convergence Theorem, we obtain the desired result. Thus,
to conclude the proof of the theorem, it suffices to show (3.1).
Take xo € Q2 such that

/f (2, U, ..., VFu,)dz > liminf cpf(x,un,... ,VFu,,) da

d 1 - T
(3.2) —M($0) — lim 1@z, €)) < 00, lim _/ Mdm =0,
R 0N Jotaey o — a0l
where
1
= Z — V(o) (x — x0)",
jal<k
and set

vo = (u(wg), . .. ,Vk_lu(ajo)) .
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Choosing e, \, 0 such that pu(0Q(zo,er)) = 0, then

1
lim Mw = lim lim —N/ fx,un, ..., VFiu,)de
Q(zo,en)

h— o0 Eh h—o00 Nn—00 Eh

h—o0 n—o00

= lim lim / F(xo +eny, Tr1(zo + eny) + fwnn(y), Vi1 (o + eny)
Q

+ eF IV w1 (y), VETh—1 (20 + ny) + ef 2V 20, 1 (y), - .., VFw, 4 (y)) dy,
where
Un(xo + eny) — Th—1(z0 + €ny)

Iz
€h

wn,h(y) =

Clearly w,, 5, € WE1(Q;RY), and by (3.2), hlim lim ||wy,n — wollwk-1,1(g;re) = 0, where
= Z iVo‘u(:v Yy
B al 0y
|a|=k

By a standard diagonalization argument, we may extract a subsequence wy, := wy,, », Which converges to wy
in WF-L1(Q;R?), and such that

dp
acN

By condition (1.2) for all € > 0 and for h large enough

(1 +€)dci—'uN($o) +e> hli_{go (/Q flxo,u(zo), ..., V¥ u(zo), Viwn(y)) dy — /Qp(lzh(y)Ddy) ;

where

(3.3) (z9) = hm / flxo+eny, Th—1(zo + eny) + shwh(y) ,kah(y)) dy.

Zh(y) = (Tk_l(l‘o + €hy) + slflwh(y), e ,VkilTk_l(l’() + €hy) + shvk’lwh(y)) — Vp.

By Fatou’s Lemma, and since p is continuous with p(0) = 0, we have

Cy —limsup/QP(|Zh(y))dy:li}fgiogf/Q[Co(l-i- lzn()]) — p(lzn(¥)])] dy

h—o0

> | tminfCol1 + () — ol a )] dy = Co.

and so
/Qp<|zh<y>|>dyﬂo as h — oo,
Thus
(3.4) (14 e) (o) 42> Tim [ (o, vo. Voun(y)) dy.

acv h—oo Jo
If g(&) := f(xo,vo,&) satisfies either condition (a) or (b) then we may apply Proposition 1 to conclude
that

(14 &)~ (z0) + € > f(zo, u(zo), ..., VFu(z)),

dﬁN
and it suffices to let ¢ — 07. If g is convex then we can write

9(&) = sup g;(§),
j
where g;(&) is convex, 0 < g;(&) < gj+1(§) < Cj11(1+ [£]). From (3.4) and for any fixed j, we have

du .
(1+2) e o)+ 2 Hninf | 0,(F un(o)dy 2 g,(Puo),

where we have used Proposition 1. By letting j — oo we obtain as before that

dcgjv (z0) > flzo,u(z0), ..., VFu(xg)).
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Proof of Theorem 2. We proceed as in Theorem 1 until (3.3). By (1.5), without loss of generality we may
assume that wy, € C®(Q;RY). If f(xg,vo,&) = 0 for all ¢ then there is nothing to prove. Otherwise, fix
e >0 and let 0 < 0 < dp, where dg is given by (1.6) and (1.7). For h sufficiently large, we have that

(3.5) | (o + eny, Tu—1(zo + €ny), ..., V¥ " Th_1(zo + eny)) — (0, vo)| < 6/2.
Let

Qn = {y €Q: ‘(wh(y), . 7V’“_lwh(y))’ < 5/2€h} .
From (3.3) and (1.7), and for h large,

