A MODEL FOR VORTEX NUCLEATION IN THE
GINZBURG-LANDAU EQUATIONS.

GAUTAM IYER! AND DANIEL SPIRN?

ABSTRACT. This paper studies questions related to the dynamic transition
between local and global minimizers in the Ginzburg-Landau theory of su-
perconductivity. We derive a heuristic equation governing the dynamics of
vortices that are close to the boundary, and of dipoles with small inter vortex
separation. We consider a small random perturbation of this equation, and
study the asymptotic regime under which vortices nucleate.

1. Introduction.

This paper studies questions related to the dynamic transition between local
and global minimizers in the Ginzburg-Landau theory of superconductivity. The
Ginzburg-Landau theory provides a mezoscopic description of the state of a su-
perconductor through the order parameter — a specific function C-valued function
u € H*(Q) for which the local density of superconducting Cooper pairs is given by
|u(z)|. Here Q C R? is the region occupied by the superconductor. A fundamental
feature of superconductors are the presence of localized regions called vortices, where
the superconductor drops into a normal state. In these regions the degree of u is
nontrivial about each vortex, and the induced magnetic field pierces through the
superconductor.

The mechanism by which vortices become energetically favorable was proved by
Serfaty using a careful energy decomposition. Recall, the Ginzburg-Landau energy
is defined by
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where A is the magnetic potential, hey = heg(€) is the strength of the external

magnetic field, and Vy < V — iA. Physically, ¢ is the non-dimensional ratio of the
super-conductors coherence length to the London penetration depth.
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2 IYER AND SPIRN

To understand the energy decomposition, define the Meissner potential £, to be
the solution of
A +E&n+1=0 inQ

(12) £, =0 ondQN.

When h., is small enough (explicitly, when h., < h,,, defined below), the purely
super-conducting state with no vortices gives a global minimizer of the Ginzburg-
Landau energy G, see [14]. This state corresponds to u =1 and A = heaV "+ Em,
and the minimizing energy (called the Meissner energy) is given by

de 1 1
(13)  G(he) 2 Go(1, hoaV4e) = hiw/ IVl + 518G 17 do.
Q

If there are a finite number of vortices at points a;, with degrees d; € {£1}
respectively which are reasonably separated and away from the boundary, then
Serfaty [16,17] shows that Ginzburg-Landau energy can be decomposed as

n
(1.4) G:(ue,Ae) = Gy + Z (m|lne| + 2mdjhegém(a;j)) + o (|Inel).
j=1
and the order parameter u. takes the form,

n o d .
(15) ue@) & [ el = o) (o) e
i |z — ay]
where p.(s) is the equivariant vortex profile with p.(0) = 0, p.(s) — 1 for s > ¢ (see
Appendix II of [2]), d; € +1, and ¢ is a harmonic function that ensures d,u. =0
on Jf).

Note that &, (a;) is always negative, since the maximum principle implies —1 <
&m < 0in Q. Thus, examining (1.4) one sees that vortices with negative degrees are
never energetically favorable. Furthermore, if the applied magnetic field h.; is very
large, then a positively oriented vortex can be energetically favorable. The critical
threshold at which such vortices become energetically favorable is explicitly given by

, Ine|
1.6 he, = |7 ,
(16) T 2max |,
and is known as the first critical field. In this case, the optimal location for a single
positively oriented, energetically favorable vortex is at the point where &, achieves

its minimum and is located in the interior of 2.

Our main interest in this paper is to study the dynamic transition between the
Meissner state and the energetically favorable state with an interior vortex. We
recall that the dynamics of a type-II superconductor are governed by the Gor’kov-
Eliashberg system [9], a coupled system of equations describing the evolution of
the order parameter u. and the electromagnetic field potentials ®. € H*(R? R!),
A. € HY(R?% R?). Explicitly, these equations are

(1.7) Op.ue = Vi ue + E%us (1—ul?) inQ,
(1.8) Ee=V"he +ja, (ue) in Q,
(1.9) v-Nyu=v-E. =0 on 082,
(1.10) he = heg on 012,
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where
def . def def . def .
a<I>6 =0 —1®., E.=0A—-V®., h.=VxA, JA. (ue) = (’Lu57VAEU5) s

and (a,b) = 1(ab + @b) is the real part of the complex inner product.

Now consider the Gor’kov-Eliashberg system with initial data (ul, A%) corre-
sponding to the Meissner state (1,h.,V+¢,). Since energy satisfies the diffusive
identity

t

(L11)  Ge(uelt), Ac(t) + / / (100, 0ef? + |BLf?) dards = G (8, D),
0o Ja

we will assume that h.; is large enough so that

GE(US, Ag) = Gm(hem) > GE(uin,m? 2:nm)

Here (ut,;,, AS,,) denotes the global minimizer of the energy G. with applied
magnetic field h.;. In this case the energy minimizing configuration has lower energy
than the Meissner state, and the dynamic transition to the global minimizer will
involve nucleating vortices.

