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Corrections




Additions

A partial ordering P is weakly (p, §)-saturated iff
given any collection of antichains (Ay : a < 7)
where v < p, there is a dense collection of p e P
such that for all a <~

{g € Ao i pAq# 0} <.

A forcing exercise: Let v < k be regular cardi-
nals and |P| < k. Then

e P is weakly (v, k)-saturated iff

e after forcing with P, cf(x) > ~.



Generic Elementary embeddings

Suppose that Q is a partial ordering such that
if H C Q is generic then there is a generic
elementary embedding

j:V[H] - N

defined over V[H]Y. Then there is a generic
elementary embedding

=1V V->M
defined in V@



Example

If Q = Col(w1,< k), Where k is Woodin, then
there is an wo-saturated ideal I on wq In 17a%

Hence in V@*P(w1)/I  there is a generic ele-
mentary embedding 53 : V — M whose critical

point is wj, sends w; to x and is such that
MY N V@Pw)/T - pp

Can we get at the embedding directly?



Projections

Let 7 : Z — Z' be a surjective function. If
I C P(Z) is an ideal then m determines an ideal
I’ on Z' by setting:

Al eI iff r—1[A] € I.

I’ is called a projection of I. In this case we
get a natural Boolean algebra embedding

v P(ZN /I — P(2)/1.



Towers

Let (U, <y) be a linearly ordered set. A collec-
tion of ideals (I, : uw € U) is a tower if there is
a commuting system {m, . :u < u'} such that
Iy is the projection of [, via m, .

Given an tower of ideals we get Boolean alge-
bra embeddings ¢, . : P(Zu)/Iu — P(Zy) /1y

We can take the direct limit, Boo.

We will often abuse notation and view a €&
P(Zy)/Iy as an element of P(Z,)/I1,,.



Ultrapowers by towers

Forcing with By vields a system of ultrafilters
Gy on the Z,'s, and embeddings

by @ VZ Gy — VA G .

The direct limit of these models, M~ is defined
to be the generic ultrapower by the tower.

So we get a commuting diagram:




Concretely

In practical situations we will have Z C P(X),
7' ¢ P(X") with X’ C X. The projection maps
will be of the form:

w: P(2) — P(Z)
defined by w(A) = {zNX':2 ¢ A}.
Even more: we will have X = X and X' = )/

and we have a tower of ideals (I : A < §), for
some I, C PP(X\)) and for A< XN,z € Zy,

W}\,)\/(Z) = zMN )\/.



In the previous example

If x is Woodin, and G x H C Col(wy,< K) *
P(w1)/I is genericand 5 : V — M is the generic
embedding, then for each A\ < k,

{G*X e MA[i(N)I=1} N VG« H].

Hence we get an ideal I, on P([\]<¥1) induced
by U(4,7"“N\). These form a tower and the tower
forcing is a regular subalgebra of Col(wq, < k) *
P(w1)/I. Moreover there is a commutative di-
agram:

V ; M
J
=
Moo

where M~ iS the ultrapower by the tower.
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Upshot

If x iIs Woodin, there is an ultrapower by a
tower vielding a well-founded model My and
an embedding 5 : V — Mxs such that:

1. crit(y) = w1 and j(wy) = &,

2. M is closed under <k-sequences and

3. the forcing preserves k.
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Relationship to the Kunen Construction

A very similar argument applied to the second
stage of the “Kunen Construction” of a sat-
urated ideal, vields the consistency of tower
forcings that of inaccessible height é that are
d-saturated.
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General Tower Theory

Conventions: ¢ is a strong limit cardinal, U C
d IS an unbounded set of cardinals and

T = (I, C PP(H(a)) : a € U)

IS a tower of normal, fine, countably complete
ideals.