(3.6) (zo) + 1> [ f(zo +eny, Thoi(zo + eny) + efwn(y), ..., Viwn(y)) dy

dp
dﬁN On
>0 / IV uwn (y)] dy — 1/Ch,
Qn

and so there exists a constant K > 0 such that

(3.7) / |(Vwn(y), ..., VFwn(y))| dy < K forall h € N.
Qn
Set o := 5/251/2 and 3 := §/2¢,,. By Proposition 4 we may find L, € (5/28,11/2, d/2¢y,) such that
- _ 2K
(38) L}LHN 1 ({y S Q : |('(Uh(y), oo ,Vk 1'(Uh(y))| = Lh}) W
Define

Df = {yeQ: (@), T unw)| > L} Dy o= (v €@+ [(wnlw)... . V*un(w)] < La}.
Since wy, € C(Q;R?), the C™®open set D;{ is compactly contained in ). Define
on(y) = wn(y) 1p- (),

where lD; denotes the characteristic function of the set D, . It is easy to see that v, € SBV*({;RY), with

‘ Viwy(z) LY ae. in D;

Vi (x) =
0 LY ae. in D,‘f,

for j=1,...,k, so that

(3.9) / |(Vor(®), ... . VFu(y))| dy < K forall h €N,
Q

where we have used (3.7) and the fact that D, C Qp, while for j =0,... ,k — 1, we have that
S (V) CoD;,
so that, from the definition of the sets D, and (3.8),

(3.10) / (14 [[VWon]|) aHV
S(Vivy)NQ

_ 41K
g(l—l—Lh)HN1({y€Q:‘(wh(y),... )’—L}) 71/2%0
log(1/e,’”)
as h — oo. Moreover for j =0,... ,k—1,
V7w, — Vj’wo”Ll(Q;E;i) = ||1D;ijh - ijoHLl(Q;E;l)

< |IV7wp, = VVwol| 1 .y + HV%OHLI(DJ%Ef)

< ||V wy, — ij0||L1(Q;E;1) + ||V wol|os | D} | =0 as h — o0,
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because

0< |D}] = |{y € @ |(wn(w)ee-. . T+ unw)] > L}

(3.11) <HyeQ: | (wnl),..., V" wn(y)) = (woly),... . V- wo(y)) | > 1}
< wn — wollwr-1.1(g;rey — 0 as h — oo,

where we have used the fact that Ly, > 14| (wo, ... , V¥ wy) || for h large enough. By (3.5), the definition
of the set D, and the fact that e, — 0, we have that

|(zo +eny, Ti1(zo +eny), ..., V' Tho1(zo + eny) + e V¥ wn(y)) — (20, vo)| <6,
for y € D, , and thus by (3.3), (1.5) and (1.6),

dp

g (o) = lim . f(ao +eny, Ti—1 (o + eny) + ehwn(y), - -, VFwn(y)) dy
(3.12) > lim ( F(wo,vo, VFiwn(y)) dy —eC | (1 + [VEwn(y)l) dy)

> lim f($07V0,Vk’Uh(y))dy—€C(1+K)7

~ h—oo Dy

where we have used (3.7). Moreover by (3.11)
/ f(xo,vo,Vkvh(y))dy:/ f(x0,v0,0)dy — 0 as h — oo,
Dy Dy}
and so, from (3.12), we deduce that

d
(3.13) d/;iN(ﬂ?o) > lihminf/ (o, vo, VFon(y)) dy — Ce(1 + K).

Let zx(y) := V*~1u,(y). Then z, € SBV(Q; EZ_,), with ||z — vkileHLl(Q;E;LI) — 0. Moreover, since

D,J{ € @ we have that z,(y) = 0 in a neighborhood of 9Q), so that we may extend z; to be zero outside @,
without introducing further jumps in zj nor in its derivatives. Let {5}, d > 0, be a family of C'* mollifiers
and define

Zns (y) = (ps * 2n) (y) := /

w5 (y — ) zp(x) da.
RN

Then

(3.14) lim lim || Zns — V¥ wollp1gupe ) =0.

h—oo §—0t k—1

Since VZj, 5 = 5 * Dz, = s * Vzi, + @s * D*zp,, by the Lipschitz continuity of f(zo,vo,-), which follows
from 1-quasiconvexity (see e.g. [13]), we obtain

