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We briefly compare the structure of two classes of popular models used to describe poro- and chemo- mechanics
wherein a fluid phase is transported within a solid phase. The multiplicative deformation decomposition has been
successfully used to model permanent inelastic shape change in plasticity, solid-solid phase transformation, and
thermal expansion, which has motivated its application to poro- and chemo- mechanics. However, the energetic
decomposition provides a more transparent structure and advantages, such as to couple to phase-field fracture, for
models of poro- and chemo- mechanics.

1. Introduction
There is significant current interest in modeling problems of fluid transport in porous media as well as fluid phase transport in
solid materials, i.e., poro- and chemo- mechanics. The motivations range from modeling hydrogels [1], to transport in geological
structures [2], to hydrogen embrittlement of metals [3], among various other applications. An approach that has been proposed in
the literature to model poro- and chemo- mechanics is to decompose the deformation gradient into an elastic part – that causes
stress – and an inelastic part – that accounts for the shape change due to fluid transport; this is the “multiplicative decomposition”.
The application of the multiplicative decomposition to poro- and chemo- mechanics is motivated by the success of this strategy in
modeling thermoelasticity, plasticity, twinning, solid-solid phase transformations, and related phenomena that involve inelastic
deformation, e.g. reviewed in [4, 5].

However, an important distinction between thermoelasticity, plasticity, twinning on the one hand, and poro- and chemo-
mechanics on the other hand, is that the former class of phenomena do not involve the introduction of material into the bulk of the
solid, whereas the latter class do. The introduced material has energy and stress that is distinct from the energy and stress of the
solid. This motivates an approach that is based on additively combining the energies of the solid and the fluid, e.g. [1, 6, 7] and
many others.

In this note, we briefly contrast the overall structure of these two approaches, and argue that the additive decomposition of the
energy is the more appealing alternative. We also highlight [8], which critically examined a model micromechanism for biological
growth, and consequently argued against a multiplicative decomposition in that context.

Definitions and Notation. We use F for the deformation gradient, T for the 1st Piola-Kirchoff (P-K) stress, and µ for the
chemical potential. For simplicity, we assume a single fluid phase that is defined by the densities in the deformed and the reference
configurations ρ and ρ0; i.e., ρ and ρ0 are the mass of the fluid phase per unit deformed and reference volumes. For simplicity, we
follow the affine deformation assumption that the volume of the fluid phase in the deformed and reference configurations are
related by J = detF , implying that ρ = J−1ρ0.

The energy density is written in terms of F and ρ0, rather than F and ρ, because the former pair of arguments can be
independently varied in a simple way that decouples deformation and transport.

2. Multiplicative Deformation Decomposition into Elastic and Inelastic Parts
The central idea in the multiplicative deformation decomposition is to write the deformation gradient F as the product of an
elastic part Fe, that causes stress, and an inelastic part Fi (ρ0), that is driven by the coupled field ρ0. That is, F = FeFi, and the
free energy density is typically of the general form given by:

W (F , ρ0) = We

(
FF−1

i (ρ0)
)
+Wi(ρ0) (2.1)
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The elastic energy We is minimized when F = Fi (ρ0) up to rotations.
The resulting P-K stress has the form:

T =
∂W

∂F
=

∂We

∂Fe
F−T
i (2.2)

In general, Fi is invertible. Consequently, T = 0 ⇐⇒ ∂We

∂Fe
= 0.

The (referential) chemical potential is the key quantity that governs the transport of the fluid phase. It is defined as the
energy-conjugate to ρ0, e.g. [9], and has the form:

µ =
∂W

∂ρ0
=

∂We

∂Fe

dF−T
i

dρ0
: F +

dWi

dρ0
(2.3)

where : represents a double contraction over 2-nd order tensors.
We note the key undesirable features of this class of models. Consider a homogeneous body described by such a model with

zero applied traction on the entire boundary and uniform ρ0. A solution to this boundary-value problem is T ≡ 0, implying that
F = Fi on the entire body, up to a rigid rotation. Hence, even if the solid material is highly deformed due to fluid infiltration, e.g.
due to hydrogen in a metallic lattice with stretched atomic bonds or due to fluid in a hydrogel with stretched polymer chains, the
elastic energy We is minimized. While it is possible to augment the inelastic energy Wi to depend on the deformation, this would
not allow the interpretation of the decomposition of F as an elastic and inelastic part.