We will call § = sup(U) the height of the tower.
For a < §, we let o™ be the least element of U
greater than 22,

We will let P+ denote the Boolean algebra Bso
associated with 7.
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Presaturation

We will say that a tower 7 of inaccessible
height ¢ is presaturated iff forcing with P+ pre-
serves the statement "0 is a regular cardinal’.
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Presaturation is what you want

Suppose that 7 is a presaturated tower of in-
accessible height 4. Then 7 is precipitous. If
G C Py is generic and 5 : V — M is the generic
ultrapower with M transitive then

M<°NV[G] C M.
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A typical example

Suppose that

1. p > wq is a successor cardinal,

2. each I, is p-complete and concentrates on
[H(a)]<P and

3. P is weakly (p,d)-saturated.

Then 7 is presaturated. If j: V — M C V[G] is
the elementary elementary embedding arising
from a generic G C Pz then crit(j) = p, j(p) =
§ and M<°NV[G] C M.
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General Technique

We say that N is good for « iff o € N and N
is good for I,.

If b € P+ we will define the support of b to be
the least a such that b € P(H(o)).

Let A be a collection of subsets of P(H(«))
for « € U that form an antichain in Pr. A
structure N captures A iff N is good for o« and
there is an a € NN A, with a C P(H(a)) and
N N H(supp(a)) € a.
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Catching antichains localizes them

Let 4 be a maximal antichain. Suppose that
a <6 and [S] € Pr.

If S C {z € H(5) : z captures A below a},
then {b € A : b is compatible with [S]} C {b:

supp(b) < a}.

In particular, {b € A : b is compatible with [S]}
has cardinality less than 9.
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Weak saturation from catching antichains

Let p < 9. Suppose that for all v < p and all se-
quences of maximal antichains
(Aq © a < «) there is a dense set of S € Py
with an n between v and 6 such that if N € S
and a € yN N, then N captures A, below n.
Then:

Pr is weakly (p,d)-saturated.
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Let 7 be a tower of height §. Let A be a
maximal antichain in Py. Then 7 can capture
A at « iff

1. ANPg, is a maximal antichain in Pz, and

2. whenever:

(a) v is between o« and §, 0 < o and A is
a structure in a countable language ex-
panding (H(v*), €, A)

there is a closed unbounded set of N < 2
such that if:

(b) N is good for #,
(c) {ANPr,,Ta} € N and

(d) N* < N has cardinality less than «
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then there is an N/ < 2 such that

(A) N’ is good for #,

(B) NNNH(c) =NnH(0),

(C) N* < N’ and

(D) N’ captures A below o.
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Catching antichains implies precipitous

Suppose that 7 is a tower that captures an-
tichains. Then 7 is precipitous.

A counterexample to precipitousness is given
by an w-sequence of antichains that form a
tree. Catching them one by one gives a branch
through the tree with non-empty intersection.
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Presaturation

To show weak saturation, you typically have
to capture more than w many antichains. This
requires more than antichain catching:

Example Let 0 be Woodin. For regular aa < ¢
let Z, be the collection of N € [H(a)]<%2 that
are internally approachable by a sequence of
length wy. Then (NS | Z, : « is regular and
a < ) forms a precipitous tower. Further, if
this tower is pre-saturated then ©LR) < .
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Presaturation

Let p < 6 and § inaccessible. A tower
T = (Io : a € U) of height 4 will be called
p-complete iff for all v < p and all increasing
sequences (a; : ¢ < v+ 1) C U and all regular
A >> ay and all u € H(N) if:

1. (N; 11 € «) is a sequence of elementary sub-
structures of (H(A), €,A,u) with
{{a; i <vy+1),(la € UN(ay+1))} C N;
for all 3 <,

2. N; good for ay and
3. N;NH(o;) = NjﬂH(O&i) for i < g5 <.

then there is an Ny < (H(M),€,A,u) with
{{ i <y+1),(Ia:aceUnN(ay+ 1))} C Ny
that is good for «y and for all i < ~,
Ny N H(a;) = No, N H(ay).
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The payoff

Let 7 = (Io : a € U) be a tower of normal,
fine, countably complete ideals of inaccessible
height 0. Suppose that:

1. 7 captures antichains and

2. T is <p-complete.

Then 7 is weakly (p,d)-saturated.
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An example

The previous theorem reduces the problem of
presaturation to capturing antichains and com-

pleteness. Completeness can be difficult to
verify:

Example Let é be inaccessible. For regular
a<d, let Zo, ={N < H(a) : |[N| < wp and NN«

is w-closed}.