(3.15) /Qf(anVmVZhﬁ(y)) dy < /Qf(xmvo,% * Vzp(y)) dy + C Dz, | (1 +6) Q)

= / f(@o,vo, s+ VEur(y)) dy + C/ (L+ [[VE u]]) anN
Q S(VE—1v,)NQ

where we have used the fact that z; has compact support in @. Since for each fixed h

lim /Q F(@0,v0, 05 * V¥un(y)) dy — /Q F (20, vo, V¥un(y) dy

§—0t

by (3.13), (3.15) we have
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dci—uN( )>hhni£fhm1nf/ f(zo,vo, VZs(y)) dy

(3.16) — lim sup C (L+|[V* o] ]) dHN ! —eC(1 + K)
h—o0 S(VE-1p,)NQ

7hm1nfhm1nf/ f(xo,v0,VZs(y)) dy —eC(1 + K),

h—oo §—0+
by virtue of (3.10). By (3.14), the 1-quasiconvexity of f(zq, vo,-), and applying Proposition 1 we have

(o) > Flao,ulwo), . VFulao)) — 001+ K).

Now we let ¢ — 0. O

Proof of Theorem 3. We proceed as in Theorem 1 until (3.3). By Proposition 2, with M = (x¢ + &1Q) X
B(vp,d) and V = E,‘ci, there exist two sequences of continuous functions

aj: M —R,  bj:M— Ef
such that

fla,v.§) = Sup (a;(z,v) + bj(z,v) - €)

for all (z,v) € M and € € E{. Define
filw,v,€) = sup (ai(w, v) + bi(z,v) - €) .

1<

Then f;(z,v,§) < f(z,v,§) and fj(z,v,€) — f(z,v,€) as j — oo. Moreover, f; is continuous, convex in &
and

(3.17) 0< fi(z,v,8) < Ci(lgl +1)
for all (z,v) € M and ¢ € E{, where
C; ==max{A4;(z,v): (z,v) € M}, with A;(z,v)=sup{|a;(z, V)| + |bi(z,v)|}.

1<j

By (3.3) for any fixed j, and with the notation introduced in the proof of Theorem 2,

d
dL—MN(xo) > hm f(@o + eny, Te—1(wo + eny) + efwn(y), ..., Viwn(y)) dy
h—oo D;
(3.18) > hliﬂgo/ fi(xo + eny, Tu—1 (0 + eny) + efwn(y), .. , Viwn(y)) dy

h—o0

— lim / fi(@o + eny, Tre1(zo + eny) + fon(y), - - -, Vion(y)) dy.
D,
Moreover, by (3.17) and (3.11)
/+ Fi(@o + eny, Th—1 (o + eny) + ekvn(y), ..., VFur(y)) dy < C; / LA+ [V*un|)dy = C; | D} | — 0
Dh Dh

as h — oo, and so, from (3.18)

dp
dcN

We now fix € > 0, and apply Proposition 3 with
A= (9 +e1Q) x Eﬁcfl], C = (z0+2Q) x B(vo,0) and L := |VFu(z)],

(3.19) (wo) > hmlnf fi(@o +eny, Tuo1(zo + eny) +epvn(y), .., VFuon(y)) dy.
Q
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to obtain a function g; such that, by (3.19),

dp

ac

(w0) > lihminf (/ gi (o + eny, Tr—1(x0 + eny) + fon(y), ..., VFor(y)) dy — 5/ (1+ [VFur(y))) dy)
— 00 Q

Q

> timint ([ g56o0cvo. Font)dy - (€0 +2) [
Q

h—o0 Q

> liminf/ gj(zo, Vo, Vkvh(y)) dy — (Cod +e)(1+ K)
Q

1+ [VEon()) dy)

h— o0

by Proposition 2(iii) and (3.9), and where we have used the fact that

‘(Uh(y), .. ,Vk_lvh(y))‘ < §/2ep.

We can now continue as in the previous theorem to conclude that

d
o (20) 2 g5(@0, u(@0), -+ , V¥u(xo)) = (Cad +2)(1 + K).
By applying Proposition 3(ii) we have
d
o (0) 2 fy(@o, ulwo), - . VFulao)) - (Cad +€)(2 + K).
Now we let first 6 — 07, then ¢ — 0™, and finally j — oo. O

(1]
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