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Abstract

In this paper we prove the monotonicity of the second-order moments of the discrete
approximations to the heat equation arising from the Jordan-Kinderlehrer-Otto (JKO)
variational scheme [7]. This issue appears in the study of constrained optimization in
the 2-Wasserstein metric performed by Carlen and Gangbo [3] via a duality argument.
A direct argument, via Lagrange multipliers, is outlined in [3] and provided here.

1 Introduction

In [3], the authors perform a comprehensive study of constrained optimization in the space of
probability densities with finite second-order moments over R™V. An application is provided
in [4].

Given a probability density pg on RY with finite second-order moment, one seeks to minimize

Tpuirlp) = oo, + [ pla)logpla)da, (1)

over all p € M having the same mean and variance as pg, where 7 > 0 and
M = {p ‘RN — [0, 00) ’ / p(x)dx =1, / |22 p(x)dz < —1—00}.
RN RN
More precisely, for given u € RY and 6 > 0, if we denote by
Eou = {p eM ' / zp(z)dr = u, / |z — u|?p(z)dz = 0} (1.2)
RN RN

and take py € £p,,, we wish to prove the existence of a minimizer in &, for I[p] defined
in (1.1).



The duality argument used in [3], although natural and enlightening, appears complicated
and could readily be replaced, as the authors of [3] observe, by an easier one based on
Lagrange multipliers if one knew that the unconstrained minimizer p; € M of I[pg] satisfied

/R () > /R ool (1.3)

i.e. the minimization

i 7{pi7l(p) (14)

increases the second-order moments. The inequality (1.3) is only conjectured in [3]. We are
going to prove:

Theorem 1. For every pg € M and every T > 0, the minimizer
:=arg min [|pg; T
p1 g min I1po; 7(p)
satisfies

/ ]w|2p1(x)dx2NT+/ 2|2 po () dzx. (1.5)
RN RN

The next statement will also be proved.

Proposition 1. Within the above notation and hypotheses,
/ |22p1 (2)d2 — / |22 po(x)dz = 2NT — d(po, p1)>. (1.6)
RN RN

We then have:

Corollary 1. Within the above notation and hypotheses,

d(po, p1)* < NT. (1.7)

2 Regularity of the minimizer

We shall first work under the extra assumption that pg € L>(RY). Though the general case
will not be built on this, most of the arguments will be the same. Our choice of discussing
the essentially bounded case separately resides in the discrete comparison principle stated
and proved next. Although based on earlier work by different authors [8], [1], [6], [9], there
are significant issues arising due to the unboundedness of the domain and the singularity of
the logarithmic function at zero. Therefore, we find this result interesting in itself.



2.1 Discrete comparison principle and regularity in the essentially bounded
case

We will prove the following:

Proposition 2. If pg € M N L¥(RY), then the minimizer p1 of (1.4) is also essentially
bounded in RN and satisfies
[o1lloe < llpolloo-

Proof: Let ¢(z) = zlogz and let M > ||po|lcc be fixed. Take u € P(po,p1) to be the
optimal transfer plan, and let E := {p; > M} assuming |E| > 0. Then u((RV\E) x E) > 0.

Otherwise

M\E]</pldx:M(RNxE):u(ExE)g,u(ExRN):/podng]E\,
E E

which is a contradiction. Now define wg and w; by

/RN woédx = //(RN\E)XEﬁ(x)du(a:,y),

/]RN wédx = //(RN\E)XEf(y)du(x,y),

for all £ € C(]RN). It is easy to check that 0 < wg < pg < M and 0 < w; < p;. Then, the
equality (valid for all £ € C(RY x RY))

I amduten = [ swpduto)es //(RN\E)XE ()2 )) (),

defines for every s < 1 a plan us € P(pg, ps) with ps := p1 — s(w1 — wp) € M. Then

sdlonp)+ [ oo o (21)

< lpwrl(on + [ (0t —tplde =5 [yt

due to the definition of d and us. Due to the convexity of ¢ and the fact that w integrates
to 0, we have

/ [3(ps) — $(o1)ldz < / (9 — p1)log pudt
RN

RN

= —s/ [log ps — log M|wdz
RN

= —s/ [log(p1 — swy) — log M|widz + s/ [log(p1 + swo) — log M|wodz.
E RN\E



We have used wg = 0 in E and wy = 0 in R\ E. We now return to the right hand side of
the equation above and rewrite it as

—s{ / [log(p1 — swy) — log p1]widx + / [log p1 — log M|wydz
E E

+/ [log M — log(p1 + swo)]wodaz} = —s(T1 + T + T3).
RN\E
Obviously, Ty > 0. As for T7, we have that

0 < [~ log(p — swn) + log pr]uwy < [log pr — log((1 — s)pr)]wr < —py log(1 — 5) in E
if0<s<1. Thus, 71 T0Oas s | 0.