The process by which vortices are nucleated is not yet well understood. It was
shown in [1] and [3] that the Meissner state is linearly stable until the applied
magnetic field h., crosses the second critical field

aet C
h02 - 6 )
where C' is a constant depending on the domain 2. Since h., is much larger than
hc,, this points at a very significant hysteresis phenomena and the process by which
this dynamically generates vortices is highly nontrivial, see [11].

Along these lines, vortices can also dynamically nucleate as a way of tunneling
to lower energy states. Due to topological considerations, vortices should either
nucleate at the boundary or nucleate as a dipole in the interior of the domain. In the
first case, let a. = a-(t) be the distance of the center of a vortex from the boundary
of . We know from [15] that when a.(0) > exp(—|In 5|1/2) the evolution of a is
governed by the ODE

(1.12) The = —d; AVEn (ae).

Hence, any positive vortices move towards the interior to a lower energy state and

any negative vortices move to the boundary and become excised (see [15]). However,

the energy of a vortex a distance of order cxp(—|ln5\1/ %) away from 9 is
Gm(hes) + mlne| 4+ o-([lngl) > Guy(hes) -

This is an extremely large barrier to overcome, and is even more dramatic when a

dipole is nucleated in the interior. In particular once a dipole has separation of at
least exp(—|In <€|1/2)7 the associated energy is

Gu(heg) + 27 |Ine| 4+ o (In€l) > G (hey) -

Thus the energy barrier to nucleate a vortex at the boundary or via a dipole is much
larger than the energy gap between the Meissner state and the configuration with
the vortex at the minimizer.

The main purpose of this paper is to better understand how this energy barrier
can be overcome through the study of vortices close to the boundary and dipoles
with small inter-vortex separation. In particular, for every « € (0,1) we study the
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dynamics of vortices a distance of €* away from the boundary. The energy barrier
to nucleate such vortices is 7(1 — «) |In €|, which is a much smaller energy barrier to
overcome. We show the following results:

(1) We obtain a heuristic ODE governing the motion of these vortices (equa-
tion (2.1), below).

(2) We rigorously estimate the annihilation times of vortices O(e%) away from
the boundary, and show that this agrees with the annihilation times of (2.1)
(Theorem 2.1 and Proposition 2.2, below).

(3) We consider a stochastically perturbed version of the heuristic ODE govern-
ing vortex motion, and estimate the chance that the vortex nucleates (and
thus achieving a lower energy state) before annihilating. This is Theorem 2.3,
below.

The same analysis can be made for vortex dipoles with inter-vortex separation .

A more physically relevant problem is the direct study of a stochastically perturbed
version of (1.7)—(1.10), without relying on the simplified heuristics. This is a much
harder question requiring a deep understanding of the long time dynamics of the
underlying nonlinear stochastic PDE. The problem is described briefly at the end of
Section 2, below, but its resolution is beyond the scope of the current investigation.

Plan of this paper. In Section 2 we state the main results of this paper. In
Section 3 we formally derive the heuristic ODE (2.1) by matching terms of leading
order. In Section 4 prove Theorem 2.1, rigorously estimate the annihilation times
of vortices a distance O(¢®) away from the boundary. Confirming that these
annihilation times agrees with that of (2.1) is relegated to Appendix A. Finally, in
Section 5 we prove Theorem 2.3, estimating the chance of vortex nucleation.

2. Main Results.

2.1. Boundary Vortex Dynamics and Annihilation Times. We begin with
a heuristic ODE governing the motion of a vortex close to the boundary of the
domain 2. Since the scales we are interested in are very small, we locally flatten
the boundary of 992 and state the governing equation on the half plane.

Heuristic ODE. Let (0,a.(t)) be the position of a vortex at time t in the do-
main RZ. =R xRy. Ifac(0,1) and a(0) = e* then, to leading order the motion
of the vortex is governed by the ODE

. /\hez 1
2.1 e -
2.1) e lne| |lnelac’
where A = —20,£,,(0,0) > 0, which corresponds an order parameter of the form
(1.5).

We provide a formal derivation of (2.1) in Section 3 by matching terms of leading
order. To obtain a rigorous result supporting (2.1) as a model for boundary vortex
dynamics, we show that annihilation time of vortices a distance of ¢ from the
boundary is O(2*) in the full Gor’kov-Eliashberg system (1.7)-(1.10) (Theorem 2.1,
below). This this agrees with the annihilation time predicted by the ODE (2.1)
(Proposition 2.2, below).
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In order to state Theorem 2.1 we need to introduce some notation. Define the
Jacobian J by

J(w) = det Vw = %V x j(w),

f

where j(w) = (iw, Vw). Recall that if

v (f[l(|i:z|>dj)

is the order parameter associated with n point vortices located at aq, ..., a, with
degrees dy, ..., d, € {£1} respectively, then a direct calculation shows
L —aj \% "
J — )
J<H<|x_aj‘) )_ﬂ-zdjéaj.
j=1 j=1

Consequently, J can be used to describe the location of vortices.

