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§17. Two Person Zero Sum Games

(" . We discuss here an application of linear programming to the t-eory
of games, This theory is an attempt to provide an analysis of sitvations

involving conflict and competition.

Gome 4_ . ' ' :+ there are two players R and B

and to play the game they each choose a nuber 1, 2, 3 or 4 without the

other's knowledge and then they both simultaneously announce their numbers.
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This is a two person zero sum game, zero sum because the algehraic sum

of the players'wi,nn'm? w o.lmés'zero.

"Game 2 (Penalby Kicks)
Suppose A and B play the following game of SoCCeY . A piays in goal
‘and B takes penalty kicks. B can kick the ball into the left hand corner,
the Right hand corner or into the Middle of the goal. ‘A can Dive to his

Right or Dive to his left oxr Stay where he is. ¥ A c.arrec.l‘b SucSSQS

where B vl Rick the ball he wiill moke o save.
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Dominated Stratecgies

In the matrix gape below

T 3 -3 -2
3 2 ‘3 3
2 3 2 -

we see that strategy(3) is better for A than strategy {1) for any choice

of strategy by B and consequently strategy (1) can be ignored by A and

3 2 3 3
2 3 2 =

¥e see now that strategy{4)is better than either of strategies

the game reduced to

(2} (3Yfor B for either of A's strategies. Thus columns 1, 3 can be

deleted to reduce the game to

;2]

We hawve used the ide2 of dominated strategies to reduce the size of the

game to be considered. Thus

Strategy(i)dominates stzategy’_i") for the row player R if .

aijk ai'j for all j.

Strategy(3)dominates strategy(}')for the column player B! if

-
'.1.: ‘1:]' for a.l;L i.
Thus strategies{i*)[4') above can be ignored. Successive applications

of these rules can reduce the siz: of a game aigni:ﬁcantly.
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Simple Aspects of games

1 Dominance

If A(i,j) > A(i,j") for all i then player B will never use strategy j. It is
preferable for her/him to use strategy j’ instead. So, column j can be removed
from the matrix A.

Similarly, if A(i,7) < A(7, j) for all j then player A will never use strategy .
It is preferable for her/him to use strategy ¢’ instead. So, row ¢ can be removed
from the matrix A.

Repeated use of this idea can reduce a game substantially.

2 Latin Square Game
Suupose that every row sum is equal to R > 0 and every column sum is equal

to C' > 0 where mR = nC'. Then both players can choose uniformly. Consider
the two LP’s that solve the game:

A Minimize le subject to Zai,jxi > 1 for all j,Zwi =1. (1)

i=1 i=1 i=1
n n n

B Maximize Zyj subject to Zai,jjj < 1 for all 4, Zyj =1 (2)
j=1 j=1 j=1

Putting 2; = 1/C and y; = 1/R gives two feasible solutions with the same
objective value.
3 Non-singular games

Suppose that A is non-singular and that 17A='1 # 0. Then the value of
Then, 27 = lT{yI and y = A;/ll solve (1), (2)

: _ 1
the game is V = 773=17.

respectively.

4 Symmetric games

A game is symmetric if AT = —A i.e if A is anti-symmetric. Then the game
has value 0. If A and B both use strategy p then because p” Ap = 0 for ant-
symmetric A, we see that PAY (p,p) = 0. This implies that 0 > P4 = P > 0.



ﬂ‘\

Appendix 2: Existence of Equilibria in Finite' Games

We give a proof of Nash’s Theorem based on the celebrated Fixed Point Theorem of
L. E. J. Brouwer. Given a set C and a mapping T of C into itself, a point z € C is said
to be a fixed point of T, if T(z) = z.

Brouwer’s Fixed Point Theorem. Let C be a nonempty, compact, convex set in a
finite dimensional Euclidean space, and let T be a continuous map of C into itself. Then
there exists a point z € C such that T(2) = z.