The study of T3 is next. We write

M
log M — 1 = log ——— > —log(1
0g 0g(p1 + swo) =log ~——r > —log(1 + )

since both p; and wg are less than M in RV\ E. Consequently, since wg < POXRN\E I RN,
T3 > —log(1l + 5)/ wodx > —log(1 + s).
RN

Therefore,

1
—s{—// ]x—y]Qdu(x,y)—i—Tl—i—Tg—l—Tg}<0
27 JJrM\E)xE

for sufficiently small s > 0. The minimality of I[pg;7](p1) (by (2.1)) is contradicted, i.e.
0<p1 <M ae. in RV,

t
Next we show that p; € HY(RY) and 7Vp;(z) = [V®(z) — z]p1(z) for a.e. x € RY, where

® : RNV — R is the convex potential whose a.e. gradient realizes the optimal transportation
of prdz onto podz [2]. Then, as a consequence of p; € L>(RN), we infer p; € W,o(RY).

loc

Proposition 3. For every 7 > 0 and every pg € M N L®(RYN), the minimizer p1 of (1.4)
lies in HY(RN) and

Vpi(z) = %[VCI)(J:) — z|p1(z) for a.e. x € RY, (2.2)

where ® : RN — R is the unique pidz-a.e. convex function such that Voupr = po.
Consequently, py € M N L®RN)n HY(RN) N VVllo’coo(RN).

Proof: The argument is based on analyzing the Euler equation associated to (1.4). Accord-
ing to [7], let u € P(po, p1) be optimal in the definition of d(po, p1). Then [7],

I =)~ [ @)V €l)de =0 for all € € C2(RYRY). (23)
RN xRN RN
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We have
(y — ) - E(y)dp(z,y)| < |z — y|*du(z, y) v (2.4)
I < )

1/2
<[ [ n@IewPly) < oL )] e

Note that (2.3) and (2.4) imply that p; has a distributional gradient Vp; € L?(RY;RN)
that satisfies

I, o cwidnew s [ Yoz o, (25
RN xRN RN
for all £ € C°(RY;RY). In view of (2.4) and (2.5) we obtain
1
IVpill 2@y < ;||ﬂ1|!¥2d(/)0,01)- (2.6)

Furthermore [8],

I eewinag) = [ n@e(Ve).mdy for all p € CuRY x BY)
RN xRN RN
Applying this to p(z,y) := x - £(y) gives, via (2.5),
1
- (V® —Idgn)p1 — Vp1 =0 a.e. in RY. (2.7)

Since @, as a convex function, is locally Lipschitz, the rest of the conclusion follows.

Remark: From (2.7) one can easily see that, in fact, Vp; also lies in L'(R™) and

Vol =7 [ (V@) = allor (@] /2o @) 2
< Zd(po. 1)

by Holder’s inequality. This leads us to believe that it may be possible to show that p; €
WHLRYN) without assuming p; € L®(RY) which comes as a consequence of pg € L>(RY)
(Proposition 2).

2.2 The general case

Next we drop the assumption pg € L™ (RN ) and we plan to prove a more general proposition.
Let us consider the addition of an extra term to (1.1), namely an energy given by a smooth
potential ¢ : RV — [0, 00) satisfying

IVip(z)| < C[1+ ()], = € RY. (2.8)



Thus, we obtain
L) 1= godip. ol + [ d@p@ido+ [ p@)logp@its (29)

which is the functional used in [7] to iteratively construct approximants to the solution of

the Fokker-Planck IVP 9
8—[; =V - [pVY] + Ap, p(:,0) = po. (2.10)

Although most of our work is concerned with the case 1) = 0, a notable exception is the last
section, where quadratic potentials are utilized.

Proposition 4. For every T > 0 and every py € M, the minimizer py of (2.9) over M lies
in WH(RYN) and
1
Vpi(z) = {—[Vq)(x) —z| — Vw(x)}pl(w) for a.e. x € RY, (2.11)
T
where ® : RN — R is the unique pidz-a.e. convex function such that Voupr = po.
Furthermore, the function p: RN — (0,00) given by

[=I*

)= 1| = 1+ 0)] - vio) |

is integrable in RN and
p1(z) = [)(a:)//RN p(y)dy for a.e. z € RY. (2.12)

Let us begin with a lemma. This may very well be folklore but we were not able to find it
anywhere.