More precisely, the measure of vortex separation used throughout this paper
is the (C57(£2))* norm of the differences in the Jacobian of the order parameters.
Here 0 < v < 1 if a fixed parameter. It is convenient to note that if a,b € 2 are
such that min{d(a, ), d(b,0Q)} > |a — b|, then

10 — 5b||(cg=”(9))* = la—b[".
We now state our first result.

Theorem 2.1. Let (u:(t), A:(t), P(t)) be a solution to the system (1.7)—(1.10)

under the Coulomb gauge such that he, < eVInel with initial data (ul, A ®9) that
satisfies

‘GE(US,AS) — Gm(hem)‘ <7(l—a)|lne|+C
for a constant C' and 0 < oo < 1. Moreover, for some v € (0, 1] suppose either

(2.2) HJ(ug) o (5ag,+ - 5ag,_) H@M)* - OE(H;&I) and [a0F — a0~ | = ¢°
0 exr

or
0 _

(23) 1) = 78as | oy = 0= (

Then there exists time t. < €2® such that

(2.4) 1= fue(t] o gy = 02(1)-

In particular, there are no vortices in the domain at time t..

[lne|
hez

) and d(a?,00Q) = £“.

Remark. Initial data satisfying (2.2) can be constructed as follows. Let p. be the
profile of the equivariant vortex as in (1.5), and define

0 2 enf L a5 \% i
Wl =TT pelle—ash(-—2) e,
j=1

|x—a§|

with d; = 1,dy = —1, a§ = a%™", a§ = a2~. We set AY = h,, V¢, (where &,
is given by (1.2)) and ®° = 0. A short calculation shows that G.(u?, AY) =
Gm + (1 — ) |lng| + o-(|Ine|).

For completeness, we also estimate the annihilation time of the ODE (2.1), and
show that it agrees with the time scales obtained in Theorem 2.1.
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Proposition 2.2. Let a € (0,1] and suppose a satisfies the ODE (2.1) with initial
data a-(0) = . Let t. be the vortex annihilation time (i.e. a time such that
as(t:) =0). Then

c 1
2. lim % ==
(2:5) e 50 e2lne| 2
for any A > 0.

The proof of Theorem 2.1 (presented in Section 4) is similar to arguments found
in [19] in the gauge-free situation. The proof of Proposition 2.2 follows quickly from
well known properties of the Lambert W function, and is relegated to Appendix A.

2.2. Stochastic Models for Driving Dipoles. In light of Theorem 2.1, one
requires an applied field larger than exp(|ln 5|1/ 2) for vortices to be pulled away
from the boundary and nucleate. Since this is extremely large, we introduce a
random perturbation into (2.1) and study the probability of nucleation. Explicitly,
the equation we consider is

(2.6) dae = —b:(ac) dt + /28 AWy,
where
: Ah 1
2. =
27) b-(a) lne|  |lnela

is the right hand side of (2.1), and W is a standard Brownian motion and 3. is
a scaling parameter depending on e. We remark that (2.6) is similar to that of a
Bessel process of dimension 1+ 1/(8|lne|).

The question of how stochastic forcing in the Gor’kov-Eliashberg equations can
induce stochastic ODE’s for the vortex position (2.6)-(2.7) is not well understood.
Some initial forays in this direction in the gauge-less case can be found in [4].

Once vortices reach a distance of 1/|lne| away from the boundary, we know
(see [15], briefly described in Section 1), we know they are driven into the interior
and move into a stable, lower energy state. Thus, in order to investigate nucleation,
we study the chance that solutions to (2.6) starting a distance of é* away from
the boundary, reach a distance O(1/[lng|) before annihilating (i.e. before a. = 0,
corresponding to the vortex with center a. reaching the boundary of the domain).

Precisely, define the stopping time 7. by

(2.8) 7. = inf{t | a.(t) € (0, A.)},

where A, > 0 is a parameter that will later be chosen to be of order 1/[In¢|. Since
the vortices we consider have radius €%, the closest to the boundary they can start
is a distance of €* away. In this case the chance of nucleating one such vortex is

P (aE(TE) = fls) = P(a€<7'€) = A, ’ a-(0) = 50‘) )

On a bounded domain 2, we locally flatten the boundary and interpret a.(t) as
the distance of the vortex from the boundary. In this case it is natural to consider the
motion of many vortices simultaneously, near different points on the boundary. Since
the size of these vortices is O(e®), we can fit O(e~%) such vortices simultaneously
on 0. Assuming the motion of each of these vortices is independent, and governed
by (2.6), then the chance that at least one of these vortices nucleates is given by

(29) Ne = 1- (1 - Pea (as(’rs) = As))g_a
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Under the physically relevant assumption A, = O(1/|Ine|) we show that the nucle-
ation probability V. transitions from 0 to 1 at the threshold

«
fe =

~In|lne|

This, along with more precise asymptotics, is our next result.