3. Additive Energy Decomposition into Solid Strain Energy and Fluid Energy
The central idea in the additive energy decomposition is to additively combine the energetic contributions of the solid and fluid
phases to find the total free energy. An example of such a form is:

W (F , ρ0) = αWs(F ) + (1− α)JWf

(
J−1ρ0

)
(3.1)

where J = detF . The referential volume fraction of the solid phase is α, and we assume a single fluid phase; for the case with
multiple fluids with the possibility of evolving volume fractions, we refer to [2] and references therein.

The form of the fluid contribution JWf

(
J−1ρ0

)
is motivated by the requirement that the energy density Wf of a simple fluid

depends only on the density in the deformed state, i.e., ρ = J−1ρ0, when we consider the isothermal setting. Further, the leading
factor of J accounts for the fact that Wf is the energy per unit deformed volume, whereas the hyperelastic energy density W is
per unit reference volume. An important assumption here is that of affine deformation; i.e., both the solid skeleton and the fluid
volume deform under F affinely but this can be relaxed [2].

The resulting P-K stress has the form:

T =
∂W

∂F
= α

∂Ws

∂F
+ (1− α)

∂J

∂F

(
Wf

(
J−1ρ0

)
− J−1ρ0

∂Wf

∂ρ

)
= α

∂Ws

∂F
+ (1− α)JF−T

(
Wf (ρ)− ρ

∂Wf

∂ρ

)
= Ts + (1− α)JF−T p

(3.2)

where we have defined the solid stress Ts := α
∂Ws

∂F
; used the relation

∂J

∂F
= JF−T ; and used the relation that the fluid pressure1

is given by p =

(
Wf (ρ)− ρ

∂Wf

∂ρ

)
. We can then define the P-K fluid stress Tf := (1− α)JF−T p, corresponding to a Cauchy

stress σf = (1− α)pI .
The chemical potential for this model has the form:

µ =
∂W

∂ρ0
= (1− α)

∂Wf

∂ρ
(3.4)

which corresponds to the standard thermodynamic expression for fluids.

1 The pressure p is the derivative of the Helmholtz free energy with respect to volume, keeping temperature and mass fixed [10]. In terms of the density ρ – which
is inversely proportional to the volume when the mass is fixed – and in terms of the Helmholtz free energy density, we have:

p =
∂

∂
(

1
ρ

) (
1

ρ
Wf (ρ)

)
= Wf (ρ)− ρ

∂Wf

∂ρ
(3.3)



3

We consider again a homogeneous body with zero applied traction on the entire boundary and uniform ρ0. In this energetic
decomposition model, a solution to this boundary-value problem is that the total stress T ≡ 0, implying that the fluid and solid
stresses Ts and Tf balance each other but neither is necessarily zero. Given a fluid pressure p ̸= 0, there will generally be a fluid
stress Tf ̸= 0 which in turn requires a solid stress Ts ̸= 0. With this state of fluid and solid stress, Ws will not reach its minimum,
and the body will deform. Hence, the deformation of the solid material due to fluid infiltration, e.g. the stretching of atomic bonds
or polymer chains, will be reflected in the solid stress Ts and energy Ws.

4. A Remark on Phase-field Fracture Modeling for Poro- and Chemo- Mechanics
The phase-field approach provides a powerful method for modeling fracture, e.g. [11]. Briefly, a phase-field ϕ tracks the level of
damage, with ϕ = 1 denoting the intact undamaged material and ϕ = 0 denoting the completely damaged or fractured material.
An energetic framework uses an energy density with contributions that include ϕ2W (F ) + Gc(1 − ϕ)2, where the first term
accounts for the elastic energy and the second for the work to fracture, with Gc being the Griffith parameter. This structure of the
energy density sets up a competition between elastic energy and the work to fracture: minimizing over ϕ drives ϕ → 0 when the
elastic energy becomes larger due to deformation than the work to fracture. Given this reasoning, it is natural to develop poro-
and chemo- mechanical models of phase-field fracture wherein only the energy of the solid phase Ws contributes to the fracture
energetic balance. That is, in a simple model, we would replace (3.1) by the expression ϕ2Ws(F ) + JWf

(
J−1ρ0

)
+Gc(1− ϕ)2

to model fracture which releases the stress in the solid but does not directly affect the fluid.
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