Lemma 1. Let Q C RY be bounded with Lipschitz boundary. If f € WHH(Q) and g €
Whee(Q), then fg € WHY(Q) and V(fg) = fVg+ gV f.

Proof: There exists [5] a sequence {f,}, C WHH(Q)NC>®(Q) such that f, — fin WH(Q).
Since f,, g € WH(Q) N L>®(Q), it follows [5] fn,g € WHH(Q) N L>®(Q) and V(f.g) =
fnVg+ gV f, which is equivalent to

- / (fug) Vi = / (fu)Vade + / (9)V fud for all § € C°(€2).
RN RN RN

Since gV, 1¥Vg and g are essentially bounded in 2 and f,, — f in W11(Q), we may pass
to the limit to obtain

- / (f9)Vipda = / (f)Vgda + / (g)V fdz for all & € C2°(Q),
RN ]RN ]RN

ie. V(fg) = fVg+ gVf as distributions. As fVg, gVf € LY(Q;RY), the proof is
concluded.
]



We are now ready to prove Proposition 4.
Proof of Proposition 4: First of all, note that a more general version (2.3) is valid indepen-
dently of the assumption pg € L>®(RY). More precisely [7],

// (v—2) - E)du(e,y) — 7 / (@)Y - €() — Vla) - E@)dz =0 (2.13)
RN xRN RN

for all ¢ € C(RN;RY). Thus, just as in establishing (2.7), we infer that (2.11) holds
for the distributional gradient of p; (the only difference is that, in general, Vp; is not a
square-integrable function).

Since p; is a probability density in RV, for R > 0 large enough we have

1> / pidxr =: ar > 0, where Bg := {x e RV ! lz| < R}. (2.14)
Br

In what follows, f| R denotes the restriction to Br of a function f defined on RY.
Since ® is convex and 1) is smooth in RV satisfying (2.8),

1 1
9= <<I)LR — §|Id2LR> — | R € Wh*(Bg).
This implies

Lo R)\Vg € L' (Br:RY).

T

e 9e Wl’OO(BR) and Vp1| R

Thus,
e 9 € WH(Bg) and p1|R € W (Bg).

Lemma 1 applies to yield
e™(p1|R) € W (B)
and )
Ve 9(p1|R)] =€ [Vpl | R — ;(pl LR)Vg} =0 a.e. in Bpg.

Along with (2.14), the last equation leads to

p1|R = aReg// eddy a.e. in Bpg.
Br

We now let R T oo and note that ar T 1 to conclude the proof.
O

Remark: Thus, we have p; € M N WEHRYN) N WEP(RY) because @ is locally Lipschitz.

loc
Recall that if pg is essentially bounded, then p; gains some extra regularity, more precisely
p1 € MNL®RY) N HRY) n WEHH(RN) N Wlifo(RN). However, as we shall see in the
next section,

p1 € MNWH RN N W LS (RY) (2.15)

loc

is enough for our purposes.



3 The main result

Let us begin with a lemma.

Lemma 2. Let ¥ : RN — R be conver and f € L*(RY) N WLEP(RY) be nonnegative (of

loc

positive total mass). Also, suppose [VU|f € LY(RN) and V¥ -V f € LY(RYN). Then,

[ V¥-Vide<o. (3.1)

Proof: Let 0 < R < co. By a standard mollification (mollify f ) argument we obtain

— | VU.-Vfdr= [ fdAY]— flv - Tr(VE)]dHN 1, (3.2)
BR BR aBR
where [AV] is a nonnegative Radon measure (due to the convexity of ¥) and 7y is the
trace operator defined on BV (Br) with values in L!(0Bg), linear and continuous [5]. By
dominated convergence,

VV -V fdr — VV -V fdx as RT oo
Br RN

and
fd[AY] — fd[AT] as R T o0
Br RN
by monotone convergence.
Suppose (3.1) is false. Then, (3.2) implies there exists

lim flv - Tr(V¥)dHN ! = L € (0, 00). (3.3)
Rloo oBr
Next we claim that
for £'-a.e. R > 0 we have Tp(V¥) = V¥, H¥ La.e. on dBg. (3.4)