Theorem 2.3. Suppose a. solves the SDE (2.6)—(2.7),

CQ)\ A 1
2.10 0, hep=-20 A=_—-
(2.10) =0 fe ne colln el

and 7., defined by (2.8), is the first exit time of a from the interval (0, A.).
(1) If

limsup B In|ln¢| < «,
e—=0

then the nucleation probability N — 0 as ¢ — 0.
(2) On the other hand, if

lim B =0 and liminf 8. In|lne| > o,
e—0 e—0
then the nucleation probability N. — 1 as ¢ — 0.

We remark that the dependence of h., and 1215 on ¢g in (2.10) is chosen so that
A, is an equilibrium of the ODE (2.1). The proof of Theorem 2.3 is in Section 5,
and also provides asymptotics in the transition regime when

BeIn|lne| — o,

In this case limiting value of N, depends on the rate of convergence and is described
in Remark 5.1, below.

We conclude this section with the description of an open question that is more
physically realistic. Consider a stochastically forced version of the full Gor’kov-
Eliashberg equations (1.7)-(1.10), instead of the heuristic ODE (2.1). The noise
should spontaneously generate vortices, and due to topological constraints these
vortices will appear either near the boundary, or as dipoles with small inter vortex
separation. Using the heuristic ODE (2.1) and Theorem 2.3 we expect that when
the noise is strong enough, these vortices (or dipoles) will nucleate providing a
mechanism by which the system “tunnels” to a lower energy state. This leads us to
make the following conjecture.

Conjecture 2.4. Consider a stochastically forced version of (1.7)—(1.10). If the
forcing is strong enough, the system admits a unique invariant measure for all € > 0.
In this case, the invariant measure converges weakly as e — 0 to a measure supported
on the set of all functions that are limits of global minimizers of the Ginzburg-Landau
energy functional. Depending on the relation between hey and he, such functions
correspond to the purely superconducting state, or a nucleated state with finitely
many vortices.

In light of Theorem 2.3 one would guess that the above conjecture holds when
the variance of the noise is at least O(1/1In|lne|). However, this would require the
stochastic forcing to spontaneously nucleate enough dipoles (or vortices near the
boundary). Moreover, truly nonlinear effects may change the threshold significantly.

Proving existence (and possibly uniqueness) of the invariant measure is likely to
be amenable to currently available techniques. Understanding the limiting behaviour
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of the invariant measure, however, is more delicate. In finite dimensions, the small
noise limit of the invariant measure of a randomly perturbed potential flow is a
sum of delta masses located at the global minima of the potential, with the relative
mass at each minima depending on its basin of attraction. In infinite dimensions
the situation is more complicated as there may be a continuum of global minima,
and understanding the limiting behaviour is a much more involved.

The remainder of this paper is devoted to proving the results stated in this
section.

3. Formal Derivation of Boundary Vortex Dynamics.

The purpose of this section is to provide a short, heuristic derivation of (2.1).
Recall that a standard calculation (see for example [8]) shows that
(3.1)

009e (ue, A) + 0p ue|” + |Ee|” = V - (9o, ue, Va,ue) + V x (B (he = hes)) |

where g.(u, A), defined by
def 2 1 2 1 2\ 2

9ge(u, A) = 3 [Vaul” + 3 |h = heal” + 12 (1= Juf?)”,
is the energy density associated to Gc(u, A). We will split this energy density into
simpler terms. Following Bethuel et. al. [2], let

e ot 1 1

E:(u) d:f/ ec(u)dz, where e.(u) ™ = |Vu|’ +— (1- \u|2)2 .
Q 2 4e?

as introduced and studied by Bethuel et. al. [2].
Suppose now that our domain €2 is the half ball Q = B;(0) NR2, and consider a
vortex located at (0, a.(t)) at time ¢, where a.(0) = a? = €. From [16] we know

Ge(ue, Ae) = G(heg) + Ec(ue) + 2mhey | Emd(ue)dz + lower order terms,
Q

where Gy, (he;) is the Meissner energy associated to applied field h.,. We can
approximate the energy & (u.) by

t
E(us) =7ln ae—() + lower order terms.
€

Combining the previous two equations, and using the fact that on small scales J(u.)
is concentrated at the site of the vortex (see [10]), yields

t
Ge(uzy, Ae) =mln as?() + 27hez&m (0, ac (b)) + G (her) + lower order terms.

On the other hand one can formally show that

¢ ¢
/ / <|8¢Eug|2 + |E€|2) dxds = / mln a%(s) |c'1€(s)|2 ds + lower order terms.
0o Ja 0
Combined with (1.11) this yields

[w log act) | 27 henbm (0, ag(t))} + / t 7ln “T(S) lae(s)|? ds

(3.2) c 0

0
= |:7T log 9e 27rhez§m(ag)] + lower order terms.
€
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Differentiating (3.2) in time and neglecting the lower order terms yields the ODE

a 1
1e 1 i:_2hema m(0,a:) — —.
Ge In — yEm (0, ae) o

S

Using (1.2) and the Hopf lemma, we know that the outward normal derivative of
&m s strictly positive on the boundary. Thus, to leading order, we obtain (2.1).

4. Dipole Annihilation Times.

The main goal in this section is to prove Theorem 2.1. We do this through the
following n-compactness result.