Then (NS | Zo : a < §) is a <wp-closed tower.
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Natural towers

Let 6 be an inaccessible cardinal and U C 6 be
a cofinal set. At tower

T = (NS | Zo: a € U)

IS called a stationary tower.
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woodin’s Towers

. When each Z, = P(H(«a)), the tower is
called P_5 and

. when each Z, = [H(a)]<%¥1, the tower is
called Q_y.
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Woodin’s Towers are presaturated

Theorem (Woodin) Let § be a Woodin cardi-
nal and 7 the stationary tower (NS | Zo : a €
0) where either:

1. for all o, Zo, = P(H(«)) or

2. for all o, Zy = [H(a)]<" for some regular
uncountable cardinal k < 6.

Then 7 captures antichains.

29



Burke’s Towers

Let 6 be a supercompact cardinal and
T = (NS | Za : a € U) be an arbitrary sta-
tionary tower of height 6. Suppose that there
is a X1 formula ¢(z,z',%) and p € H(§) such
that if we set

fla) = o iff ¢V (o, o/, )

then f bounds the map sending o to the least
element of U above o.

Then 7 captures antichains.
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Woodinized Supercompact cardinals

Definition: ¢§ is a Woodinized supercompact
cardinal iff for all f : 6 — 0 there is an a < 9
closed under f and a 5 : V. — M with critical
point a such that M is closed under [V ¢y (y)l-
sequences.

T hese cardinals are between supercompact and
huge cardinals in consistency strength.
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Arbitrary Stationary tower forcing.

Suppose that ¢ is a Woodinized supercompact
cardinal and 7 is a stationary tower of height
6. Then 7 captures antichains.
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An example of Burke

Suppose that k is supercompact and 6 > « is
inaccessible. Then there is a tower of height §
that is not precipitous.
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Examples of applications

(Woodin) Let § be Woodin and pu < 6 be a
regular uncountable cardinal.

For ut < a < 4, let Zo = [H(a)]~F and T =
(NS | Zo - < 9).

Then forcing with Pz yields a generic embed-
ding j:V — M with M<% C M.

If n is an ordinal less than § and {z:zNu € u}
and {z : cf(zNn) = p} are in the generic object
G, then the critical point of 5 is x and in both
V[G] and M, the cofinality of n is j(p).

Fixing u =n=N,41 and p = N17 we see that
we can force to preserve cardinals below W,
and change the cofinality of R/, ; to be Ry7.
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A slight refinement

Let 6 be a Woodin cardinal and p, u,x be reg-
ular with pT < p< Kk <§. Let n < § and

Zo ={z € [H)]<F : 2Nk € k,zNa is <uT-
closed and cf(znNn) = p}.

Then 7T = (NS | Za . a < §) is a tower and if
G C Pr is generic, in V[G]:

e cf(n) =p and

e for all ordinals ¢ if cf(&)VIGl < 4 then
cf(OVIE = cr V.
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Taking Kk =n =X,471 and pu = Ny5,p = N17 We
see that there are partial orderings that

e make N, have cofinality N;7,

e preserve all cardinals below 8, and

e preserve the V-cofinality of any cardinal
whose V[G] cofinality is less than Nq7.
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Another application due to Woodin

Let 4 be a Woodin cardinal, G C P_5 be generic
and 5 : V. — M be the generic elementary em-
bedding. Then in V[G]:

1. j(6) =4,

2. 0 is a regular cardinal and there are un-
boundedly many measurable p < 6 with

j(u) = p and

3. for unboundedly many measurable u € ¢
there is a v < p and = C v such that V), C
L[zx].

Conventional large cardinals cannot have fixed
points inside their strength.
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The End
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