Indeed, according to the Lebesgue-Besicovitch differentiation theorem, we have

V¥(z) = lriﬂr)lAvg/B( )V\I/(y)dy, LN ae zeRY

since V¥ € Lo (RV;RY) ¢ L .(RY;RY). On the other hand, V¥ € BV, (RY;R")
implies [5]

Tr(VY)(z) = lim Avg/ VU (y)dy, HY -ae. x € dBg for all R > 0.
710 B(z,r)NBgr

Thus, (3.4) is verified. Combined with (3.3), it delivers

lim flv-VO)dHN ! = L € (0, 00]
Rloo oBr



which contradicts the hypothesis that [V¥|f € L'(RY), i.e. (as a consequence of the co-area

formula)
/ |V\I/|fdx:/ (/ |V\I/|deN_1>dR<+oo.
RN 0 OBRr

O
We are now ready to prove Theorem 1.
Proof of Theorem 1: Note that
[ elor@in— [ laPm@ide = [ (o - [Vo(@)Plpr(a)ds
RN RN RN
due to V®4p1 = pg. Thus,
[ alo@is— [ jaPoords =~ [ o+ V@) (V)  clpr ()} ds
RN RN RN
= —7'/ [x 4+ V®(z)] - Vpi(x)dz. (3.5)
RN

Since pg, p1 € M and 7Vp; = [V® — Id]p; a.e. in RY, we deduce Id - Vp;, V® - Vp; €
LY(RY). As @ is convex and p; € L'(RV)N T/Vlicoo(RN ) is nonnegative of unit mass, Lemma
2 applies to yield

ox V& - Vpidx <0. (3.6)

By mollifying p; locally (in Bg), we deduce
| o n@de= | p@vw) dd ) - N [ ps
Br OBr Br

for every R > 0. Let R T oo and apply dominated convergence to the left hand side and
monotone convergence to the last term in the right hand side to infer that the first term in
the right hand side has a limit, i.e.

lim R/ p1(y)dHY L (y) = N +/ x-Vpi(x)de =1 € R.
Rloo oBR RN

The integrability of |Id|p; implies, again as a consequence of the co-area formula for L1
functions, that [ = 0. This, along with (3.5) and (3.6), implies (1.5).

0

We now turn our attention to Proposition 1.
Proof of Proposition 1: 1t is based on the fact (proved above) that

/ x-Vpi(x)de = —N.
RN



Indeed, according to the previous proof,

[ Pnte) = iz = N7 [ V00) - 5Vl
=NT1— ox Vo(z) - {[VP(x) — x]p1(x) }dx
_ N /RN 2 — VO(@)|2p1 (x)dz — /RN 2 [VO(z) — 2]pr (z)de

= N7 —d(po, p1)* — 7'/ x - Vpi(x)dx
RN

=2N7 —d(po, p1)>.

4 Further remarks

One obvious consequence of (1.5) is that the strict inequality (1.3) is always true. Still, is it
possible to have equality in (1.5) (along with 1.7)) and, if that is the case, when does that
happen? Retracing the proof of Theorem 1, we discover that we obtain equality in (1.5) if
and only if
V&(z) - Vpi(z)dx = 0. (4.1)
RN
According to (3.2) and the subsequent argument, (4.1) implies

lim [ pi(@) ) VRN () = / p(@)dAB)] =L>0.  (42)
o JBp RN

The same proof of Lemma 2 applies to yield L = 0. But p; > 0 everywhere in RY
(Proposition 4, (2.12)). Since [A®] is a nonnegative Radon measure, it follows that [A®] =
0. Thus, ® is harmonic in the sense of distributions and the classical regularity theory
asserts that @ is, in fact, smooth and A® = 0 in the usual sense. As the only harmonic
convex functions are the affine functions, we infer that there exist a, b € RV such that

d(z) =a-x+b, forall z € RV, (4.3)

Note that V® = a forces py (independently of what p; is) to be the Dirac mass accumulated
at a, i.e. pg = d4. However, there is yet another issue that we need to confront at this point.
Is Proposition 4 valid if pg is not necessarily absolutely continuous with respect to £V, but
simply lies in the set

Po = {u — Borel probability on RY } / |z|2dp(z) < +oo}?
RN

10



Even before that, do we have a (unique) minimizer p; € M for every 7 > 0 and every
po € Po? The answers to these questions are surprisingly simple. It is enough to read
the proof [7] of the existence (and uniqueness) of the minimizer in M to realize that the
assumption py < £V is nowhere used; only py € Py is essential. Also, the variations used
to find the Euler equation (2.3) are the push-forwards of p; (already proved to exist in
M) by a special family of diffeomorphisms of RY [7]. Therefore, we can deliver stronger
statements. First, the existence of the minimizer p; of (1.4) in M:

Proposition 5. Let 7 > 0 and pg € Ps be fixed. Then, there exists a unique minimizer in
M of the functional (1.1).