Proposition 4.1 (n-compactness). Fixz C1,Cs > 0 and suppose that
Cy|lne| < hex < Co exp(\ln5|1/2) )

Let (us(t), Ac(t), () be a solution to (1.7)-(1.10) under a Coulomb gauge that
satisfies

Ge(u2, A?) = G| <flne| +C
for some constants C > 0 and n € (0,7). If further

1
(4.1) 17| (g = 0(‘;78')

for some 0 < v < 1, then for any 6 < 2 — 2?’7, there exists a time t. < €
that (2.4) holds.

5 such

Momentarily postponing the proof of Proposition 4.1, we prove Theorem 2.1.

Proof of Theorem 2.1. We first consider the case where the initial data is a dipole
with separation e® (i.e. satisfies (2.2)). In this case,

+ 5a2,+ — 0 o,

17 gy < |72 = 7 (6,00 = 2 oy

5“2’7)“(03”)*

Ine Ine
= O€(|h6x‘) + 7r|ag’Jr — ag7*|7 = O€(|hew‘> .
Thus, Proposition 4.1 guarantees that for any § € [0,2—2n/7), there exists a t. < %
such that equation (2.4) holds. Since n = 7 (1 — ), the restriction § < 2 — 2n/7
is precisely § < 2. Taking the infimum of the times ¢, as § — 2a will guarantee
the existence of a time in the interval [0,&2?] for which (2.4) holds. This proves
Theorem 2.1 in the case that (2.2) holds.
The proof when the initial data is a vortex located a distance of e* away from the
boundary (i.e. when (2.3) is satisfied) is similar. Indeed, let ¢ € CJ'" and y € 9Q
be the point that is closest to the vortex center a2, and observe

[ty da] = [ila) = ¢(w)] < dla2. 09 el

Thus ||5a2||(cgﬁ)* = 0(g*), and hence

[In el
17Dl ogoye < ITWD) = Sugllicgoy- + Idagllicgrye = o- ()

Now Proposition 4.1, and the same argument as in the previous case, finishes the
proof. [
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The remainder of this section is devoted to the proof of Proposition 4.1. We
begin by recalling a regularity result from [7,20].

Lemma 4.2 (Lemma 3.7 in [7] or Propositions 2.7-2.8 in [20]). Let (ue, Ac, @c) be a
solution to (1.7)~(1.10) under the Coulomb gauge with ||ul|;~ <1, [|[Vul|| « < g
and G.(u?, A%) < Ch?,. Then we have

2) Jue®)ll <1,
(1) Va0l < <

)

for allt > 0.

Remark. The hypotheses in [7] and [20] for (4.2) and (4.3) respectively, are for
smaller energies (when G.(0) = O(|lne|)) and under the parabolic gauge. The
proofs, however, can be easily adjusted to the higher energy level O(h2,) and the
Coulomb gauge as stated in Lemma 4.2 above.

The main step in the proof of Proposition 4.1 is an energy-splitting argument,
which we now describe. Define the free energy Gp(u, A) by

(4.4) Gre(u, A) = /

Q

Even though G.(u., A.) is of order O(h?,), we claim that the & (u.) is of order
O(|lnel) for short time. This is our next result.

1 2 1 2 1 2\ 2
(§|vAu\ 51V AP+ 5 (1= JuP) )da:.

Proposition 4.3. Suppose that (u.(t), Ac(t), P.(t)) is a solution to (1.7)-(1.10) in

the Coulomb gauge with |G.(ul, AY) — G| < nllne|. If \|J(ug)||(CSn)* = os(llhn—j)

for some 0 < v <1, then for all 0 <t K (‘1,?—35‘)2/7 we have
(4.5) E(ue(t)) < mllne| + o-(|lnel).

Remark. By the assumptions on h.,, we have

e K (T?éz

for any 0 < 8 < 1 and all € < g¢, independent of 3, .

Remark. A dipole separated by €% or a vortex at a distance e® from the boundary
satisfy the hypotheses.

Proof of Proposition 4.3. 1. We first establish some regularity results on solutions
of the equation. We will fix a Coulomb Gauge that ensures

V-A.=0in Q A, -v=0o0n 09.
In this gauge, a solution satisfies
1
Oyue — 1P u. = ngug + E—ng (1 — |u5|2) ,
O Ac — VO, = AA. + ja_(ue),
in  with boundary conditions

ou.=v-A. =0,9. =0,
hs:heza
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on 0. Using the boundary conditions (1.9)—(1.10) and (3.1) we have the energy
bound

46)  Go(u / / 10 ue? + [E.|? dz ds = G (u2, A?),

and by assumptions on h,, Ge(t) < Ch?,. (We assume here, and subsequently, that

C is a constant independent of that may increase from line to line.) Therefore,
||VA€U5HL2 < Ohexa ||E€||L2([O,t];L2(Q)) < Chexa and HAe”Hl < Ohexa

where the last bound on A, follows from the Coulomb gauge and a standard Hodge
argument.
2. Next we claim that forall 0 <t < land any 0 <~y <1

)

(4.7) 17 (ue(8)) = T )| ooy < CH2, (mafe, t})

and if 0 <t K ( 1}?3a|)2/“/’ then

(4.8) 17 (ue ) = T oy = O€<|llii|>'

This will enable us to split the full Ginzburg-Landau energy sufficiently well.
We first establish an estimate on the continuity of the Jacobian in certain weak
topologies. Recalling J4(u) = 2V x (ja(u) + A), a direct calculation shows

_ 2
(4.9) O Ja.(ue) =V X (i0p_ ue, Va_ us) + V X (EE (12u€>) .