The proof is not easy. You might look at the paper of K. Kuga (1974), “Brower’s
fixed point Theorem: An Alternate Proof”, SIAM Journal of Mathematical Analysis, 5,
893-897. Or you might also try Parthasarathy and Raghavan (1971), Chapter 1.

Now consider a finite n-person game with the notation of Section II1.2.1. The pure
strategy sets are denoted by Xi,...,Xn, with X consisting of m; > 1 elements, say

X ={1,...,m:}. The space of mixed strategies of Player k is given by X},

Xi =P = (De,1y- -+ Peimye) 1 PR 2 0fori=1,... ,mg, and X% prs =1} (1)

For a given joint pure strategy selection, @ = (i1,...,4,) with {; € X; for all j, the
payoff, or utility, to Player k is denoted by ux((¢1,...,i,) for k =1,...,n. For a given joint
mixed strategy selection, (p1,...,Pn) with p; € X7 for j = 1,...,n, the corresponding
expected payoff to Player k is given by gr(p1,--.,Pn),

mi: Min
gk(Pl, sos ;pn) = Z Tt Z P, - 'pn,inuk(ilr' .. sin)' (2)

i1=1 in=1

Let us use the notation gx(p1,...,Pnl?) to denote the expected payoff to Player k if Player
k changes strategy from pj, to the pure strategy i € X,

gk (P, .. ,Pnli) = gr(P1y. -+ s Ph—1,0i, Pty - - +Pn)- . (3)

where ; represents the probability distribution giving probability 1 to the point i. Note
that gx(pi,...,Pn) can be reconstructed from the gi(pi,...,pnli) by "

my,
gk(Pl,---,Pn) = Zpk,igk(f’l,---,pnli) (4)
=1
A vector of mixed strategies, (pi1,...,Pn), is a strategic equilibrium if for all ¥ =
1,...,n,and all ¢ € X, .

gx(P1,-- ., Pnli) < gr(P1,...,Pn). (5)

A-4
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Theorem. Every finite n-person game in strategic form has at least one strategic equi-
librium.

Proof. For each k, X is a compact convex subset of m; dimensional Euclidean space,

and so the product, C = X7 - x X, is a compact convex subset of a Euclidean space
of dimension Y., m;. For z = (pl, .»Prn) € C, define the mapping T'(2) of C into C by
T(z)=2'=(p1,---, ) (6)
where ' N '
o _ _ Prit+ max(0,gx(p1,...,Pnli) — gr(P1,- - ., Pn))
Pii = (7)

1+ 375 max(0, gk (P1s - - -, Puld) — g(P1,- -+, Pn))
Note that px; > 0, and the denominator is chosen so that E,__lpk ; = 1. Thus 2’ €

C. Moreover the function f(2z) is continuous since each gi(pi,.. ,pn) is continuous.
Therefore, by the Brouwer Fixed Point Theorem, there is a point, 2’ = (q1,...,g,) € C

such that T'(2') = 2’. Thus from (7)

gr,¢ + max(0, gy (2'd) — gi(2"))
14352 max(0, gk (2'|5) — ge(2'))”

(8)

ki =

forallk=1,...,nand i=1,...,my. Since from (4) gx(2’) is an average of the numbers
gk(2'|i), we must have gi(2'}t) < gr(2’) for at least one ¢ for which gx; > 0, so that
max(0, gx(2'|i) — gr(2')) = 0 for that i. But then (8) implies that 23—1 max(0, gr (2’ |_7) -
gk(2')) = 0, so that gx(2'|i) < gi(z’) for all k and i. From (5) this shows that 2’ =
(q1,...,4an) is a strategic equilibrium. m _

Remark. From the definition of T'(2), we see that z = (p1,...,pn) is a strategic
equilibrium if and only if 2 is a fixed point of 7. In other words, the set of strategic
equilibria is given by {z : T(2z) = z}. If we could solve the equation T'(z) = z we
could find the equilibria. Unfortunately, the equation is not easily solved. The method of
iteration does not ordinarily work because T is not a contraction map.