Secondly, the more general version version of Proposition 4 (with ¢ = 0):

Proposition 6. For every 7 > 0 and every pg € Pa, the minimizer p1 over M of (1.4) lies
in WH(RYN) and

Voi(z) = %[V@(a:) — z|p1(z) for a.e. x € RY,

where ® : RN — R is the unique pidx-a.e. convex function such that Voupr = po.
Furthermore, the function p: RY — (0,00) given by

p(z) = exp{% { - @ + <I>(a:)] }

is integrable in RN and
p1(z) = ﬁ(w)//RN p(y)dy for a.e. x € RY. (4.4)

Next we give the stronger version of the main theorem.

Theorem 2. For every pg € Po and every T > 0, the minimizer
;= arg min [ |pg; 7
p1 g min Tlpo; 7](p)
satisfies

/ ]m\2p1(x)dac2NT+/ \x!deo(x). (4.5)
RN RN

Then, of course:

Proposition 7. Within the above notation and hypotheses,
[ Jelor()dn — [ laPdpo(a) = 2N7 = (oo, 1) (46)
RN RN

Finally, let us note that, obviously, the conclusion of Corollary 1 holds even for py € Ps.
This extended setting allows us to include the cases in which we obtain equality in (4.5)
and, implicitly, in (1.7). Indeed, we have seen that the equality in (4.5) forces pg = d, for
some a € RN, We can, in fact, state the following:

11



Proposition 8. Equality in (4.5) is obtained if and only if

po = 04 for some a € RY. (4.7)

Proof: At this point we only need to show that for every a € RY, the probability py = d,
(which lies in P2) produces a minimizer p; over M such that

/ lz|?py(z)de = N1 + / |z|?dpo(x) = NT + |al?. (4.8)
RN RN
According to Proposition 6 and (4.4), we have
—N/2_—|al?/(2r) 1 |z N
p1(z) = (277) e expy —| — - ta-z for a.e. z € R (4.9)
T

which leads to (4.8) after some computation.
(|

Remark: Thus, as a byproduct, we have obtained a proof of the fact that the Gaussian
centered at a minimizes the energy

r—a 2
By = [ 5 oo+ [ pta)togptais

over M. In particular, if a = 0, we infer that the steady state of the Fokker-Planck equation
op
ot
is the minimizer of its corresponding total energy, i.e. the potential energy minus the
Gibbs-Boltzmann entropy.

V- (xp) + Ap

5 Constrained optimization in M

As announced in the introduction, we can now employ (1.3) to prove the existence of a
minimizer for (1.1) over &, (defined in (1.2)). In this section, we follow the course of
action outlined by Carlen and Gangbo in [3].

Let us begin with a useful lemma.

Lemma 3. Let pg € M and 7 > 0 be given. For every A > 0, denote by p™) the unique
minimizer [7] for

1
Tow m(p) = 5-d(p o + [ pla)togptada+A [ lelp(ayde, (51
over M. Then,
. I[po; 73 A (p™)
hmsu e m— <N 2 52
nanp STV < (5.2

12



Proof: We have seen (simply take X instead of 1/(27)) that the minimizer of

x) 10 xT)ax .’EQ xT)ax
| oaozpade +A [ o)

is the Gaussian
Gi(z) = (W) exp(— Az[?), z € RY. (5.3)

Since G\ € M, we infer
I[po; 75 N (p™) < I[po; 73 A(G).-

It is an easy computation to show

1 N
I[po; 3 \(Gy) = Zd(G,\,Po)Q t3 log(A\/)

1 1 N
< —/ |z|? po(2)dz + —/ 122G (2)dz + — log(\/7)
T JRN T JRN 2

1 ) NalN/2 N
_1 /RN 2 polw)da + 5 + 5 log(A /).

T

Combined with the inequality in the previous display, this leads to (5.2).