Now for any ¢ € Oy we have

‘/Q(JAE(Q(UE( ) = Jao(uy)) pdz| = JA (o) (ue(s)) da ds

/ Vip - (10p_ue, Va_ ue) drds

VJ‘cp E. (1— |u|?) dzds

<2 HV80||L<X> ||a¢’au€||L2([O,t]><Q) ||VAEU€||L2([O,t]><Q)

‘1_ |u5|2

+e Vel o 1Eell 120, x0) | =

£2(]0,]x Q)
< 2VE [Vl oo 10, uel L2p0,4 x 0 VAt ll oo 0.11:22 00

1— Jucl?
+ VIVl Lo 1Bl 20,50 | ———

)

€ Lo ([0,t];L2(%))

and so

‘/)JAQ us(t)) — Tao(u2)) @ de| < C [Vigl| o R2,VE.

This implies
(4.10) Ty (12(0)) = Tao )|y ) < CHEVE.
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However, we note that for any ¢ € W, >,

P (Ja(ue) = J(ue)) dz| = | [ V5 (fa(ue) + Ae = j(ue))
I I |

-| [ e (-1

1 — fuc|?
<e[Vellpoe 14c ]l 2
L2
CE ||v<p||L°° exr)

where we recall j(u) = (iu, Vu). Consequently
(411) HJAs(t)(U’E(t)) - J(u5 ||W L) X Cghiza
for all t < e~ 2. In particular (4.10) and (4.11) imply
(4.12)

HJ(UE(t)) ug)”(cn,l(g))* < ||J(U’E(t)) ug)”w—ll(g) g Cmax{57 \/%}hiz

A similar calculation shows that
(4.13) (| (ue(t)) — J(u)]| (o) < Ch?,.

Using (4.12) and (4.13), along with interpolation of dual Hélder spaces, (see Jerrard-
Soner [10]), yields (4.7).
3. Next, we claim that

(4.14) Ge(ue(t), Ac(t)) = Gm + Gre(ue(t), AL(t)) + oc(|Ine]),

where AL(t) = Ac(t) — hexVEE, and Gre is defined in (4.4). To see this, we
decompose

&%AﬁﬂM%A+W/W%WW+W—WM

~ e / Ve - jar (ue) + B (b — 1) dz,
Q

where h. =V x AL Note h,, — 1 = &,,, where h,, A&, is the Meissner magnetic
field. Therefore,

- hex/ ngm ]A/E (Ua) + hlg(hm — 1) dx
Q
= fhez/ Ve - jlu) — Ve - Alluc|? + bl da
Q

= th/ Emd (uz) d + hm/ Ve - AL(|uc? — 1) dx
Q Q
and so

Goltie, A) = G + G (110, AL) + 2he / € (u2) da
Q
+he, vlgm-A;(|uE\2—1)d:c+h§$/ Ve (Jul? — 1) da
Q Q

:Gm+GF75(u5,A'5)+2hex/ Emd (ug) dx + o-(|Inel) .
Q
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Since &, is a smooth function (and hence in any Holder space), then

0 _
hem/ﬂémJ(ue)da@—og(ﬂnED

holds by assumption and (4.14) follows from (4.7).
4. Finally, we prove that

(4.15) Ec(us(t)) < mllne| + o-(|lne|)
for all t < (%)2/7.
By (1.11) and our assumptions

(4.16)
t
Gs(us(t)vAe(t)H/ / |00, uc|® + VO |? + |0,Ac)? dx ds < G + 1|lnel.
0 Q

By steps 2 and 3, we have
(4.17) Gre(uc(t), AL(t)) < n|lne| + o:(|Inel).

1 2 . e
as long as t < (l}?—fl) /A/. Thus, we can continue our decomposition and use

2 .
/ ’vAéuE‘ da = / |Vu€|2 - QVLQ - j(ue) + |A'€|2|u5|2dm‘
Q Q
N / |Vue|* = 26T (ue) + [ALP ue|* da .
Q
By (4.17) we have ||AL|| ;1 < Cheg then [[EL(t)[|cov < Cheg for all t > 0. Using
||J(ug)\|(cg,7)* = 05(%) and (4.7), along with the bound on &, yields (4.15). O
We now state the n-compactness result for the gauge-less energy, &..
Proposition 4.4 (Proposition 2.2 in [18]). Suppose u. satisfies the static equation
1 .
Aue + ?us (1 - |us|2) = fe in (2,
Oyu: =0 on 0.

Further, assume |ue| < 1, E(ue) < M |lne|, |Vue| < g, and || f-|| ;2 < 25 for some
B < 2. Then, after extraction of a subsequence € — 0, we can find R, — +o0o with
R. < Cllne| and a family of balls U, B; = U™, B(a;, R.€), with a; depending on
€ and n bounded independently of €, such that the following hold.

(1) As e — 0 we have

(4.18) (11— [uelll Lo o\ Bas,R.c)) — O
(2) For every B <1 and every subset I of [1,n], we have
(4.19) B & < / €=(Ue) 1o 4+ O ine|F 15 I£2]l e + 02 (1)
icl UicrB(ai,Rcel=P) |1n€|

We now prove Proposition 4.1.

Proof of Proposition 4.1. Using the above bounds on the gauged problem above,
we follow the template laid out in [19].
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1. We first claim that for any 0 < 6 < 1, there exists a time t. € (%,55) such
that

(4.20) 100 ue(te)|| 72 + || Be(te) |72 < Ce™R,.

(We will later choose § to ensure there are no vortices at time ¢..) To prove (4.20),
we use the parabolic bound

t
[ (100003 + 1B )12 ds < Gt A2 < O,
0
Since we also know

t ¢
CHty> [ 1o ucs) e+ 1B ds > 5 inf (10w, + 1B
2

2 selt,

then there exists a t. € (%, %) such that (4.20) holds.
2. We claim that this implies that

(4.21) [Ac(te)|| o < Ce™% 2Ry
To see this we note that from (4.20),

[Vhe(te)ll L2 < llda. (ue(to))ll gz + 1B (t)ll L2
Chey + Ce %,

NN

In particular, ||he(t)|| ;1 < Ce™%/2h,,. Using standard elliptic theory and a Hodge
decomposition of A. we find that

1A ()l oo < CllA(t) g2 < OV X (A5 Dhe(te)]] o < Cllhe(te) g1

and (4.21) follows by embedding.
3. We now show that the first two steps and the hypotheses allow us to use
Proposition 4.3. From the evolution equation for u. we can write

1
AU/E =+ EUE (1 — |U5|2) - fEa

where

(4.22) fe =2iA. - Va_ue + |APue — O u..

Each of these terms can be estimated in L? for some time ¢ € (3¢°,£°). From (4.21)
and (1.11)

(4.23) I As - Vi uell 2 < Acl oo I Vaste]l 2 < Ce™ 3Ry
and

(4.24) [14cPuc]| 1. < 1Acll3 < CR,.

(4.25) 10, te(t)]| 2 < Ce™ 2 heg.

Then by (4.23)-(4.25) for the t. € (%755) we have

)

(4.26) | fe(te)ll 2 < Ce™ 2 heg.

[N
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4. We can now follow Proposition 2.1 in [19]; by the structure result Proposi-
tion 4.4 at t. defined above, there are vortices {a;} of degree {d;} such that for any
p <1,

(4.27) B d2 <+ Clnel? e Fhe, + o (1)
J

We can choose > 5L and § < 2 — 23, then by (4.19) we have that for all £ < e,
Zj d? < 2; consequently, > d? € {0,1}. However, since the d;’s are nontrivial then
either ||1 — uc(t.)| . = 0:(1) or there exists one vortex a with degree +1.

Suppose now that there exists a single vortex a, we again use the argument
from [19] to get that E.(uc(t:)) > ﬂlnf + O(1), where ¢ = d(a,0f). But upper
bound (4.5) implies that E.(uc(tc)) < n|lne| 4+ o:(]lne|) which implies that the
vortex must satisfy ¢ < e* for some

(4.28) p=1-2.
m
By Theorem 2 of [18] we have that
e h
4.29 e (te >C—,
( ) ||f ( )||L2 |1n€|

for some constant C' depending on 5 and Q. Given (4.26) and (4.29) we see that

(4.30) 2u < 0.
On the other hand we can further restrict 6 < 2 — 22, and so with (4.28) we get
(4.31) § < 2u,

and a contradiction between (4.30) and (4.31). Therefore, there are no vortices at
time t., which implies ||1 — |u:(¢c)]|| oo = 0£(1). O

5. Stochastic Models for Driving Dipoles.

In this section we prove Theorem 2.3.