]
Next, we show that
Lemma 4. Let pg € M and 7 > 0 be given. Then, there exists some Ay > 0 such that
[ el @< [ o). (5.4)
RN RN
Proof: Suppose
/ z2pM (2)dz > / |22 po(x)dx =: mg, for all A > 0.
RN RN
In view of this, the minimizing property of p(») implies (let p = xo in (5.1))
1 1 N N
5=d(p™, po)® + / P (@)log p M (@)de < S—d(x0,p0)* + S log 7 — (5.5

for all A > 0, where xq is the normalized indicator function of the cube [0,¢]" with ¢ :=
(3mg/N)Y? (note that the second order moment of xg is thus mg). Thus, the left hand
side of (5.5) is bounded from above, uniformly with respect to A. Due to (5.5) and the
super-linearity of ¢(z) = zlog z, we infer [7] that there exists p(>) in M and a subsequence
of {p™M} >0 (not relabelled) for A 1 oo such that

pN — p(®) weakly in LY (RY) as A 1 oc.

13



It follows that
/ |2|2p%°) (2)da: < liminf/ |22 () daz. (5.6)
RN AToo RN

We also have, since p; € M minimizes I[pg; 7], that the left hand side of (5.5) is bounded
from below by

adlorp0?+ [ pa(o)log pr(a)de = inf Tlml(p) € R (sce [1)

uniformly with respect to A. This, in view of (5.5) and (5.6), implies

I[po; 5 AJ(p™)
log A

/ |l22p%°) (2)dx as A T oc.
RN

A
grows at least as
log A

Since the integral is strictly positive, we obtain a contradiction to (5.2).

We are now in the position to prove

Lemma 5. Let pg € M and 7 > 0 be given. Then, there exists some Ag > 0 such that
Ry e (5.7)
RN RN

Proof: Let ¢ : [0,00) — R given by

1= [ lePoV@pde = [ faP ().

Obviously, (1.3) implies ¢(0) > 0 (in fact, due to (1.5), one has ¢(0) > N7). Due to
Lemma 4, there exists A\; > 0 such that ¢(A;) < 0. Therefore, it suffices to know that
¢ is continuous to deduce (5.7) for some \g € (0, A\;]. The minimizing property of p™ is
equivalent to

T1po; 75 Al (p™) < T{po; 75 N (p) (5.8)

for all p € M N (Llog L)(RN). If we let A — A* > 0, we deduce, again from the super-
linearity of ¢(z) = zlog z, that there exists p* € M such that

pN — p* weakly in L'(RY) as A — \*

up to a subsequence (not relabelled). We refer to [7] once again to write (lower semiconti-
nuity argument)

d(p*, po)? < liminf d(p™), pg)? and / p*log p*dr < lim inf/ oM log pMNdzz.

A—A* RN A—=A* RN
According to (5.8), we infer that p* minimizes I[pg; 7; \*] over M. But the minimizer is
p*7) and is unique, so p* = p*”) and the convergence p® — p(A) is true for the whole
range of parameters A — A*. That proves the desired continuity of .

0

14



The next theorem is the motivation of this section and, as explained in the introduction, of
the whole paper.

Theorem 3. For every 7 > 0 and every py € £y there exists a unique minimizer of (1.1)
over &g .

Note that we deliberately chose the mean u = 0 € RY. For a general v € RY, one has to
repeat the arguments above with the potential 1, (x) = A|x — u|? instead of ¥ (z) = \|z|%.
Proof of Theorem 3: We write down the minimizing property of p(*0) from (5.7). Thus,

1
—d(p(“),po)2+/ po) logp(AO)deer/ []?p\ ) da
RN

27' RN
1
< oedlop)? + [ plogpds o [ [afpda
27’ RN RN
for all p € M. In particular,

1 1

—d(p*), pg)? +/ p*) log p*dz < —d(p, po)* +/ plog pdz

27' RN 2T RN

for all p € M such that [pn |z*pdz = = [pn [#|?podz. The only thing left is to show that
fRN a;ip()‘o)(x)da: =0fori=1,...,N. To unburden notation, let p; := p(*). According to
Proposition 4 with the potential ¥(z) = \o|z|?, p1 € VVZI’OO

J°(RY) and we may write

dp1
Br 83:1

(2)di = /8 )i ),

Due to (2.11), dp1/0x; € LY(RYN). Also, py € L*(RY). Therefore, we can pass to the limit

as R T oo to deduce
Ip1
RN 8%

(x)dx =0, i =1,...,N.

We now integrate (2.11) componentwise to get

(2MoT + 1)/ xip1(x)dx — 0P (z)p1(x)dx = 0.

RN RN 6$1
The proof is concluded by observing that V®.p1 = pg gives

0P
RN &xz

(x)p1(z)dz = /]RN x;po(z)dr = 0.
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