Proof of Theorem 2.3. When 8. = 0 the SDE (2.6) reduces to (2.1) which has a
strongly attractive stable equilibrium at a. = 0. Standard large deviation results can
now be used to estimate the chance that a escapes from 0. These results, however,
don’t directly apply here since the initial position, strength of the noise, and the
interval length all depend on €. While these obstructions can likely be overcome
abstractly, the problem at hand admits an explicit solution and we handle it directly
instead.
We know (see for instance [12, §9]) that the function ¢, defined by

o) = P*(ac(r:) = A.).
satisfies the equation
(5.1) Be83p: —b0up- =0,
with boundary conditions

ve(0) =0, and cps(fi) =1.
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Let B. = [ b, be a primitive of b.. The solution to (5.1) is given by

z % —Ahex
_ foz GBE/BE . fO x Pelinel eXp(ﬂﬂlnET) dx
pe(2) = A: B./5. N h Ae ey —Ahez g ’
fO e eIfO €T re exp Bellne| -z

Using (2.10) and making the substitution y = coz/8: yields

. c0z/Be | izt o~y
Po(ac(r) = A) = pule) = 0 WO W
f() € yﬁe\l"Ele_y dy
Thus, Theorem 2.3 now reduces to understanding the asymptotic behaviour of the
right hand side as € — 0.
To this end, define

me = Coc” and n. = #
: Be ° Belng|’
and observe
“ A 1
(5.2) Pe (a.(1.) = Ac) = (%) = Ma

Y(ne +1,n)
where
xT
v(s,z) = / t5 et dt
0
is the incomplete lower gamma function. We now split the analysis into cases.

Case I: . < 1/[lng|. In this case m.,n. — oo, and m./n. — 0. Clearly

ne+1

mMe
5.3 ne +1,m.) < / the dt = —= .
(53) 7 </ —

To estimate y(n. + 1,n.), observe first that for any « > 1, (s, z) is decreasing in s
when s is sufficiently large. Thus, without we can without loss of generality, assume
ne € N. Repeatedly integrating by parts we obtain the identity

n k
A+ 1) = nd(1 = e e, (@) where ey (z) = 3 o
k=0

is the truncated exponential. Since e "e,(n) — 1/2 as n — oo we must have

amttm) 1
(5-4) A T g
For the numerator vy(n. + 1, m.), clearly

Me mn€+1
1,me) < thedt = —=—
’}/(na + ma) S /0 n. T 1

and using (5.2), (5.4) and Sterlings formula we have

P (a (1) = A.)

lim =0.
e—0 ot
Finally, to estimate N,, equation (2.9) shows
e* o Ao 2. (e®
(5.5) @‘;(ga ) <N.=1-(1-P° (ac(r) = A.))° < %,

and hence N, — 0 as e — 0.
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Case II: 5. =~ 1/|ln¢e|. In this case we assume

m ——— =g >0
c50 lnelg. 0T

and so n. — ng and m. — 0 as € — 0.
Now the denominator y(n. + 1,n.) — ¢2 > 0 as n. — ng, and the numerator
v(ne + 1, me) can again be bounded by (5.3). This shows

P (a(7) = Ao) < ce®HHmo)
for some constant ¢ > 0. Consequently, using (5.5), we have N, < cc®™ — 0 as

e — 0.

Case III: B, > 1/|Ine¢|. In this case both m. — 0, n. — 0 and m./n. — 0. Using
the estimate

<(s,2) <

s
N
S

S
we see

ne+1 ne+1
(5.6) e (BT ey < (B) T
Ne Ne

To compute the limiting behaviour of N, observe
i = In(1 - N,) _ —In(1 — p.(g%))
e=0 e %pc(e%) Pe(e%)

where, for simplicity, we assumed the existence of the limit. Using (5.6),

lim ln(w) = lim 1n((m€/n€)1+n5)

=1

)

e—0 ex e—0 ex
= i%{(l + m) ln<c0\ln5|) — %}
(5.7) - 1%[;(W —a) +Injlne| + I,

provided the limits exists. From this it follows that liminf 8 In[lne| > «, then
N, — 1 as € — 0. On the other hand if limsup S In|lne| < «, then N. — 0 as
e —0. (]

Remark 5.1. In the transition regime (when S In[lne| — a), we note that N, can
be estimated from above and below using (5.7). The bounds obtained, however,
depend on the rate at which . In|lne| converges to a.

Appendix A. Annihilation Times of the Heuristic ODE.

We devote this appendix to proving Proposition 2.2, estimating the annihilation
times of the heuristic equation (2.1).
Proof of Proposition 2.2. A direct calculation shows that when A > 0 the solution
to (2.1) is given by

1
" Ahes

[HWo(_oexp(”hizt)],

ac(?) [Ine|
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for some constant C. Here Wy is the principal branch of the Lambert W function.
We recall (see [5], or Section 4.13 in [13]) that Wy is defined by the functional
relation

Wo(ze®) =z

when z > —1.

Using the initial data a.(0) = ¢* we find
C = (1 — Mhgge®)e™ (1A=,

Annihilation occurs when Wy = —1 which is precisely when
Zn2 ot 1
C’exp(m) = -
[Inel e
Substituting C' above gives
N2h2 t 1
PV e ) - ,
exp(Mraas® + el /)~ 1- Migeo
and hence
Inel o o\ e2%lmel 1 o
.= )\thez(\ln(l M) — Mot ) = D M e+

from which (2.5) follows.

It remains to prove (2.5) when A = 0. In this case, the exact solution to (2.1) is

given by
2t 1/2
ae(t) = (52a — )
() [lne| ’
and hence
2c
e*lne|
(A1) ="
for any € > 0. This concludes the proof. (Il
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